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As one of the most widely followed stock indices, the S&P 500 index contains 500 of the largest publicly traded firms in the
United States. Its value can experience substantial fluctuations over time. These movements are commonly quantified by stock
volatility, which measures the speed and magnitude of changes in stock prices. For investors and organizations relying on market
insights for performance, accurately forecasting S&P 500 volatility is essential. Traditional machine learning models, including
Recurrent Neural Networks (RNNs), have been widely applied to capture temporal dependencies in financial time series data.
Although these approaches have achieved notable success, they are still constrained by the issues of weak learning signals and
high data requirements. A hybrid quantum-classical RNN provides a novel approach for these problems by leveraging high-
dimensional Hilbert space representations, which offer greater expressiveness for modeling complicated, nonlinear patterns.
There has been limited research in this aspect for stock volatility predictions. This study proposes a hybrid quantum-modified
Light Gated Recurrent Unit (LiGRU) framework that predicts the true first difference of the logarithm of the squared daily returns
during major S&P 500 market stress. In this model, S&P 500 daily returns were fed into a modified LiGRU network integrated
with a variational quantum circuit to transform the input data into a higher-dimensional feature representation before learning
return variability dynamics. This research compared the predictive accuracy, measured by Root Mean Square Error (RMSE), loss
metrics, and prediction fit graphs, as well as the computational efficiency, evaluated in terms of peak RAM usage and training
time, of two architectures: a hybrid quantum-modified LiGRU and a modified LiGRU. Across the same set of prespecified
seeds, the models were evaluated using expanding-window experiments with separate held-out test periods corresponding to the
different periods of market stress. The hypothesis states that the hybrid quantum-modified LiGRU model would outperform
the classical benchmark, while incurring higher computational costs. The results indicate that the hybrid quantum-modified
LiGRU achieved inconsistent and modestly lower RMSE and loss metrics and required greater training time and peak RAM
usage during the regimes of high market stress, which was further supported by the prediction fit graphs. These findings suggest
that incorporating a variational quantum circuit could provide a more effective representation of market volatility, although at
increased computational demands. The insights of this study may have implications for financial fields such as options hedging.

Introduction Gated Recurrent Unit (LiGRU) was proposed, which sim-
plifies the gate structure to reduce computational complex-

Accurate market volatility forecasting during the periods of 1ty 9’10‘ Despite these advancements’ neural networks often

financial stress is critical for derivative pricing, risk manage-
ment, and portfolio optimization 2. In recent years, machine
learning techniques have been applied to financial forecasting
to capture non-linear patterns>~’. Recurrent Neural Networks
(RNNSs), especially Long Short-Term Memory (LSTM), have
shown success in modeling temporal dependencies, which
refers to the influence of past observations on future values
in a time series>~’. One comparative study between neu-
ral networks and statistical models, such as Generalized Au-
toregressive Conditional Heteroskedasticity and Autoregres-
sive Moving Average, concludes that neural networks tend to
deliver higher predictive performance than econometric tech-
niques ®8. To improve the training efficiency of LSTMs, Light
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struggle to generalize from limited financial datasets and can
be prone to overfitting'''2. Modeling complex relationships
in rapidly changing financial time series may require classical
networks to use additional parameters and layers for certain
problems !1+12,

The development of quantum machine learning has intro-
duced a fundamentally different paradigm for information
processing, where the computation is performed using quan-
tum bits (qubits) that can exist in superposition and become
entangled '>~13. Unlike classical bits, qubits allow quantum
systems to represent and process information in exponentially
larger state spaces, enabling the richer hidden state represen-
tations of RNNs and helping the classical machine learning
models capture highly nonlinear patterns in financial time se-
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ries data'3-7. For instance, one paper comparing Quantum
LSTM (QLSTM) and the classical LSTM finds that the QL-
STM offers more accurate predictions'®. Another research
comparing Quantum RNN (QRNN) against the classical RNN
discovers that the QRNN model outperforms the classical
RNN architecture in sequential learning'®. Both studies ap-
ply quantum recurrent models to time-series forecasting, with
the first research focusing on photovoltaic solar power gen-
eration, and the second study investigating sequential learn-
ing more generally. A third study finds that Quantum Ma-
chine Learning improves predictive accuracy on some finan-
cial tasks but remains comparable with classical models for
realized volatility forecasting, while another finds that QL-
STM outperforms classical LSTM in simulated stock-price
forecasting but underperforms on actual quantum hardware in
terms of predictive accuracy?*2!. Despite the previous con-
tributions, there is still a lack of studies investigating hybrid
quantum-classical RNNs for financial volatility-related fore-
casting. This gap motivates the present study, which develops
a hybrid quantum-modified LiGRU framework that leverages
quantum-enhanced feature transformations, in which quantum
circuits generate new features from return-based inputs, along-
side LiGRU-based temporal dependency modeling. The ob-
jective of this research is to evaluate the predictive accuracy
and the computational cost of the hybrid quantum modified
LiGRU model by comparing its performance in forecasting
the true first difference of the logarithm of the squared daily re-
turns against a modified LiGRU architecture, particularly dur-
ing the periods of market stress.

Methods

Data Preprocessing

The input feature is the historical daily returns for the S&P
500 index from 1987 to 2022, specifically during these peri-
ods of market stress: the 1987 Black Monday, the 2000-2002
dot-com bubble burst, the 2008 Global Financial Crisis (GFC),
and the 20202022 COVID-19 period>2. For each regime, the
full set of historical daily returns over the entire market stress
window was collected. These S&P 500 daily returns were se-
lected because they effectively capture the overall market be-
havior during the periods of market stress23. The target vari-
able is defined as the first difference of the logarithm of the
squared daily returns:

yi = Alog(r7 +€) = log(r; + &) —log(r7_ +€), (1)

where r; is the daily return on day 7 and € = 10~ is a con-
stant used to avoid taking the logarithm of zero. It is a trans-
formation commonly used as a proxy for stock volatility and
an observable estimate of the variability of asset returns over

a given period>*. The Augmented Dickey-Fuller test on the
target variable yielded a test statistic of —13.52 (p < 0.001),
supporting the stationarity of the data.

The dataset consists of 2013 samples, each containing one
feature and one target value. An expanding-window frame-
work was used to evaluate the model performance separately
across the selected market stress. This evaluation method
helps preserve the temporal ordering of the observations and
provides a more realistic assessment of model performance as
additional historical information becomes available. A fold,
defined as a chronological division of the data into training,
validation, and test periods, uses all observations available
before the test period for training. The expanding-window
framework contains three folds, with each evaluating the mod-
els’ performance on a different market stress. For example, the
Monetary Tightening Phase fold assesses the predictive accu-
racy during the Monetary Tightening Phase. Table 1 reports
the start and end dates and the number of observations used
for the training, validation, and test sets for each fold. The
Monetary Tightening Phase fold follows the 70/15/15 split and
has the largest training dataset, providing the model with the
most training data from which to learn, while the GFC fold
has the least amount of training data. The differences in the
size of the datasets in the folds may impact the performance
of the models. To further examine the sensitivity of predictive
accuracy to data size and assess robustness against overfitting,
the Monetary Tightening Phase fold was evaluated under two
additional train-validation-test sequential splits: 80/10/10 and
60/20/20.

Following the train-validation-test split, a 20-day look-back
window was used to build overlapping input sequences in each
subset, where every input sequence now contains 20 feature
observations and 1 subsequent target value>. The length of
the look-back window was selected through grid search. This
transformation enabled the model to capture the temporal de-
pendencies in the input feature. Any look-back sequences
which straddled the period boundaries between market stress
were invalid and were discarded to prevent the model from
treating the potentially genuine temporal gaps as consecutive
observations. Then, the input feature was standardized using
a RobustScaler, which scales data based on the interquartile
range (IQR) rather than the mean and the standard deviation,
while the target variable was transformed using a Standard-
Scaler?®. All scaling transformations, fitted using the training
observations only, were then applied unchanged to the corre-
sponding validation and test observations. After these prepro-
cessing steps, the input was ready to be fed into the LiGRU
models.

Model Architectures

A LiGRU model is composed of the stacked layers of Gated
Recurrent Unit (GRU) cells, where the output at all time steps
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Table 1 The Start and End Dates and the Number of Observations Used for the Training, Validation, and Test Sets for Each Fold.

Fold Training Validation Test
Monetary Tightening Phase 1987-02-02-2020-09-11 2020-09-14-2021-11-04 2021-11-05-2022-12-30
n=1353 n =290 n =290
COVID-19 Shock 1987-02-02-2008-02-29 2008-03-03-2008-12-31 2020-01-31-2020-12-31
n =985 n=212 n=233
GFC 1987-02-02-2002-07-01 2002-07-02-2008-04-16 2008-04-17-2008-12-31
n =837 n =180 n=180

of one cell becomes the input to the next, enabling progres-
sively more abstract feature extraction®?’. Each GRU cell
processes input time step by time step while updating a hid-
den state, the information the model carries forward through
time®27. In this study, the classical GRU cell was modified.
Its architecture can be shown in Figure 1.
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Figure. 1 Modified LiGRU Cell Architecture

and can be expressed as

u =0(Wx, +Uhy—1 +b;), (2a)
hy = tanh(Wy,x; 4 Uph; 1 + by,), (2b)
hr:Ztth—l‘i‘(]—Zr)@iln (2¢)

where z; is the update gate, i, represents the candidate hid-
den state, and /; is the final hidden state. z; controls how much
of the previous hidden state is preserved versus how much is
replaced by the newly proposed state derived from the current
input and the past context. /; is a weighted combination of the
previous hidden state and },, allowing the network to selec-
tively retain or overwrite information across time steps.

More specifically, z; is obtained by applying a sigmoid ac-
tivation function o (-) to an affine combination of the current
input x;, the previous hidden state /,_; that contains the past
temporal information, and the bias term b,, where x; and /,_
are first transformed by the learnable weight matrices W, and
U,. Similarly, ; is computed by applying a hyperbolic tan-
gent activation tanh(-) to an analogous affine transformation
of x; and /;_1. h; is computed as a weighted combination of

hy_y and f,, where z; determines how much information is re-
tained from /,_; and how much is incorporated from /,. W,
and W, project x; into z; and h,, respectively, whereas U, and
Uy, determine how h,_ influences z; and /; computations. o (-)
constrains the value of z to lie between 0 and 1, while tanh(-)
introduces nonlinearity into the modified LiGRU model '°. b,
and by, shift the activation values so they are not constrained
to pass through zero. Compared to the classical LiGRU cells,
this modified version replaced the ReLU(-) with the tanh(-)
and omitted batch normalization to improve fitting.

In this study, a modified LiGRU benchmark and a hybrid
quantum-modified LiGRU model, both composed of the GRU
cells described above, were developed. The hybrid quantum-
modified LiGRU framework was constructed by embedding
a quantum circuit, a sequence of transformations applied to
qubits, into the update gate and the candidate hidden state
of the modified LiGRU model to replace the input-to-hidden
transformations W,x; and W;,x; 28,29

Inside the quantum circuit, the inputs to the hybrid
quantum-modified LIGRU model were encoded into quantum
states, transformed through entangling operations, and then
measured into real-valued expectations. More specifically,
each input value x; was converted into a vector consisting of n
rotation angles,

% = wtanh(Wx; +b) € [—x, 7", (3a)

where n is the number of qubits, and W and b denote the
learnable weight matrix and the bias term, respectively. This
transformation mapped the input into a bounded set of angles
that can be used to control the quantum gates.

Each angle ¢ in X, was mapped to a parameterized single-
qubit rotation gate

¢ fain @
v L
—isiny  cosy
which rotates the state of an individual qubit according to
the corresponding input angle.
The full encoding operation of %; was given by the tensor

product
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Uenc (%) = ®Rx(it,i)- (3¢)
i=1

Thus, each component of the transformed input is encoded
independently onto one of the n qubits.

Applying the encoding operator Uepc (%) to the initial state
|0)®" yielded the quantum state

|Y(%)) = Uenc(%)[0) ", (3d)
where |0)®" is the basic computational state

0
|0y = (0] . (3e)

_0_ 2n

In other words, the circuit begins with all qubits in the |0)
state and then applies the input-dependent rotations to obtain
the encoded quantum state.

The quantum state was then processed by L entangling lay-
ers, with each constructed in the following way:

CNOT =

S o o =
S o = O
- o o O
S = O O

y® (9(1)) = (ﬁCNOT17(1+1)mod n> éRx(Gi(”), 30

i=1

)

where [ indexes the layer’s position in the circuit, 9,-[ is a

trainable rotation angle in layer /, and 6t represents the en-
tire collection of Blm. The CNOT gates were applied in a ring
topology, such that each qubit was connected to the next qubit
in the circuit. The CNOT gates were chosen because they are
commonly used in variational quantum neural networks to cre-
ate correlations between qubits. These entangling gates allow
the information encoded on different qubits to interact .

The full circuit evolution can be expressed as

v(@,0) =u®(6®)--v (W) ly(®).  Ge

where 6 = {9(1), 0@, ..., 9(1‘)}. This expression describes
the successive application of all trainable circuit layers to the
input-encoded quantum state.

Finally, measurement was performed using the Pauli-Z op-

erator
Z= o (3h)
o -1’

and the real-valued expectation was given by quantum fea-
ture vector

qi(%) = (¥(%,0)|Zi|ly (%, 0)) € [-1,1], (3i)

where Z; acts on qubit i. This measurement converts the
quantum state into a real-valued quantity that can be passed
back into the classical recurrent computation.

The resulting vector g(%;) € [—1,1]" replaces the linear in-
put projections inside the update gate and the candidate hidden
state in the following way:

ir = G(WOUIQ(XI) +Uh erz) s
hy = tanh (W), q(%) + Uphy—1 +by,) (3j)

with the computation of the final hidden state left un-
changed. An additional output projection linear map Woy €
RY*" (and, for the candidate gate, W, € R?*" ) maps the n-
qubit measurement back to the hidden size d, so U, and U}, can
stay d x d instead of being tied to n. In this way, the quantum
circuit replaces the direct linear transformation of the current
input, while the recurrent dependence on the previous hidden
state remains classical. The same ¢(% ), generated using the
shared encoder and variational circuit parameters, was used
for both the update gate and the candidate hidden state trans-
formations. The recurrent transformations U, and Uy, how-
ever, were separately learned for the update gate and the can-
didate hidden state. For both the modified LiGRU benchmark
and the hybrid quantum-modified LiGRU model, the input
was a vector of returns at all time steps, and the output was
the predicted first difference of the logarithm of the squared
daily returns.

To confirm the contribution of the quantum component, a
series of controlled ablation experiments were conducted in
the Monetary Tightening Phase fold by isolating the function
of the quantum component. The hybrid quantum-modified
LiGRU was compared with a classical feature-map LiGRU
that uses a parameter-matched nonlinear transformation, as
well as with the variants which have a classical multilayer
perceptron, the entangling operations removed, frozen quan-
tum circuits, or separate quantum circuits for the update gate
and the candidate hidden state. The same hyperparameter set-
tings were maintained throughout all ablation experiments to
ensure a fair comparison. In each experiment, the test RMSE,
the test loss, the total number of trainable parameters, wall-
clock training time, peak RAM usage were recorded.
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Training

All models were trained to minimize the Mean Squared Error
(MSE) loss, defined as

N
Lvsg = L Y i—9:)%, “)
N3

where y; denotes the observed target, ¥; denotes the cor-
responding model prediction, and N is the number of obser-
vations in the evaluated set. The reported MSE and RMSE
values, expressed in the scaled space, are whole-subset met-
rics computed over all the observations in the corresponding
validation or test subsets. To assess whether any observed dif-
ferences in performance are robust to stochastic variation, all
models were trained using 15 random seeds. For each seed,
the validation-selected checkpoint was used to select the best
model to generate one archived prediction vector under one
common aggregation for the held-out test observations and to
prevent overfitting. The test RMSE for each seed was calcu-
lated as the square root of the corresponding test loss.

The predictive accuracy of each model, evaluated on the
validation and the test set, was assessed using RMSE and the
loss metric, with the prediction fit graph serving as a sup-
plementary illustration, and then compared across models to
evaluate their relative effectiveness. For each fold, the paired
differences were calculated as the hybrid quantum-modified
LiGRU’s test metric values minus the modified LiGRU’s test
metric values and were reported as mean + standard deviation
across random seeds. A negative paired difference indicates
that the hybrid quantum-modified LiGRU achieved a lower
test metric and therefore higher predictive accuracy than the
modified LiGRU. The 95% confidence intervals (CI) on the
paired differences were obtained using a paired time-series-
aware block bootstrap. This provides a direct comparison of
the predictive performance of the two models. The predic-
tive accuracy was additionally compared using the Diebold-
Mariano (DM) test to determine if the forecast errors of two
models differ statistically. The null hypothesis of the DM test
was that the two models had equal expected predictive accu-
racy. The Harvey-Leybourne-Newbold small-sample correc-
tion was applied to the DM statistic. The statistical signif-
icance was assessed using a two-sided significance level of
a = 0.05. Other than the LiGRU architectures, an Exponen-
tial Generalized Autoregressive Heterosdasticity (EGARCH)
model and a Linear Regression model were also employed
to show whether the hybrid quantum-modified LiGRU frame-
work provided higher accuracy than the baseline methods.

Besides the predictive accuracy, the computational cost of
each model in the Monetary Tightening Phase fold was eval-
vated using the number of trainable parameters, the training
time, and the peak RAM usage to compare each model’s re-
source requirements.

Training was conducted for 300 epochs. Dropout, a tech-
nique in which a fraction of neurons is randomly deacti-
vated during training, was applied between cells to reduce the
chance of overfitting, where the model performs well on train-
ing data but poorly on unseen data®'. No additional regular-
ization method, such as L2 weight decay, was applied since no
apparent overfitting was observed. A readout function mapped
the final hidden state of the last modified LiGRU cell to the
output prediction. The Adam optimizer was used for training
to improve the convergence stability32. The hyperparameters
were selected through grid search separately for each model
and fold based on the validation performance. For the hybrid
model, the search also included the number of qubits, ranging
from 1 to 4, and the number of entangling layers, ranging from
1 to 3. The final hyperparameter configurations are reported
in Table 2.

In summary, the above experiments and analyses provide a
direct assessment of the predictive performance, the statistical
robustness, the quantum-specific contributions, the computa-
tional cost, the presence of overfitting, and the effect of the
data size on the predictive accuracy.

Results

Table 3 summarizes the mean and the standard deviation of
the test RMSE and the test loss across the random seeds of the
modified LiGRU and the hybrid quantum-modified LiGRU
models for each fold, as well as the test RMSE and the test
loss of the EGARCH and the Linear Regression models for
the Monetary Tightening Phase fold. Table 4 reports the cor-
responding paired differences between the two models’ test
RMSE and test loss values, their 95% bootstrap Cls, and their
DM test p-values for each fold. Table 5 reports the results ob-
tained using alternative data splits for the two models for the
Monetary Tightening Phase fold. Table 6 compares the train-
able parameter count, the training time, and the peak RAM
usage of the two models for the Monetary Tightening Phase
fold. Table 7 presents the predictive accuracy and the com-
putational cost of the ablation experiments for the Monetary
Tightening Phase fold. The prediction fit graph and the train
and the validation loss curves for the two models are presented
in Figures 2-3, Figures 4-5 and Figures 6-7 for the Monetary
Tightening Phase fold, the COVID-19 shock fold and the GFC
fold respectively.

Discussion

Based on the comparison of the test RMSE, the test loss, the
prediction fit graphs, the train and validation loss curves, the
number of trainable parameters, the training time, and the peak
RAM usage of the hybrid quantum-modified LiGRU and the
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Table 2 Hyperparameter Configurations for the Modified LiGRU and the Hybrid Quantum-Modified LiGRU Across All Folds.

Fold Model Hidden Dim.|Dropout|Learning Rate|Batch Size|Cells|Others
Monetary Tightening Phase|Modified LiGRU 6 0.3 0.001 32 2 IN/A

Hybrid Quantum-Modified LiIGRU 6 0.4 0.004 64 2 |2 qubits, 1 layer
COVID-19 Shock Modified LiGRU 6 0.4 0.001 32 2 IN/A

Hybrid Quantum-Modified LiGRU 4 0.5 0.003 64 2 |2 qubits, 1 layer
GFC Modified LIGRU 0.4 0.001 32 2 IN/A

Hybrid Quantum-Modified LiIGRU 4 0.5 0.003 64 2 |2 qubits, 1 layer

Table 3 The Mean and the Standard Deviation of the Test RMSE and the Loss of the Modified LiGRU and the Hybrid Quantum-Modified
LiGRU Models Across All Folds and the Test RMSE and the Loss of the EGARCH and the Linear Regression Models in the Monetary

Tightening Phase Fold.

Fold Model Test RMSE Test Loss

Monetary Tightening Phase | Modified LiIGRU 0.4434+0.005 | 0.196 £0.005
Hybrid Quantum-Modified LIGRU | 0.44140.009 | 0.195+0.008
EGARCH 2.302 N/A
Linear Regression 1.833 3.351

COVID-19 Shock Modified LIGRU 0.444+£0.006 | 0.197£0.005
Hybrid Quantum-Modified LIGRU | 0.451+0.023 | 0.2034+0.021

GFC Modified LIGRU 0.474+£0.012 | 0.2254+0.012
Hybrid Quantum-Modified LiGRU | 0.469+0.040 | 0.22140.042

Table 4 The Mean and the Standard Deviation of the Paired Differences in the Test RMSE and the Test Loss Between the Hybrid Quantum-
Modified LiGRU and Modified LIGRU Models, the 95% Bootstrap CIs in the Paired Differences, and the Corresponding p-values Across All

Three Folds.
Paired Difference | Paired Difference | 95% Bootstrap CI | 95% Bootstrap CI
Fold DM Test p-value
in Test RMSE in Test Loss Test RMSE Test Loss
Monetary Tightening Phase —0.002+0.010 —0.001 £0.009 [—0.006,0.003] [—0.007,0.004] 0.002
COVID-19 Shock —0.002 £0.008 —0.001£0.007 [—0.005,0.004] [—0.006,0.007] 0.028
GFC —0.001 £0.005 —0.002 +0.003 [—0.003,0.002] [—0.003,0.005] 0.754

modified LiGRU architectures, it can be concluded that the hy-
brid quantum-modified LiGRU model inconsistently provides
modest predictive accuracy improvement and incurs substan-
tially higher computational cost than the modified LiGRU
model in forecasting the true first difference of the logarithm
of the squared daily returns, which partially supports the orig-
inal hypothesis.

According to Table 3, for the Monetary Tightening Phase
fold, the hybrid quantum modified LiGRU achieved a 0.45%
lower test RMSE (0.441 vs 0.443) and a 0.51% lower test loss
(0.195 vs 0.196) than the modified LiGRU. For the COVID-19

Shock fold, the modified LiGRU modestly outperformed the
hybrid quantum-modified LiGRU, achieving a 1.55% lower
test RMSE (0.444 vs 0.451) and a 2.96% lower test loss (0.197
vs 0.203). For the GFC fold, the hybrid quantum-modified
LiGRU achieved a 1.05% lower test RMSE (0.469 vs 0.474)
and a 1.78% lower test loss (0.221 vs 0.225) than the modified
LiGRU. The hybrid quantum-modified LiIGRU was less stable
than the modified LiGRU across all three folds, with a mean
test RMSE standard deviation of 0.024 versus 0.008 (213%
higher) and a mean test loss standard deviation of 0.024 ver-
sus 0.007 (223% higher). Moreover, the results improved as
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Table 5 The Mean and the Standard Deviation of the Test RMSE and the Test Loss of the Modified LiGRU and the Hybrid Quantum-Modified
LiGRU Models Under the Different Splits For the Monetary Tightening Phase Fold.

Split Model Test RMSE Test Loss
60/20/20 | Modified LiGRU 0.4444+0.007 | 0.196+0.006
Hybrid Quantum-Modified LiGRU | 0.445+0.005 | 0.198 +0.005
70/15/15 | Modified LiIGRU 0.443+0.005 | 0.196+0.005
Hybrid Quantum-Modified LIGRU | 0.44140.009 | 0.195+0.008
80/10/10 | Modified LiGRU 0.440+£0.003 | 0.193+0.002
Hybrid Quantum-Modified LiGRU | 0.438 £0.004 | 0.192+0.002

Table 6 The Number of Trainable Parameters, the Training Time, and the Peak RAM Usage of the Modified LiGRU and the Hybrid Quantum-
Modified LiIGRU Models for the Monetary Tightening Phase Fold.

Model Number of Trainable Parameters | Training Time (s) | Peak RAM (MB)
Modified LiIGRU 451 285.714 256.390
Hybrid Quantum-Modified LiGRU 419 874.322 185.930

Table 7 The Mean and the Standard Deviation of the Test RMSE and the Test Loss, the Number of Trainable Parameters, the Training Time,
and the Peak RAM Usage in the Ablation Experiments for the Hybrid Quantum-Modified LiGRU Model in the Monetary Tightening Phase

Fold.
Experiments Test RMSE | Test Loss |\ oer Of Traimablel  ining Time (s)|Peak RAM (MB)
Parameters
Hybrid Quantum-Modified LiGRU 0.441+£0.010{0.195+0.009 419 874.322 185.930
Quantum Layer Replaced by Classical Layer|0.475 +0.055(0.229 +0.062 419 180.000 249.060
Entanglement Removed 0.4514+0.02210.204 £0.021 435 173.917 245.880
Frozen Circuit 0.444+0.008(0.197 £0.007 411 167.833 260.980
Separate Quantum Circuits 0.441£0.010{0.195 £0.009 419 204.583 255.730
MLP Replacement 0.476+0.038(0.228 +0.039 439 187.333 244.650

1987 2000 2001 2002 2008 2020 2021 2022
Period

Figure. 2A True vs Predicted First Difference of the Loga-
rithm of the Squared Daily Returns for the Modified LiGRU
Model for the Monetary Tightening Phase Fold. This graph
displays the true first difference of the logarithm of the squared
daily returns (blue) compared to the predicted first difference
of the logarithm of the squared daily returns (orange) for the
modified LIGRU model for the Monetary Tightening Phase
fold.

the amount of training data increases: from the GFC fold to
the Monetary Tightening Phase fold, the test RMSE of the

o5 Modified LiGRU — Train and Validation Loss
. T

\ —— Train Loss

—— Validation Loss
0.4 4

03 \ ALVYS
WA AN

Loss

0.2 e TR A e

0.1

0.0
0 50 100 150 200 250 300

Epoch
Figure. 2B Train and Validation Loss Curves for the Modified
LiGRU Model for the Monetary Tightening Phase Fold.

modified LiGRU fell by 6.54% (0.474 to 0.443) and that of
the hybrid quantum-modified LiGRU fell by 5.97% (0.469 to
0.441). This result can be further verified by the different
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Figure. 3A True vs Predicted First Difference of the Loga-
rithm of the Squared Daily Returns for the Hybrid Quantum-
Modified LiGRU Model for the Monetary Tightening Phase
Fold. This graph displays the true first difference of the loga-
rithm of the squared daily returns (blue) compared to the pre-
dicted first difference of the logarithm of the squared daily re-
turns (orange) for the hybrid quantum-modified LiGRU model
for the Monetary Tightening Phase fold.
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Figure. 3B Train and Validation Loss Curves for the Hybrid
Quantum-Modified LiGRU Model for the Monetary Tighten-
ing Phase Fold.
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50

Figure. 4A True vs Predicted First Difference of the Loga-
rithm of the Squared Daily Returns for the Modified LiGRU
Model for the COVID-19 Shock Fold. This graph displays the
true first difference of the logarithm of the squared daily re-
turns (blue) compared to the predicted first difference of the
logarithm of the squared daily returns (orange) for the modi-
fied LiGRU model for the CVOID-19 Shock fold.

splitting in data illustrated in Table 5. Increasing the training
proportion from 60% to 80% lowered the test errors for both
models, with test RMSE falling by 0.90% (0.444 to 0.440) for
the modified LiGRU and 1.57% (0.445 to 0.438) for the hy-
brid quantum-modified LiGRU, and test loss falling by 1.53%
(0.196 t0 0.193) and 3.03% (0.198 to 0.192), respectively, sug-
gesting the hybrid model may benefit more from additional
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Figure. 4B Train and Validation Loss Curves for the Modified
LiGRU Model for the CVOID-19 Shock Fold.
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Figure. 5A True vs Predicted First Difference of the Loga-
rithm of the Squared Daily Returns for the Hybrid Quantum-
Modified LIGRU Model for the COVID-19 Shock Fold. This
graph displays the true first difference of the logarithm of the
squared daily returns (blue) compared to the predicted first
difference of the logarithm of the squared daily returns (or-
ange) for the hybrid quantum-modified LiGRU model for the
COVID-19 shock fold.
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Figure. SB Train and Validation Loss Curves for the Hybrid
Quantum-Modified LiGRU Model for the COVID-19 Shock.

training data. These results also prove that overfitting was not
present in either model. According to table 4, The mean paired
differences in the test RMSE and the test loss between the hy-
brid quantum-modified LiGRU and the modified LiGRU were
negative across all three folds: —0.002, —0.002, and —0.001
in RMSE, and —0.001, —0.001, and —0.002 in loss for the
Monetary Tightening Phase, the COVID-19 Shock, and the
GFC folds, respectively. All the negative mean paired dif-
ferences indicate that the hybrid quantum modified LiGRU
model seems to provide slightly higher predictive accuracy.
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Figure. 6A True vs Predicted First Difference of the Loga-
rithm of the Squared Daily Returns for the Modified LiGRU
Model for the GFC Fold. This graph displays the true first
difference of the logarithm of the squared daily returns (blue)
compared to the predicted first difference of the logarithm of
the squared daily returns (orange) for the modified LiGRU
model for the GFC fold.
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Figure. 6B Train and Validation Loss Curves for the Modified
LiGRU Model for the GFC Fold.

Figure. 7A True vs Predicted First Difference of the Loga-
rithm of the Squared Daily Returns for the Hybrid Quantum-
Modified LiGRU Model for the GFC Fold. This graph dis-
plays the true first difference of the logarithm of the squared
daily returns (blue) compared to the predicted first difference
of the logarithm of the squared daily returns (orange) for the
hybrid quantum-modified LIGRU model for the GFC fold.

However, the standard deviations indicate substantial varia-
tions in the paired differences. Consistent with this, the 95%
bootstrap confidence intervals for both the test RMSE and
the test loss included zero in all three folds, for example,
[—0.006,0.003] for the RMSE and [—0.007,0.004] for the loss
in the Monetary Tightening Phase fold. These results indicate
that the hybrid quantum modified LiGRU provides inconsis-
tent, modest improvements in the predictive accuracy. The
DM test gave mixed evidence: the difference was significant
in the Monetary Tightening Phase fold (p = 0.002) and the
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Figure. 7B Train and Validation Loss Curves for the Hybrid
Quantum-Modified LiGRU Model for the GFC Fold.

COVID-19 Shock fold (p = 0.028), but not in the GFC fold
(p = 0.754). According to Figures 2-7, the true and the pre-
dicted first difference of the logarithm of the squared daily re-
turns for both models show a moderately strong positive cor-
relation on the held-out test set and a slightly stronger correla-
tion demonstrated by the hybrid quantum-modified LiGRU,
with the Pearson r values for the modified LiGRU being
around 0.684 and the hybrid quantum-modified LiGRU being
around 0.690. Both LiGRU models outperformed the base-
lines by a wide margin, with the test RMSE at least 80% lower
than the EGARCH (2.302) and at least 75% lower than the
linear regression (1.833), and test loss about 94% lower than
the linear regression (3.351). Overall, these results suggest
that the hybrid quantum-modified LiGRU provides inconsis-
tent, modest improvements in the predictive accuracy.

Based on table 7, the ablation results support that the quan-
tum component contributed to the inconsistent, modest pre-
dictive accuracy improvement. The full Hybrid Quantum-
Modified LiGRU achieved the best RMSE ( 0.441 +0.010
), outperforming the Classical Layer replacement (0.475 &
0.055) by 7.2% and the MLP Replacement (0.476 £ 0.038)
by 7.4%. Partial-quantum ablations - Entanglement Removed
(0.451) and Frozen Circuit (0.444) - landed close to the full
model but still trailed it by 2.2% and 0.7% respectively, sug-
gesting entanglement and circuit trainability each added a
small incremental gain.

The target used in this study is a volatility-related transfor-
mation of daily returns rather than realized volatility or re-
alized variance itself. Specifically, it measures the changes
in the logarithm of the squared returns from one day to the
next. This transformation focuses the prediction task on short-
term changes in return variability, but it does not directly
represent the level of realized volatility. Consequently, the
results should be interpreted as forecasting changes in this
volatility-related target. Future studies could examine alter-
native volatility measures, including the direct forecast of re-
alized volatility, which should provide a more interpretable
measure of market volatility, to determine whether the incon-
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sistent, modest performance observed here persists for other
target definitions®3. Stronger trend components and non-
stationarity are major challenges in direct realized volatility
prediction.

The findings may have implications for applications such
as options pricing and delta hedging. In particular, variance-
forecast errors can contribute to the volatility-mismatch com-
ponent of delta-hedged P&L, with discrepancies between re-
alized and implied volatility translating into hedging gains
or losses>*. Thus, volatility forecasting accuracy provides a
theoretical basis for evaluating forecasting models in options-
hedging applications>*. Future research could investigate how
metric improvements translate into actual hedging P&L or es-
timate option mispricing in an example to prove hedging prof-
itability or reduced financial losses3>. On the other hand,
directly predicting realized volatility may introduce stronger
trend and non-stationary components into the target, poten-
tially requiring additional transformations or modeling tech-
niques to account for these properties.

A notable source of error in this research stems from the
multifaceted nature of S&P 500 volatility. Market movements
can be influenced by numerous interacting factors, includ-
ing macroeconomic conditions, market sentiment, market mi-
crostructure, and investor behavior. Because the present study
uses daily returns as the only input feature, the models have
access to a limited representation of these underlying factors.
Future research could benefit from incorporating richer fea-
tures beyond stock market daily returns. Moreover, larger
datasets containing additional market stress and longer evalu-
ation periods could provide a stronger assessment of whether
the inconsistent, modest performance observed in this study
generalizes beyond the three folds.

The limitations of classical simulation should be distin-
guished from the predictive capability of the quantum model
itself. The results of future studies that incorporate higher di-
mensional data could be improved if the quantum circuit was
executed on a noisy intermediate scale quantum (NISQ) de-
vice, which would enable the use of a greater number of quan-
tum layers and qubits, potentially improving the predictive
accuracy®. However, current NISQ devices introduce hard-
ware noise and other implementation errors that may offset
potential computational benefits. Future work should empir-
ically evaluate how predictive performance changes with cir-
cuit depth, qubit number, entanglement structure, and hard-
ware noise°.

Overall, this study demonstrates the inconsistent, modest
predictive advantage for the hybrid quantum-modified LIGRU
over the modified LiGRU, with the quantum model providing
small improvements in most cases but also incurring higher
computational cost. The results therefore suggest that the
quantum component is feasible as an alternative feature trans-
formation mechanism within a recurrent forecasting architec-

ture, while its practical predictive benefit remains limited un-
der the small circuit and data conditions examined in this
study.

Conclusion

Stock volatility, a key indicator of market behavior, provides
valuable insights for both investors and companies. Accurate
volatility forecasts can assist investors and firms in making
more informed decisions. This study aimed to identify an ef-
fective framework for forecasting the true first difference of
the logarithm of squared daily returns during the periods of
market stress by integrating a quantum circuit with a machine
learning approach. Specifically, a hybrid quantum-modified
LiGRU model and a modified LiGRU framework were im-
plemented. The hybrid quantum-modified LiGRU was com-
pared to the modified LIGRU model, with predictive accuracy
evaluated using the RMSE, the loss metrics, the prediction fit
graphs, the paired differences, the bootstrap confidence inter-
vals, and the DM test and computational cost measured using
the number of trainable parameters, training time, and peak
RAM usage. The results indicate that the hybrid quantum-
modified LiGRU achieved inconsistent, modest predictive ac-
curacy improvements and substantially higher computational
cost compared to the modified LIGRU model across the eval-
uated periods of market stress.

The study investigated the potential value of combining
the robustness of the modified LiGRU model with the ex-
pressive power of the variational quantum circuit for finan-
cial prediction tasks. The results give preliminary evidence
that quantum-classical RNNs may be useful, but more work
is needed before practical deployment. Future research could
extend this work by incorporating macroeconomic indicators,
market microstructure, and human behavior variables, as well
as testing alternative hybrid neural architectures. Upcoming
studies could focus on directly forecasting realized volatility
measures as a target variable and executing the quantum cir-
cuit on real quantum hardware.
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