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This study investigates the sensitivity of popular vote outcomes to random vote flips, aiming to quantify the probability that
an election result changes when a fixed number of votes are flipped at random. We hypothesized that there exists an exact
combinatorial formula that can be used to calculate this probability. To test this, we conducted Monte Carlo simulations to
empirically estimate this probability. We used combinatorial analysis to identify the desired closed-form expression for the
probability P(n,k), or in other words, the probability that flipping k votes changes the winner in an election with n total voters.
The resulting formula was followed by approximations that can be applied in large-n environments. These results describe the
influence of a group of vote changes in election outcomes, expressing this relationship in the form of a probability. Notably, the

approximation shows that this probability depends on only one quantity, namely the proportion of votes flipped.
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Introduction

Elections are central to democratic decision-making, and un-
derstanding how changes in votes affect election outcomes is
critical for evaluating the strength of voting systems 2. Pop-
ular voting systems are widely used in both governmental and
organizational contexts'3. While much attention has been
given to strategic voting and individual influence*>, we quan-
tify the impact on outcomes of multiple, randomly chosen vote
flips. This impact is measured as the probability that flipping a
given number of votes changes the overall winner. This prob-
ability directly reflects how stable or unstable a given election
result is.

Early work on voting power includes the finding that un-
der majority rule, the probability that a single vote is decisive
is proportional to ﬁ where n is the number of voters, one
of the first quantitative results linking electorate size to vot-
ing power®. Building on this, the probability was estimated
directly for the 2008 U.S. presidential election, finding it to
be at most 1 in 10 million in the most competitive states and
1 in 60 million on average nationally?. These results high-
light how rare individual influence becomes at scale, but leave
open the question of how larger groups of votes can affect out-
comes. Taking a different angle, Monte Carlo simulation un-
der the impartial culture assumption was used to estimate the
probability that all weighted scoring rules pick the same win-
ner. It found that this probability is 0.535 for three-candidate
elections but drops sharply as the number of candidates in-
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creases’. Further analysis of election outcomes as the num-
ber of voters grows large, applying the central limit theorem,
shows that certain outcome patterns become increasingly un-
likely in large electorates, which motivates the large-n sce-
nario that the approximation of P(n,k) operates within>. Exact
election outcome probabilities in five-candidate elections have
also been computed using polytope volume methods, demon-
strating that exact combinatorial approaches remain feasible
even in complex settings®. Additionally, a closed-form ex-
pression has been derived for each candidate’s winning prob-
ability as a function of current support rates and the rate at
which information is revealed to voters®, providing precedent
for the combinatorial and closed-form approach we take here.

More directly related to the work in this paper is the ques-
tion of how election outcomes change when multiple votes
are altered. It has been shown that for many standard vot-
ing rules, changing just one voter’s preference ranking can
replace an entire elected committee, illustrating how sensi-
tive outcomes can be to small changes 1. Along similar lines,
polynomial-time sampling algorithms have been derived to es-
timate the margin of victory, defined as the smallest number of
vote changes needed to flip the winner, showing this quantity
can be estimated without examining every ballot!'. This is
closely related to P(n,k), which quantifies the probability that
k randomly chosen vote changes do flip the winner. Studies on
the hierarchical voting systems where voters elect representa-
tives in groups of three have found that information accuracy
falls off predictably with each added level of hierarchy 2, a
striking similarity to our tournament voting extension. Equi-
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libria in plurality voting has been characterized when voters
are lazy or truth-biased, showing that strategic behavior shifts
outcome probabilities in predictable ways relative to sincere
voting 13, further motivating a formal probabilistic treatment
of vote changes. On the simulation side, Bayesian inference
combined with Monte Carlo simulation has been applied to
estimate seat distribution probabilities in proportional elec-
tions 4, and agent-based simulation across 100 runs per con-
figuration has been applied to forecast vote shares in the 2020
Taiwan and U.S. elections, achieving prediction errors below
1%. Both support the reliability of the simulation-based ap-
proach we use to estimate P(n,k) empirically 1.

Consider n voters and 2 candidates, one of which is rep-
resented by the value 1 and the other of which is repre-
sented by the value —1. We define the ballots to be the set
Vi, = {xi|l <i < n}, where integer x; is the value that repre-
sents the ith vote. We define a voting system V to be a func-
tion whose domain is all such sets V;, and range is {—1,1}.
The output of the function under a given input is considered
the winner V,, .

We define a popular voting system P with n voters, where

n is an odd positive integer, such that the input is ballots P, =
n

{xi|1 <i<n} and the winner P,, is sgn (in) .
i=1

Define P(n, k) to be the probability that the result of a popu-
lar voting system with 7 total voters changes when k randomly
chosen votes are flipped.

The objective of this study is to express P(n, k) in a closed-
form formula, because such a formula would reveal patterns
that are useful for close approximations as the total number of
voters n grows larger.

We used Monte Carlo simulations to empirically estimate
P(n,k), as detailed in Methods. Following this, we used com-
binatorial analysis to derive a far more exact expression for
P(n,k) and proposed efficient approximations in large-n envi-
ronments.

As an extension, we analyze the tournament voting system
to identify patterns and form a particular conjecture.

A tournament voting system 7 is defined with 3" voters for
a nonnegative integer n (here, n need not be odd; unlike the n
used for popular voting systems above, n instead denotes the
number of tournament rounds), such that the input is ballots
T, = {x;|1 <i<3"}. The winner T,, of T is x; if n =0 and
otherwise is the winner of the tournament voting system with
ballots {y;|1 <i <3""!} where y, is the winner of the popular
voting system with ballots {x3; 2,x3;_1,x3;} 2.

Define T (n, k) to be the probability that the result of a tour-
nament voting system with 3" total voters changes when k ran-
domly chosen votes are flipped.

Furthermore, using the same simulation procedure as the
popular voting system, we conducted simulations for pairs
(n,k) that ran 100,000 trials of the tournament voting system

of 3" voters and k vote flips and recorded the proportion of
trials in which the result changes as the empirical value of
T (n,k).

As a further extension, we disprove a corollary of prior
work on coalition voting.

Methods

Monte Carlo Simulation Procedure’

A popular voting system trial was run for a given number of
voters and number of flipped votes k. In each of these trials,
each vote was randomly and independently assigned to one
of the two candidates; a uniformly random subset of k votes
were flipped, and the outcome was recorded. The proportion
of trials in which the result changed was used as the empirical
estimate of P(n, k).

To determine the number of trials for each (n,k) combina-
tion, we consider each trial as a Bernoulli outcome because the
election outcome either changes or it does not. Each empiri-
cal estimate P(n, k) has a standard error of W.
We require our estimates to be accurate to within 0.005 of
the true probability at 95% confidence. This precision was
selected because it is small enough to meaningfully validate
agreement with the exact formula derived in Results while
remaining computationally efficient across the full range of
(n,k) pairs tested. At 95% confidence, recall that z* = 1.96.
In the worst-case scenario (P(n,k) = 0.5), it follows that the
margin of error satisfies

1.96\/(13(””‘))(1 —P(nk)) <0.005

Nirials
Pnk)(1~Plnk) _ 0005 1
Niials - 196 392
0.5%0.5 B 0.25 < L
Ntrials Agrials 392

0.25 1
S 2
Nirials 392
nuials > (0.25) (392%) = 38,416

Therefore, 100,000 trials were run for each (n,k) pair since
100,000 > 38,416, giving an actual margin of error of

[ 0.25
1.96 10O’WNO.OOS

For the popular voting system, this procedure was applied for
eachn € {11,21,101,1001} and each 1 < k < n. For the tour-
nament voting system, the same procedure was applied with
3" voters for each n € {2,3,4} and each 1 <k < 3".
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From these results, a pattern emerged that motivated ex-
tending the tournament voting simulation to (n,k)=(5,15),
(6,31), (7,63), (8,127).

Simulations were implemented in Python 3.11 using
NumPy 1.26.2. All code was self-generated and is publicly
available on GitHub for verification and reproducibility.

Results

Model Dependent

To begin the investigation, we recorded the empirical esti-
mates of P(n,k) as described in the methodology. Across the
tested values of n, the empirical curves for P(n,k) displayed
consistent structural patterns. For both n = 11 and n = 21, the
curves suggested that P(n,k) = P(n,k+ 1) for odd k. This re-
sult contradicts the intuitive expectation that P(n, k) increases
strictly with k (Figure 1a).

For n = 101, the curve still showed this pairing, but the
overall shape began to resemble a smooth trigonometric wave,
suggesting that such a closed-form expression or approxima-
tion for P(n,k) may exist. Atn = 1001, the sensitivity curve
followed a similar trigonometric pattern (Figure 1b).

Rigorous Proof Dependent

Having observed these empirical patterns, we derive P(n,k)

mathematically. Since n must be odd in a popular voting sys-

tem, we may let n = 2x+ 1 for x > 0. Consider a 2-candidate

popular voting system with 2x+ 1 total voters in which & votes

are flipped. Here, x is the integer for which x4 1 is the number

of votes needed for either candidate to secure a strict majority.
Let the candidates in this election be A and B.

We seek a closed-form expression for P(2x + 1,k). To de-
rive this, we condition on the number of votes each candidate
receives before and after the flip.

Assume without loss of generality that the original loser of
this election is A. We will multiply the resulting probability by
2 to account for the symmetric case in which B is the original
loser.

By the construction in Methods, each ballot is indepen-
dently and uniformly assigned to A or B, and the set of k
flipped votes is chosen uniformly at random from the n votes,
independently of the ballots’ original values. Let I denote
the number of the k flipped votes that were originally cast
for A. Let J denote the number of non-flipped votes that
were cast for A. Since each of the ballots are independently
A or B with probability 1, it follows that 7 ~ B(k,%) and
J ~ B(2x+1—k,1), where B(n,p) denotes a binomial dis-
tribution with # trials and a probability of success p. Hence,

(k) (2x+}7k)

P(l=i)= S and P(J=j)= W

Since I of the flipped votes were originally for A and k —1

for B, after flipping, A’s vote total changes by net amount (k —

I) —I=k—2I. Since A was the original loser, A needs this

net gain to overtake B. In particular, for A to have any chance
of winning, we require

k—2I>0
k
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Figure. 1a Empirical estimates of P(n,k) as a function of the number of votes flipped &, for n = 11 and n = 21, obtained via Monte Carlo

simulation (100,000 trials per (n,k) pair).
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Figure. 1b Empirical estimates of P(n,k) as a function of the number of votes flipped k, for n = 101 and n = 1001, obtained via Monte Carlo

simulation (100,000 trials per (n,k) pair).

A wins post-flip if and only if A ’s final total exceeds x out of
the 2x+ 1 votes. A ’s final total is J 4+ k — I, implying that we
require

J+k—I>x+1

J>x—k+1+1

A loses before votes are flipped if and only if A ’s original total
does not exceed x out of the 2x+-1 votes. A ’s original total is
J +1, implying that we require

JH+I<x
J<x-—1

Hence, it follows that for a fixed value of 1, the probability that

after k votes are flipped the original loser A wins the election is
ol <2x +1-k

_ 2x+1—k H
¥ SA J
22x+1-k |

J=x—kAI+1

ranges from 0 to [kz 1J inclusive, as shown above, the overall

probability that A loses the original election and wins after k

Xi‘j 2x+1—k
e N PN
votes are flipped is Z ﬁ P .

By symmetry, siné:eoboth A and B are equally likely to be
the original loser, and these events are disjoint, the probabil-
ity P(2x+ 1,k) is twice the probability computed under the
assumption that A is the loser. Hence,

Xi <2x+1k)
()1 =x—k+1+i -]

2 22x+1—l<

Jex—kHI+1
22x+1—k

. Since I

M“\”

P(2x+1,k) =
0

*E(0),.5,077)

We now simplify this sum to obtain the desired closed-form
expression.

Claim: For all integers x > 0 and k > 0,

| 21) (2x 21) |

kl
T
P(2x+1,k) = Z BT

Proof: We proceed to prove this with strong induction on k.

2x
Base Case: When k = 1, both formulas give (‘)

22x

Inductive Hypothesis: Assume that the claim is true
for all integers k < m for some integer m > 1. Notice that m
denotes the value of k at the current step of induction. We use
m rather than k to distinguish the induction variable from the
fixed parameter k in the statement being proven.

Inductive Step: We will consider the cases with m odd
and m even separately.

Case 1: mis odd
We wish to show that P(2x+ 1,m+1)

rem =3 2 () E,,(47)7)

() o)

=P(2x+1,m)
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2x— 1 2x— 1
+...+ x—mt + m xomt +...+
X 1 x—(m—=2)
2x—m+1 m 2x—m+1
Recall that Pascal’s Identity states that for integers n > 1

and 0 <r<n,
(0)-C2)+()
= +
r r—1 r

Combinatorially, this reflects partitioning the ('r’) subsets of
size r into those that exclude a fixed element (counted by
("")) and those that include it (counted by ("~ })). In the con-
text of this election, this partitioning is determined by whether
or not the (2x —m+ 1) th non-flipped vote was for A or B.

We may now expand each binomial coefficient using Pas-
cal’s Identity to achieve the following

e (A5
v 2?,;m2)>+...+2(2;—¥1)+(zx;m)>
(C2m) 2 2m)

20 (o)

We now apply Pascal’s Identity a second time, in the form
('7) + ( jTl) = (m;H) to condense the binomial coefficients and
achieve the following

T m—+1 2x—m n 2x—m
=P(2x+1,m+1).

Case 2: mis even
We wish to show that

)

22x

=g £ ()2, (C777)
(G (o)
NI <2x;"+1))
)+ (m)
et (3"”11) (<2x;—m’;+1> +(2:’§1—H>>)

As described in the previous case, we may now expand each
binomial coefficient using Pascal’s Identity to achieve the fol-
lowing

P2x+1,m+1)=P2x+1,m)+
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B
t(g" 1))

Once again, we may now condense the binomial coeffi-

cients using Pascal’s Identity to achieve the following

P(2x+1,m) = % ((2;_,;”> (mOH)

" (xffnii”n

)((

m+1
0

)+

m—+1
1

e
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1
+('ZZ+) ¥
m_
<2xm)<m+1>
_|_
X 0
<2x—m> m—i—l)
+ m m
*—2 2

L))
G- (5)

(2 () e

() (N

“s= () ()
() )
(P C))

=P(2x+1,m+1).
k—1 20\ (2x—2i
Hence, we conclude P(2x+ 1,k) = Z,LOTJ % Hav-
ing established this exact formula, we now derive a computa-
tionally efficient approximation that captures its essential be-
havior for large n. To simplify the complexity of the expres-
sion within the summation above, we may find an approxima-
tion for P(2x+ 1,k) as follows. Recall that the Central Bino-
mial Coefficient (*') can be approximated as shown below '°

Hence,

By Stirling’s series, this approximation has relative error

)

Hence, the relative error is O (1) as x grows without
16-18 A |
bound .Let (i) = T
The following is a corollary of the Euler-Maclaurin For-
mula ®

¥ i~ [F s
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The error of this sum-to-integral approximation is bounded
(| k=L

by the leading Euler-Maclaurin correction term w,

which for f(i) = ——— is O (i) and therefore vanishes as

x approaches infinity 1°.

Notice that
/f(i)dizztan1< Vi )

X—1

Thus,

Hence, it follows that

k—1
1 . 15
P(2x+1,k) ~ T + pe <2tan 7)(7 B

—2tan~! (%))

:l—i—i(tan1 kaf’;JlJ —tan1<\/)%)>

NG

1

For large values of x, both T and tan! (\/%) are ex-

tremely close to 0 . Thus,
|54
5]

k—1
2 e 2 Vk
~ —tan —_— ~ —tan —_—
T T V2x+1—k

2
P(2x+ 1,k) =~ Etan_1

2 k
P(n,k) ~ ;tan_1 < k)
n—

Consider the expression that is contained within the
tan~!() function of this approximation. This expression

[k
may be rewritten as 4/ ﬁ =/
n
k

imation of P(n,k) may be rewritten as %tan’1 ( —) =

Hence, the approx-

n—k

k
% tan~! < T ) . This modification suggests that P(n, k) can

n

be approximated given just the ratio %, or in other words, the
proportion of votes in a popular voting system that are flipped.
Furthermore, it follows that flipping the same proportion of
votes in two popular voting systems, each with a sufficiently
large, although not the same, number of votes, results in ap-
proximately equal values of P(n,k).

To test this interpretation systematically, we plot the empir-
ical estimates of P(n,k) against % for every tested pair. The
resulting points increasingly collapse onto a single common
curve as n increases. The n = 101 and n = 1001 datasets align
closely across nearly the entire domain of % while the n = 11
and n = 21 datasets, corresponding to much smaller elections,
show visibly more scatter around this common curve. This
is consistent with P(n,k) depending asymptotically only on
the ratio %, with the approximation to a single limiting curve
improving as n grows. This decreasing scatter is consistent
with the theoretical error bounds derived above: the 0(%) er-
ror of the central binomial coefficient approximation and the
O(ﬁ) Euler-Maclaurin correction term become insignificant

as n grows large (Figure 2).

Convergence of Empirical P(n,k) Across All Four Tested Values of
n as a Function of k/n
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Figure. 2 Empirical P(n,k) plotted against % for n =11, n = 21,
n =101, and n = 1001, showing convergence onto a common curve
as n increases.

We now turn to the tournament voting system extension.
From the tournament voting system simulations, empirical
values of T (n,k) for cases with k = 2"~! —1 were T(2,1) =
0.25068, T(3,3) = 0.25935, T(4,7) = 0.26032, T(5,15) =
0.25995, T(6,31) = 0.25420, T(7,63) = 0.25255. Hence, we
conjecture that T'(n,2"~! — 1) = 1 forall n > 2.

T(1,1) can be found to be % by going through all 23 %3 =24
possibilities of 3 votes with one of the votes being flipped.

T (n, 1) is the product of two probabilities, namely the prob-
ability that a single vote flip changes the result of a tourna-
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Figure. 3a Empirical, Approximate, and Exact values of P(n, k) plotted together for n = 11 and n = 21 for visual agreement

ment voting system with 3"~ total votes and the probability
that this result change affects the last round of the tournament
voting process. It follows that T'(n,1) = 1T (n—1,1) for all
n > 1 and therefore T'(n,1) = 5 foralln > 1.

Furthermore, prior work has considered the concept of
coalitions of voters in popular voting systems. A coalition
of m voters for an odd integer m > 3 is a subset of voters
{vill <i< m} where each v; is 1 or —1, such that each of
the m votes is replaced with sgn(}_/_, v;) before executing the
popular voting system "®20. Gelman et al. showed that for
k=1 and any fixed n > 1, the value of P(n,k) is maximum
with no coalitions .

Finally, we disprove the conjecture that for any fixed k > 1
and fixed n > k, the value of P(n, k) is maximum with no coali-
tions. Consider two popular voting systems, each with n =9
and k = 2, such that one of them has no coalitions and the
other has a single coalition of 5 voters. In the popular vot-
ing system with no coalitions, the probability simply comes

8
out to P(9,2) = P(9,1) = %) = 0.2734375. 1In the popu-
lar voting system with a coalition of 5 voters, the majority
within the coalition becomes the overall result of the popular
voting system. Hence, we need the probability that the ma-
jority within the coalition changes when 2 of the 9 votes are
flipped. When neither of the votes are in the coalition, the

probability for the result to flip is O . In the % = % probabil-
2

ity that exactly one of the two votes is in the coalition, there
is a P(5,1) probability that the majority within the coalition
5

flips. In the % = % probability that both votes are in the

2
coalition, there is a P(5,2) probability that the majority within
the coalition flips. Hence, the desired overall probability is
Dp(s5,1)+20p(5,2) = 2p(5,1) + 22P(5,1) = 2p(5,1) =

4
2« % = 2 =0.3125 > 0.2734375 and the conjecture is dis-

proven.

Discussion

We quantified the probability P(n,k) that flipping k votes in a
random two-candidate election with n voters changes the out-
come. We now examine the implications of these results, as-
sess limitations of the experimental design, and outline direc-
tions for further study. We found the exact formula to match
the simulation results across all tested values of n and k. We
also introduced an approximation to simplify evaluation in
large- n regimes.

The exact formula provides an immediate explanation of
the empirically observed pairing P(n,k) = P(n,k+ 1) for odd
k. For different values of k, the maximum value of i in the
summation of the exact formula varies. For odd integers &k,

it follows that ["’TIJ = VH;)_]J. Hence, the exact formula

confirms the prior P(n,k) = P(n,k+ 1) conjecture for odd k.

We plotted the empirical, exact, and approximate val-
ues of P(n,k) together on the same graph for each n €
{11,21,101,1001}. In all graphs, the empirical curve is visu-
ally indistinguishable from the exact formula, indicating that
simulation-based P(n,k) estimates converge to the evaluated
results across the full domain of k. This agreement confirms
that the Monte Carlo procedure provides a reliable estimate of
the true probability across the full domain of k (Figure 3a).

Furthermore, for both n = 101 and n = 1001, the approxi-
mated curve is also visually indistinguishable from the exact
curve. This overlap implies that the error between the approx-
imation and the exact formula is insignificant as n becomes
significantly large (Figure 3b).

In fact, the maximum error drops from approximately 0.05
at n = 11 to 0.005 at n = 1001, indicating that the approxi-
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Figure. 3b Empirical, Approximate, and Exact values of P(n,k) plotted together for n = 101 and n = 1001 for visual agreement

mation becomes far more accurate in larger elections. Hence,
these observations validate both the accuracy of the exact for-
mula for P(n, k), as well as the use of the approximation when
exact evaluation is inefficient (Figure 4).

These current formulas and approximations are limited to
2-candidate voting systems and model only popular voting,
where outcomes are determined by direct aggregation of indi-
vidual votes. The present model does not accommodate multi-
candidate elections or alternate voting systems, each of which
would introduce additional combinatorial conclusions and al-
ter the probability for a voting system winner to change under
random vote flips. Future work may be extended to alterna-
tive voting systems such as the tournament voting system dis-
cussed previously or multi-candidate elections.

Furthermore, the exact formula for P(n, k) remains without
a combinatorial proof, despite its correctness being supported
both algebraically and through simulation. A combinatorial
proof may provide an alternative perspective when approach-
ing extensions and future works. This open problem may be
approached by considering combinatorial interpretations for
the quantities (%) and (*_*) for values of i ranging from 0
to L%J , inclusive, likely calling for a casework argument on
the value of i where the first 2i votes are considered separately
from 2x — 2i other votes.

While this work is purely mathematical, the quantities de-
rived here have implications for both election security and po-
tential misuse, from which ethical considerations arise. On
one hand, P(n, k) and its approximation could in principle'->?
inform an adversary seeking to manipulate an election out-
come by altering or coercing a target number of votes?>,
since it quantifies precisely how many votes would need to be
flipped to have a given probability of changing the result. No-
tably, our finding that this probability depends asymptotically
only on the ratio % not on 7 itself, implies that large elec-

tions are not inherently more resistant, in relative terms, to a
fixed proportion of compromised votes than small elections.
This result should inform, rather than discourage, efforts to
secure elections at every scale. On the other hand, the same
formula is directly useful for election security as it provides
a principled way to quantify how many ballots would need to
be audited or how small a margin of victory should be consid-
ered significant to detect or rule out manipulation at a given
confidence level. This connects naturally to existing work on
risk-limiting audits in election administration2+23, where the
central question, how many ballots must be checked to be sta-
tistically confident the reported outcome is correct, is closely
related to the quantities we derive here.

We emphasize that this work concerns idealized, randomly-
flipped votes under a simplified two-candidate model, and
does not constitute a practical attack. Real-world election ma-
nipulation involves substantial additional constraints such as
detection risk, verification procedures, and physical/digital se-
curity that are not modeled here.
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