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This paper uses a computational approach to study the geometry of black hole shadows under precisely controlled conditions.
It uses a non-rotating Schwarzschild case as a baseline and extends to a rotating Kerr metric to examine the effect of spin on
the geometry. The simulated shadows are then analyzed with quantities representing left–right asymmetry and circularity. This
approach allows shadow distortion to be studied both visually and quantitatively with tight and isolated control of parameters:
black hole spin and observer inclination. It also makes the numerical setup explicit and the results clear to visualize. The results
show that rotation produces significant distortion of the black hole shadow geometry that can be captured through boundary
analysis. Over 115,551 configurations with a ≤ 0.995, the circularity deviation reaches ∆Cmax = 0.04829 and the left–right
asymmetry Tmax = 0.68936, both edge-on at the highest sampled spin. Both scale as separable power laws in a and sin i.
Decomposing the left–right measure shows that it is dominated by the displacement of the shadow centre rather than by any
change of shape, and that the reflection asymmetry of the outline about its own centre is the last of the measures to respond to
spin.

Introduction

Perhaps the most striking and fascinating prediction of
Einstein’s theory of general relativity is the existence of
black holes—matter so concentrated that it distorts spacetime
around it to the most extreme form. In the strong gravita-
tional field around a black hole, the light path is bent so dras-
tically that it creates a dark shadow in the field of view of
the observer1. Analyzing the black hole shadow shape and
size can reveal information about the curved spacetime around
the black hole itself2–4. Because of that, black hole shadows
bridge general relativistic theory with visual observations.

Black hole appearance studies have been extensive in the
field of gravitational physics. The theory of photon trajecto-
ries near extremely dense objects has been studied in detail,
showing that the black hole shadow is not caused merely by
the event horizon itself, but also by the absence of light rays
coming to the observer because of spacetime curvature5–7. In
the non-rotating case, the shadow is symmetric. But when
spin is introduced, this symmetry is broken, and the shadow
becomes distorted and direction-dependent8–11.

In recent years, with the advancement in very-long-baseline
interferometry and black hole imaging techniques, it has been
possible to capture images of black holes12–15. This has drawn
considerable attention to black hole shadows because of their
practical implications and the way light propagation around
the black hole shapes the shadow itself. Yet, the interpretation
of such images is complex. Real observations depend on many
factors, such as spacetime geometry, emission models, plasma
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effects, viewing conditions, instrumental limitations, and im-
age reconstruction methods16–18. Simplified, controlled com-
putational studies, however, isolate geometric effects before
introducing complications. There is therefore still substantial
value in this type of simulation.

Because of the sheer complexity of modelling a full ob-
servational image, this paper adopts the simplified approach
and isolates the geometric-optic problem of how a black hole
shadow would look to a distant observer. The goal is to ana-
lyze how the shape of black hole shadows changes as param-
eters such as spin and observer inclination vary. The study
used a numerical ray-tracing framework to model and gener-
ate black hole images and approximate shadow boundaries.
Asymmetric quantities are then computed and matched with
the input parameters. This makes it possible to move beyond
vague statements and to describe distortion using explicit nu-
merical outputs.

A second goal of the study is to emphasize how intuition
and visualization can be powerful scientific tools. Black hole
shadow studies often include theoretical equations and formal
derivations, which are essential, but which make the physical
representation of those equations hard to grasp and unintu-
itive. This study aims to bridge the gap between theoretical
general relativity and observable images by producing black
hole shadow images alongside asymmetric quantities.

This paper used a Schwarzschild non-rotating black hole
as a reference baseline case, and the Kerr rotating black hole
shadow boundary is later examined using the same framework
to attribute visual and quantitative differences directly to the
effect of spin and observer inclination. This paper does not
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produce a fully realistic image of a black hole. It describes a
computational framework that provides a reference point for
understanding black hole shadow distortion from a physical
and computational perspective.

Theoretical background

Black hole shadow theory describes which light rays reaching
an observer originated in the surrounding universe and which
rays instead terminate at the black hole. The shadow is there-
fore not a photograph of the event horizon itself. It is the ap-
parent dark region on the observer’s sky formed by directions
whose photons are captured. Its boundary is controlled by
the strongly bent photon trajectories outside the horizon, es-
pecially unstable photon orbits. For this reason, the shadow is
usually larger than the projected event horizon and its shape
can encode information about the spacetime geometry around
the black hole1,19–22.

The notation used here follows standard general-relativity
textbook treatments by Misner, Thorne, and Wheeler and
by Wald23,24. In general relativity the geometry is speci-
fied by the spacetime metric gµν , which determines the in-
terval ds2 = gµν dxµ dxν . Massive particles follow time-like
geodesics, while photons follow null geodesics. For light, this
means ds2 = 0, so the ray path is constrained by the metric but
has zero spacetime interval. This paper uses geometric units,
G = c = 1, so mass, length, and time can all be expressed
in the same units, and the numerical work reported here sets
M = 1 throughout. In these units the black-hole mass M sets
the natural length scale of the problem.

The simplest case used in this study is the Schwarzschild
spacetime, which describes a non-rotating black hole. Using
the standard form given in texts such as Wald24, its metric is

ds2 = −
(︃

1− 2M
r

)︃
dt2 +

(︃
1− 2M

r

)︃−1

dr2

+ r2 (︁dθ
2 + sin2

θ dφ
2)︁ . (1)

Here M is the black-hole mass, the event horizon is at r =
2M, and the photon sphere is at r = 3M. The photon sphere
is important because circular photon orbits there are unstable:
small changes in a ray’s direction decide whether it escapes or
falls inward. For a distant observer, the Schwarzschild shadow
is circular because the spacetime has spherical symmetry. The
critical impact parameter is bcrit = 3

√
3M, which is the theo-

retical quantity behind the critical viewing angle used by the
tracer. At a finite observer radius robs, the Schwarzschild rela-
tion used in the tracer is

sinαcrit =
bcrit

robs

√︃
1− 2M

robs
. (2)

Rotating black holes are described by the Kerr space-
time. Following Chandrasekhar’s treatment of rotating black
holes25, the Kerr metric in Boyer–Lindquist coordinates is

ds2 = −
(︃

1− 2Mr
Σ

)︃
dt2 − 4Mar sin2

θ

Σ
dt dφ

+
Σ

∆
dr2 +Σdθ

2

+
(r2 +a2)2 −a2∆sin2

θ

Σ
sin2

θ dφ
2.

(3)

where

Σ = r2 +a2 cos2
θ , ∆ = r2 −2Mr+a2. (4)

The metric function ∆ defined here is unrelated to the circu-
larity deviation ∆C introduced later, and appears only in this
section. Here a = J/M is the Kerr spin parameter appearing in
the metric, so the reported values of a are dimensionless spin
values scaled by the black-hole mass. The outer horizon is

r+ = M+
√︁

M2 −a2. (5)

Physically, in the scaled units used here, a measures the
black hole’s spin per unit mass and ranges from 0 to nearly
1. When a = 0, Kerr reduces to Schwarzschild. When a ̸= 0,
the metric includes a coupling between t and φ , meaning that
spacetime itself is dragged around the black hole. This frame
dragging makes prograde and retrograde photon paths behave
differently. As a result, rotation breaks the circular symmetry
seen in the Schwarzschild case and can shift, flatten, or deform
the shadow, especially for observers viewing the black hole
away from the spin axis5,8,26.

The shadow boundary is formed by critical rays. These
are rays lying exactly between escape and capture, so small
changes in launch angle put the photon on different sides of the
boundary. In theory, following Bardeen’s description of Kerr
photon trajectories5,6,27, they are associated with unstable cir-
cular or spherical photon orbits, where the radial effective mo-
tion has a turning point that is also unstable. Thus, the criti-
cal angle and corresponding impact parameter are the bridge
between analytic shadow theory and the pixel-level boundary
measured later in the paper28.

Methodology

A purpose-built ray-tracing framework renders black hole im-
ages and approximates their shadow boundaries. From those
boundaries, the analysis calculates the asymmetry quantities
associated with each parameter combination. The framework
runs in three major stages: mapping each pixel into a ray-
launch direction, numerically tracing each ray and classifying
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its outcome, then extracting the shadow boundary and calcu-
lating shape metrics from that boundary. The theory section
presents the spacetime metrics and equations. This section
describes how the tracer implements them.

Pixel to ray mapping

This stage applies to the rendered images only. The renders
in Figure 1 place the observer at robs = 100M with FOVh =
FOVv = 40◦. The quantitative results are not read off a camera
image: the boundary solver below works directly in the launch
angles (α,θ) at the same robs, so no reported value of ∆C, T ,
or any fitted exponent depends on a field-of-view choice.

For an image of height H and width W , the renderer con-
verted each pixel (i, j) to centered screen coordinates x =
j −W/2 and y = i − H/2, and then to normalized camera-
plane coordinates

xcam =
x
fx
, ycam =

y
fy
,

fx =
W/2

tan(FOVh/2)
, fy =

H/2
tan(FOVv/2)

,
(6)

where (FOVh,FOVv) are the horizontal and vertical fields of
view. With d the black-hole direction in camera coordinates
and (exexex,eyeyey) the local orthonormal screen basis around it, the
unit ray vector for the pixel was

n̂nn =
(xcam,ycam,1)√︁
x2

cam + y2
cam +1

. (7)

For the centered renders, the camera axes point right, down,
and toward the black hole, respectively, so ddd = (0,0,1), exexex =
(1,0,0), and eyeyey = (0,1,0). The two launch angles used by the
tracer were then

α = arccos(n̂nn ·ddd), θ = atan2(n̂nn ·eeex,n̂nn ·eeey). (8)
The angle θ is the screen azimuth, and is referred to by that
name throughout the sections that follow. The observer incli-
nation i is the polar angle between the black-hole spin axis and
the observer’s line of sight, so i = 0◦ and i = 180◦ are pole-on
views and i = 90◦ is edge-on. For the symmetric Kerr setup,
the asymmetric quantities are invariant under i → 180◦− i, so
the quantitative plots use sin i. The launch angles set the ini-
tial photon momentum through the celestial coordinates (X ,Y )
of Bardeen27, which are the impact parameters of the ray on
the sky of an observer at infinity. The tracer evaluates them
at the finite observer radius rather than transforming a local
four-momentum through an observer tetrad, and no momen-
tum component is recomputed afterwards. Writing b for the
magnitude of the impact parameter,

b = robs sinα

√︃
Σobs

∆obs
,

X =−bsinθ , Y =−bcosθ ,

(9)

where Σobs = r2
obs + a2 cos2 i and ∆obs = r2

obs − 2Mrobs + a2.
The factor

√︁
Σobs/∆obs corrects the flat-space impact param-

eter robs sinα for the finite observer radius and tends to unity
as robs → ∞, while the minus signs follow from eyeyey pointing
down the screen, so that screen-up corresponds to +Y . With
the affine normalization E = 1, the constants of motion are
Lz =−X sin i and Q =Y 2+cos2 i(X2−a2), and the polar mo-
mentum follows from the Carter relation evaluated at the ob-
server, θ = i, with its sign following Y ,

pθ = sgn(Y )

√︄
Q− cos2 i

(︃
L2

z

sin2 i
−a2E2

)︃
. (10)

Rays are traced backwards from the camera, so the photon
is initially ingoing and pr is the negative root of the null con-
dition gµν pµ pν = 0,

pr =−

[︄
−

gtt p2
t +2gtφ pt pφ +gθθ p2

θ
+gφφ p2

φ

grr

]︄1/2

,

pt =−E, pφ = Lz.

(11)

Ray tracing and outcome classification

For each screen direction (α,θ), the tracer launched one ray
and evolved its photon trajectory using first-order Hamilto-
nian geodesic equations. The constants of motion follow
the standard Kerr geodesic treatment of Chandrasekhar and
Bardeen25,27. With pt =−E and pφ = Lz held fixed, the tracer
evolved the reduced state

s = (r,θ ,φ , pr, pθ ), (12)

initialized as above, so that the initial trajectory was null.* The
equations integrated by the tracer had the Hamiltonian form.

dxµ

dλ
= gµν pν ,

d pµ

dλ
=−1

2
∂gαβ

∂xµ
pα pβ , (13)

where λ is an affine parameter. In practice, the tracer needed
only the equations for r,θ ,φ , pr, and pθ to determine whether
the ray escaped or was captured and, for escaping rays, its final
direction.

The Kerr tracer used an adaptive Dormand–Prince
fourth/fifth-order Runge–Kutta stepper. The integrator
stopped when the ray reached an inner capture radius just out-
side the outer horizon, rcap ≈ 1.01r+, or when it reached an
outer escape radius of 2robs. The tracer classified a ray that
crossed the inner radius as captured, and a ray that reached

* For example, a 4000 × 4000 image with a 40◦ field of view maps
pixel (1800,2200) at a = 0.9, i = 90◦, M = 1, and robs = 100M
to α = 0.0514277771, θ = 2.3561944902, and (E,Lz,Q, pr, pθ ) =
(1,3.6716418834,13.4809541196,−1.0190103515,3.6716418834), with
initial null residual |gµν pµ pν |= 6.6×10−17.
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the outer radius as escaped. The implementation traced these
ODEs in batches over the image grid, using the pixel-to-angle
map to supply (α,θ) for each ray. For robs = 100M, the
maximum affine parameter was λmax = max(5000M,6robs) =
5000M, with a safety limit of 200,000 attempted integration
steps per ray.

The capture surface rcap = 1.01r+ is valid only if it lies
inside every photon turning point an escaping ray can reach.
The innermost is the prograde equatorial photon orbit rph− =
2M{1+ cos[2/3arccos(−a/M)]}, which bounds the radii of
all spherical photon orbits from below, so 1.01r+ < rph− suf-
fices at every inclination. This holds for a < 0.99802: at
a = 0.9999 the capture surface would lie 7.9×10−3M outside
rph−, and rays turning between the two would be misrecorded
as captured. The sweep is therefore truncated at a = 0.995,
where rcap = 1.11087M remains inside rph− = 1.11766M.
Lowering the cut to a = 0.99 shifts every fitted exponent be-
low by less than 0.009, so the reported scalings do not depend
on where the sweep is stopped.

For lensing visualization, the renderer colored each cap-
tured ray black and mapped each escaped ray onto a point on a
sphere. For each escaped ray, the tracer recorded the final de-
flection angle after escape. The renderer then combined that
deflection angle with the screen azimuth to assign a source
direction s = (sx,sy,sz), converted it to the screen-aligned
angular coordinates u = atan2(sx,sz) and v = atan2(−sy,sz),
wrapped both coordinates over 2π , and divided them into nx
and ny horizontal and vertical periods respectively. If the
wrapped phase fell within the stripe width—0.12 of the cor-
responding angular period—the renderer colored the pixel
black. Otherwise it colored the pixel by the quadrant of the
sphere in which the deflection angle landed. The renders in
Figure 1 used nx = ny = 60, so each period spans 6◦ with the
stripe occupying its central 0.12. These are cosmetic choices.
No quantitative result is read off these images.

Shadow-boundary extraction

The tracer sweeps over the observer launch angles to try to find
αcrit(θ)—the angle at which the transition of a ray between
captured and escape happens—using the captured/escaped
classifier. Launch angles inside αcrit are captured directions.
All others escape. For each fixed screen azimuth, the tracer
treated the classifier C(α,θ) as a two-valued function return-
ing either captured or escaped, and solved for αcrit:

αcrit(θ) = inf{α : C(α,θ) = escape}. (14)

The infimum captures the first escaped ray as α sweeps
through the range. This notation assumes a single captured-
to-escaped transition within the bracket. Iterative bracketing
found the numerical value. Given a current bracket [αL,αU ],

the midpoint was

αM =
αL +αU

2
. (15)

The tracer updated the interval until

|αU −αL|< ε, (16)

where ε is a predetermined tolerance value. The tracer re-
peated this search over a sweep of θ and cached the result for
the asymmetry calculations. The renderer produced the repre-
sentative shadow images at 4000×4000 pixels. The quantita-
tive boundary measurements do not come from those pixels.
They come directly from angular boundary solves. The main
parameter run placed the observer at robs = 100M and sampled
1041 spins and 111 inclinations, giving 1041×111 = 115,551
configurations. Spin was stepped from a = 0 by 0.01 up to
a = 0.9 (91 values), then refined a hundredfold to ∆a = 10−4

between a = 0.9 and a = 0.995 (950 values), where both ob-
servables vary most rapidly. Inclination was stepped from
i = 90◦ by 1◦ to i = 177◦ (88 values), then refined tenfold to
0.1◦ out to i = 179.3◦ (23 values). The boundary search used
97 initial bracket samples, ε = 10−10 rad, at most 96 bisec-
tion iterations, 361 azimuth samples for extremum searches,
five refinement levels, and 721 full-boundary samples for the
circularity calculation. The Kerr ray integrator used relative
and absolute tolerances of 10−8 and 10−10, respectively, with
stricter 10−10 and 10−12 tolerances on axis-refined rays. A
convergence check at i = 90◦ compared these settings with an
ultra-accurate run using 129 bracket samples, ε = 10−12, 721
extremum-search azimuth samples, six refinement levels, and
1081 full-boundary samples. Across the common spin sam-
ples, the maximum absolute changes were less than 9×10−8

for ∆C and less than 10−9 for T , showing that the reported
trends are stable under further refinement. Because pt = −E
and pφ = Lz are fixed in the reduced system, E and Lz are con-
served by construction. We checked representative captured
and escaped Kerr rays throughout their integration and found
maximum dimensionless null-constraint and relative Carter-
constant residuals of 1.41 × 10−7 and 1.37 × 10−7, respec-
tively, at the production tolerances. Tightening both tolerances
by a factor of 100 reduced these maxima to 2.11× 10−9 and
2.06× 10−9, confirming that the conserved quantities remain
numerically stable29,30.

The boundary solver was checked against the one case with
a closed-form answer. At a = 0 the shadow is the circle of
radius bcrit = 3

√
3M. The check re-solves that boundary by

direct bisection on traced rays rather than reading the tab-
ulated a = 0 entry, which for a spherically symmetric met-
ric returns the closed-form αcrit of Eq. (2) without tracing a
ray and so cannot test the integrator. At the main-run sam-
pling settings the recovered angle gives b = 5.19615237M
from the Schwarzschild orbit-equation integrator and a mean
b = 5.19615241M over 361 azimuths from the Kerr integrator
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at a= 0, against the exact 3
√

3M = 5.19615242M: relative de-
viations of 1.0×10−8 and at most 1.3×10−8, with the bound-
ary circular to 7×10−8M. Tightening ε from 10−10 to 10−15

changes b by less than 3×10−9M, so the residual reflects the
ray integrator rather than the bracketing resolution.

The same check extends to a ̸= 0 against the analytic Kerr
critical curve. With E = 1, each boundary point’s Lz and Q
follow from its (X ,Y ) above, and the ray is critical only if
that pair lies on the spherical-photon-orbit locus27; solving
Lz(rph) = Lz and comparing the predicted Y tests each sam-
ple against the curve pointwise. Over six configurations span-
ning a = 0.3–0.995 and i = 90◦–160◦, all 721 samples of each
matched to a median 2.5× 10−9 and a maximum 3.2× 10−8

in b (Figure 2), the same order as the a = 0 residual above.

Projection of the boundary onto the observer screen

Once the solver had αcrit(θ), it mapped each boundary point
to tangent-plane screen coordinates. Defining

ρ = tanαcrit, (17)

the screen coordinates were

x = ρ sinθ , y = ρ cosθ . (18)

The extracted shadow boundary is thus a discrete set of points

B = {(xk,yk)}N
k=1. (19)

All later measurements use this representation.

Asymmetry measurements

The boundary-analysis step approximated two shadow-shape
quantities from the extracted boundary. First, the left and right
critical directions define the horizontal tangent ratio:

RRL =
tanαright

tanαleft
. (20)

Here “right” and “left” are the horizontal screen directions
θ = +90◦ and θ = −90◦, i.e. x = ±ρ in Eq. (18). Since
Lz/E ∝ ρ sinθ sin i, the right-hand point is the prograde side
for a > 0 and the left-hand point the retrograde side. This
ratio provides the direct boundary measurement used later to
define the left–right asymmetry observable T . Both tangents
in Eq. (20) are measured from the screen origin, not from the
fitted circle centre. Writing the side extents as ρR = rR + δx
and ρL = rL −δx, with rR and rL measured from the fitted cen-
tre, shows that RRL responds to a sideways shift of the whole
image as well as to a genuine difference between the extents.
The Results separate the two.

To quantify the shadow’s departure from a perfect circle,
the analysis also compared the boundary with a fitted circle.

This is the global algebraic least-squares circle through all 721
boundary samples. If r(φ) is the boundary radius measured
from the fitted center, then the mean radius is

r̄ =
1

2π

∫︂ 2π

0
r(ϕ)dϕ. (21)

The circularity-deviation amplitude is then

A = 2

√︄
1

2π

∫︂ 2π

0
(r(ϕ)− r̄)2 dϕ, (22)

and the corresponding circularity deviation is

∆C =
A
2r̄

. (23)

Unlike T , this quantity measures radial departure from a
fitted circle rather than left–right displacement alone.

Two further quantities separate the displacement of the
shadow from its shape. The first is the horizontal offset of
the fitted centre, normalized by the mean radius,

δx

r̄
=

xc

r̄
, (24)

where (xc,yc) is the fitted circle centre; the vertical offset
δy/r̄ = yc/r̄ is defined in the same way and must vanish for the
symmetric configuration considered here. The second quan-
tity is a reflection asymmetry measured about the fitted centre,
so it is blind to displacement by construction. With

rodd(ϕ) = 1/2 [r(ϕ)− r(−ϕ)], (25)

the reflection amplitude and its normalized form are

Arefl = 2

√︄
1

2π

∫︂ 2π

0
r2

odd(ϕ)dϕ,

∆Crefl =
Arefl

2r̄
.

(26)

The normalization is that of Eq. (23), so both read on the
same scale. The integral is evaluated on a uniform grid of
2048 azimuths about the fitted centre. Varying that number
between 256 and 8192 changes ∆Crefl by less than 2× 10−6

relative. Replacing r(−ϕ) with r(π −ϕ) gives the top–bottom
counterpart ∆Ct/b

refl, used below as a control that must vanish.
Together, ∆C and ∆Crefl describe the shape of the boundary

about its own centre, while δx/r̄ measures the displacement of
that centre. The measure T mixes the two.

Results and Discussion

The generated shadows show two main geometric effects of
rotation: left–right asymmetry and deformation of the overall

© The National High School Journal of Science 2026 | 5



shadow8,9,11,26. To study these separately, the analysis uses
two extracted shape quantities: ∆C, which measures defor-
mation, and T , which measures left–right asymmetry. Two
further quantities, the centre displacement δx/r̄ of Eq. (24)
and the reflection asymmetry ∆Crefl of Eq. (26), are carried
through the same analysis. They are what separates the roles
of ∆C and T . The quantity T is used instead of the raw RRL
because it is easier to interpret together with ∆C:

T = 1−RRL. (27)

T and ∆C are consistent with each other: both equal 0 when
there is perfect symmetry and grow when the asymmetry be-
comes stronger.

Figure. 1 Representative lensed stripe renders for four spin–
inclination configurations. Only the dark central region is the shadow.
The surrounding stripes are a lensed image of the background stripe
field. Colors encode the escape direction quadrant as described in the
methods, not brightness. The measured asymmetries are, in panel
order, (∆C,T ) = (0,0), (0.0054659,0.33334), (0.045384,0.67825),
and (0.0068454,0.29159).

Before the quantitative analysis, Figure 1 gives a qualitative
overview: increasing spin transforms the dark central region
from a near-symmetric disk into a visibly distorted one. The
stripe patterns show how strongly nearby light rays are de-
flected around the black hole. The Schwarzschild image is
the symmetric baseline. At moderate spin, a slight but no-
ticeable asymmetry is visible. At high spin, the dark cen-

Figure. 2 Left: traced boundary (circles, every twelfth of 721 sam-
ples) on the analytic Kerr critical curve (solid), i = 90◦, a = 0.995
and 0.5. Right: fractional deviation of each sample from the curve
for six (a, i) configurations; all 4326 fall below 3.2× 10−8, compa-
rable to the a = 0 check (dashed).

tral region visibly becomes strongly deformed and asymmet-
rical31,32. The nested stripe bands near the edge of the dark
region are higher-order lensed images of the same pattern,
formed by rays that wind one or more times around the black
hole before escaping—the photon-ring structure7,33–35, indi-
cated qualitatively rather than resolved order by order.

The same pattern is observed in the dataset. Both ∆C and
T are 0 in the non-rotating case and increase when spin in-
creases. The a = 0 values are exactly zero by construction
rather than by measurement: for a spherically symmetric met-
ric the boundary routine returns the closed-form αcrit of Eq.
(2) at every azimuth, so the extracted boundary is an ex-
act circle. The traced a = 0 boundary is quantified in the
validation above. The maximum values of both quantities
(∆Cmax = 0.04829 and Tmax = 0.68936) occur at the highest
sampled spin, a = 0.995 at i = 90◦. For scale, ∆C is nor-
malized as the circularity deviation reported for M87*, and
the grid maximum ∆Cmax = 0.04829 falls below the ∆C ≤ 0.1
that the 2017 image permits19, though that bound is set on the
emission ring rather than the shadow boundary. Its onset—
negligible until spin nears extremality, strongest at i = 90◦—
follows the trend found for the Hioki–Maeda distortion pa-
rameter8.

The same structure is shown in Figure 3. The dependence
of both observables on spin and sin i is smooth and coherent,
suggesting that shadow deformation may be describable with
relatively simple empirical laws.

The maps also make it clear that spin alone does not deter-
mine the observed shadow shape. Inclination plays an impor-
tant role in deciding how strongly rotational effects appear in
the image plane. A highly rotating black hole does not neces-
sarily produce a strongly deformed shadow in every viewing
configuration.

Although global maps are useful, one-dimensional slices
are better for showing how the observables grow. Figure 4
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Figure. 3 Global maps of ∆C (top left) and T (top right) over the sampled (a, i) grid. Both rise smoothly with spin and with sin i, so shadow
morphology is set jointly by spin and viewing geometry, not by spin alone. The bottom row shows the centre displacement |δx|/r̄ (left) and the
reflection asymmetry ∆Crefl (right) on the same grid. The displacement map resembles that of T , while the reflection map resembles that of ∆C
but is steeper still.

shows the dependence on spin at fixed inclination.

Figure 4 shows one of the clearest differences between ∆C
and T . At low and moderate spin, T rises smoothly and
steadily, while ∆C stays relatively small. Only as spin ap-
proaches 1 does ∆C rise much more strongly than T . The
natural reading of this, that the shadow becomes noticeably
asymmetric before it becomes noticeably deformed, does not
survive a closer look at what T measures.

Because Eq. (20) is referenced to the screen origin, T re-
sponds to the displacement δx of the shadow as well as to
its shape. Two knockout tests at a = 0.995, i = 90◦, where

T = 0.68936, separate them: forcing rR = rL while keeping
the measured displacement gives T = 0.67473, and setting
δx = 0 while keeping the measured difference between the ex-
tents gives T = 0.03315. The two do not sum to the measured
value, since T is a ratio, but they locate the effect unambigu-
ously. The clearest single case is a = 0.5, i = 90◦, where
the extents measured from the fitted centre differ by 0.06%
(rR = 0.0507166, rL = 0.0507462) yet T = 0.33334, because
δx/r̄ =−0.19817.

Figure 5 compares the four measures on a common scale,
each divided by its own edge-on value at a = 0.995. The dis-
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Figure. 4 ∆C (left) and T (right) versus spin at i = 90◦,120◦,140◦,160◦,170◦ and 179◦. T rises smoothly from low spin, while ∆C stays small
until a nears 1, then climbs steeply.

Figure. 5 Each measure at i = 90◦ divided by its own value at the
highest sampled spin, against a. The centre displacement |δx|/r̄
tracks T closely and both rise early, while ∆C and the reflection
asymmetry ∆Crefl rise late. The dotted line marks half of each
maximum.

Figure. 6 The two measured asymmetries at i = 90◦ against the
two controls that must vanish, on a logarithmic scale. The controls
stay below 10−6 while the measures they mirror grow past 10−2.
Bands span the range within each spin bin, so their width is round-
off scatter, not spin dependence.

placement |δx|/r̄ tracks T closely and both rise early, reaching
half of their maximum at a = 0.59 and a = 0.52, while the two
shape measures rise late, at a = 0.88 for ∆C and a = 0.92 for
∆Crefl. The ordering is the opposite of the one the raw T curve
suggests: what appears early with spin is the displacement,
and the reflection asymmetry of the outline is the last of the
four to respond.

This does not make the deformation an artifact: ∆C =
0.04829 and ∆Crefl = 0.02264 at the highest sampled spin are
real, and the displacement is frame dragging rather than a nu-
merical effect. The separation between asymmetry and defor-
mation must simply be drawn between δx/r̄ on one side and

∆C and ∆Crefl on the other, rather than between T and ∆C.
∆C and T are still not two ways of measuring the same

thing. The difference is not the one it appears to be: T re-
sponds to spin sooner because the shadow shifts sideways be-
fore its outline changes shape, not because asymmetry pre-
cedes deformation.

Two controls confirm that the measured asymmetries are
not artifacts of the boundary extraction. Each mirrors a gen-
uine measure across an axis of symmetry, so each must van-
ish. Across all 115,551 configurations |δy|/r̄ stays below
7.8× 10−9 and ∆Ct/b

refl below 5.8× 10−7, against maxima of
0.4725 and 0.02264 for the left–right measures they mirror
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(Figure 6).
The observables are also dependent on the observer’s incli-

nation at fixed spin. This shows how strongly rotational effects
are projected into the observer’s image.

The inclination slice shows that both ∆C and T are sup-
pressed when the observer moves closer to the rotating poles.
So high-spin shadow can appear much more symmetrical and
less distorted near the spin axis.

Figure 7 and the numerical samples make this pattern
clearer and more concrete. Even at extremely high spin, both
∆C and T reduce substantially as the viewing configuration
becomes less favorable. At a = 0.99, T decreases from about
0.678 at 90◦ to 0.622 at 120◦, 0.499 at 140◦, 0.292 at 160◦,
0.158 at 170◦, and only about 0.017 at 179◦. Over the same
range, ∆C decreases from about 0.0454 at 90◦ to 0.0383 at
120◦, 0.0236 at 140◦, 0.00685 at 160◦, 0.00177 at 170◦, and
only about 1.79×10−5 at 179◦. This result suggests observer
inclination as one of the most important controls of the ob-
served shadow shape.

To establish a more rigorous view of how the observ-
ables “grow” with a and sin i in the slice plots, we exam-
ine the gradient of ∆C and T with respect to a and sin i.
The gradients were computed with second order finite dif-
ferences on the sampled (a,sin i) grid, including second or-
der boundary estimates, and plotted as the magnitude |∇X |=√︁

(∂X/∂a)2 +(∂X/∂ (sin i))2. It shows where ∆C and T are
most sensitive to parameter changes.

Figure 8 shows that T responds more steadily and broadly
across the parameter grid but still becomes more sensitive
when a and sin i grow, especially when they both approach 1.
The gradient magnitude of ∆C, by contrast, grows rapidly only
as a and sin i approach 1. In other words, left–right asymme-
try is a broad response observable, while strong deformation
becomes especially sensitive at high spin.

The numerical sample shows the same picture. The me-
dian value of ∂T/∂a is about 0.634, while the median value
of ∂∆C/∂a is about 0.0640. The maximum of ∂T/∂a is about
2.654, and the maximum of ∂∆C/∂a reaches about 0.710.
For inclination dependence, the median ∂T/∂ (sin i) is about
0.563, while the median ∂∆C/∂ (sin i) is about 0.0371. This
indicates that T varies substantially over a broad region, while
∆C rises much more sharply when a approaches 1.

From another perspective, the slice plots of ∆C and T , at
fixed inclinations, have similar shapes as a function of a. Sim-
ilarly, at fixed spin, the slice plots have similar shapes. This
behavior may imply that the dependencies of the observables
are not strongly entangled. This behavior is expected if the
observables can be approximated as

X(a, i)≈ f (a)g(i), X ∈ {∆C,T}. (28)

A second indication is that if X(a, i) is approximately sep-
arable, then X(a, i)/X(a, i0) should depend mainly on i. In

Figure 9, this is exactly what is seen: for fixed inclination, the
spread of X(a, i)/X(a,90◦) remains small, with median stan-
dard deviations of about 0.0069 for ∆C and 0.0075 for T , and
maximum standard deviations of only about 0.024 and 0.017,
respectively. This indicates that after normalization by a refer-
ence inclination, the remaining spin dependence is weak, and
the curves approximately collapse.

This structure is inherited from the analytic critical curve.
In Bardeen’s parametrization27 the boundary is traced by the
spherical photon radius rph through X = −ξ (rph)/sin i and
Y 2 = η(rph)+a2 cos2 i−ξ (rph)

2 cot2 i, so spin enters through
ξ and η while inclination enters through the projection, the
two mixing only via the a2 cos2 i term. Approximate separa-
bility is therefore expected, with the violation smallest near
i = 90◦, where the collapse in Figure 9 is tightest.

The approximate product structure suggested by the slice
plots and normalized collapse can be tested quantitatively
through regression. Using a multiplicative power-law model
(consistent with the above form), the fitted regression laws are

∆C ≈ 0.04326a2.4321(sin i)1.9420, (29)

T ≈ 0.70902a1.0294(sin i)0.9128. (30)

Fitting the same model to the two additional measures
places them on either side of this split (Table 1): the exponents
of |δx|/r̄ agree with those of T to within 0.08, both close to 1,
while ∆C and ∆Crefl are steeper in a by factors of 2.4 and 3.4.
The regression thus reproduces, in the exponents alone, the
ordering of Figure 5.

Table 1 Power-law fits X ≈ K ap(sin i)q for all four measures, from
ordinary least squares on the log-transformed variables over the
115,440 grid points with a > 0. R2

log is computed in the log space
where the residuals are minimized.
X K p q R2

log
∆C 0.04326 2.4321 1.9420 0.9969
T 0.70902 1.0294 0.9128 0.9981
|δx|/r̄ 0.46312 1.0986 0.9875 0.9994
∆Crefl 0.019808 3.5060 2.8702 0.9943

As an important note, these regression results should not be
treated as exact analytic relations but empirical summaries of
the sample grid. Their residual behavior is assessed in Figure
10. Both the regression results, especially for T , follow the
measured values closely, with coefficients of determination
R2 = 0.9671 and 0.9917 for ∆C and T , respectively. The fit
was ordinary least squares on the log-transformed variables,
a linear regression of log∆C and logT on loga and logsin i
over the 115,440 grid points with a > 0. The R2 values quoted
above are linear-space. In the log space where the residuals
are minimized they are 0.9969 and 0.9981. Standard errors
from the same fit give 95% intervals p = 2.4321 ± 0.0023,
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Figure. 7 ∆C (left) and T (right) versus sin i at a = 0.20,0.50,0.80,0.99 and 0.995. Both fall steeply toward pole-on viewing, and the two
highest-spin curves nearly coincide.

Figure. 8 Gradient magnitude |∇X | for ∆C (left) and T (right), on a logarithmic color scale. T responds across the whole grid, while ∆C is
sensitive mainly where a and sin i both approach 1.

q = 1.9420± 0.0007 for ∆C and p = 1.0294± 0.0008, q =
0.9128± 0.0002 for T . These are nominal: the grid is de-
terministic and the residuals are systematic, and refitting to
a ≤ 0.99 shifts p for ∆C by 0.0089, some four times its in-
terval width, so they bound the uncertainty from below. The
validation panel reinforces this result, especially for T , where
the points cluster tightly around the one-to-one reference line.

These regression results are also consistent with the earlier
discussed trends. For T , the exponents of both a and sin i are
close to 1, indicating that T grows approximately linearly with
both parameters. For ∆C, the exponents of both a and sin i are

higher, indicating that ∆C becomes much more sensitive when
the parameter grows larger.

All together, the visual images, extracted observables,
slice plots, derivative analysis and regression result support
one consistent physical interpretation: Spin-induced shadow
changes occur in layers. The sideways displacement of the
shadow appears early and grows steadily, while deformation
of its outline appears later and grows faster. The strength of
these deforming effects is projected to the observer’s view by
the observer’s inclination. The observed shadow distortion is
therefore controlled by the combination of spin and projection.
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Figure. 9 X(a, i)/X(a,90◦) for ∆C (left) and T (right), restricted to ∆C > 10−4 and T > 10−2. Curves at different spins overlap closely,
supporting X(a, i)≈ f (a)g(i).

Figure. 10 Predicted versus measured ∆C (left) and T (right), as hexagonal-bin densities with the one-to-one line dashed. The T density hugs
the line, while the ∆C density is a wider lens that broadens toward large ∆C.

A few limitations should be stated briefly. The regression
result and the product structure X(a, i) ≈ f (a)g(i) are empir-
ical approximations, not analytic formulas derived from the
metric. The calculation of the derivatives near the symmetric
limits is unstable because the observables become extremely
small, so the iterative bracketing and floating-point operations
become inaccurate. Finally, this analysis focuses on shadow
geometry rather than full observational image reconstruction.

The near-extremal regime is the delicate one. The observ-
ables stiffen there—at i = 90◦, d∆C/da rises from 0.025 at
a = 0.5 to 0.71 at a = 0.995, which is why the spin step
is refined a hundredfold above a = 0.9—while the margin
rph− − 1.01r+ that keeps the capture test sound falls from
1.5×10−2M at a = 0.99 to 6.3×10−5M at a = 0.998 before
changing sign. A stopping surface fixed as a fraction of r+
therefore cannot be pushed to extremality in principle. Doing
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so would require tying it to rph− itself. The results should not
be extrapolated past a = 0.995.

Conclusion

This paper developed a computational framework and
analyzed black hole shadow deformation, using the
Schwarzschild metric as a baseline and introducing rota-
tion with the Kerr metric. Spin introduces distortion in the
form of left–right asymmetry and overall shadow deforma-
tion. The results indicate that the displacement of the shadow
centre, δx/r̄, appears earlier and grows more steadily with
spin, while deformation of the outline, measured by ∆C
and ∆Crefl, becomes apparent only near extremal spin. The
left–right measure T follows the displacement rather than the
shape, which is why it appears to respond first.

Beyond the visual image, the extracted measurements,
derivative maps, and regression fits showed that the depen-
dence of T and ∆C on spin and inclination is smooth, inter-
pretable, and approximately separable. The fitted power law,
though not an exact analytic derivation, captured the overall
trends well. These results further reinforce the role of sim-
plified and isolated computational studies as a bridge between
relativistic theory and observable image distortion1,16.

Future extensions could add a more realistic emission en-
vironment or additional spacetime parameters36–39. This re-
search clarifies how rotation affects black hole shadows and
establishes a foundation for more advanced studies.
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