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Bohmian mechanics provides an alternate interpretation of quantum mechanics, where particles have definite trajectories,
allowing us to study the correspondence principle. Correspondence is usually framed in terms of n, but it does not consider the
superpositions built on the basis. This study examines two families: Gaussian packets (family A) with width = 2n for n = 3-14
and Rydberg packets (family B) with n = 1.5 for n = 6–13. These packets are evolved under the soft-Coulomb potential using
split-operator FFT for two orbital periods, with 128 sampled trajectories per n. We examine the spectral difference metric (D)
alongside other trajectory metrics, all of which are negatively correlated with classical resemblance, and the quantum-to-classical
force ratio. For family A, we found an increasing force ratio, and we found no statistically significant trend in D. For family B,
the force ratio decreased, crossing below unity and D showed a significant downward trend. Across the same range, spectral
overlap increased from 65% to 83%, also indicating a change in frequency-domain resemblance. However, pointwise velocity
difference stayed near unity for both families. We can conclude that wave-packet structure also governs classical emergence,
showing that experiments are better suited preparing certain structures over others.

Keywords: Bohmian mechanics, correspondence principle, quantum-classical transition, hydrogen atom, Rydberg wave
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Introduction

The hydrogen atom and the correspondence principle

The hydrogen atom, the simplest real quantum system, con-
sists of one proton and one electron that experience a Coulom-
bic attraction. In classical physics, the electron is viewed to or-
bit the proton, analogous to planetary motion. However, quan-
tum mechanics (QM) replaces this with a wave function that
quantifies the probability of the electron’s location at a given
point. In QM, the principal quantum number controls the en-
ergy level that an electron resides in. Large-n hydrogen states
are called Rydberg states.

Bohr established that, in the limit of large n, the frequen-
cies predicted by the quantum theory converge on the classical
orbital frequencies of the electron1. For the hydrogen atom,
we observe that as n becomes sufficiently large, the electron’s
behavior begins to resemble classical behavior. First and fore-
most, as initially posited by the Bohr model, the energies of
different principal energy levels are given by the equation :

En =−13.6 eV
n2 . (1)

To ease the process of coding and interpretation, all our
work has been done in atomic units, which assign h̄, electron
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mass, elementary charge, and Coulomb’s constant a value of
1. Note that, in atomic units, the above equation changes to

En =− 1
2n2 . (2)

As n increases, the energy differences become smaller,
making the hallmark quantization of energy in QM negligible.
Additionally, the de Broglie wavelength decreases relative to
the orbital size, which is the standard semiclassical condition
for classical behavior2.

A Hydrogen energy eigenstate has a time-independent
probability density. In the Bohmian picture, an s state leaves
the particle at rest, while a state of nonzero angular momentum
gives trajectories whose z component of angular momentum is
quantized as h̄m3. Since neither is a localized packet in orbit,
we must superpose states. Large n defines the basis, while
the superposition built over that basis determines classicality.
Two packets with the same n can differ in their superposition,
yielding different motion. We are not aware of any study vary-
ing n across different packet constructions.

Bohmian Mechanics

Although the most widely accepted interpretation of QM, the
Copenhagen Interpretation, eliminates the notion of a trajec-
tory, the Bohm interpretation provides an alternate view. In
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Bohmian mechanics, definite particle positions are reinstated,
and their trajectories are controlled by the wavefunction. The
equation that gives the velocity of the particles is given by3:

v(r, t) =
h̄
m

Im
(︃

∇ψ(r, t)
ψ(r, t)

)︃
. (3)

We can apply this equation to generate a velocity field for a
particle to follow. By integrating, we can identify the particle’s
trajectory.

Under the quantum equilibrium assumption, where initial
particle positions follow the |ψ|2 distribution, Bohmian me-
chanics reproduces the empirical predictions of standard non-
relativistic quantum mechanics4,5. Although the two interpre-
tations differ in mechanism, their outputs are indistinguish-
able. Regardless of whether it is the correct interpretation,
Bohmian mechanics enables us to study correspondence by
comparing a Bohmian trajectory launched from one point with
a classical trajectory also launched at that point.

The quantum force as a direct criterion

Writing the wavefunction in polar form, we get: ψ =
Rexp(iS). Substituting into the Schrödinger equation gives
a near-identical equation for the phase S as the classical
Hamilton-Jacobi equation, except for a single term, called the
quantum potential3. In atomic units, it is given by: Q=−∇2R

2R ,
which exerts a corresponding force FQ =−∇Q . Note that the
quantum potential depends only on the curvature of the am-
plitude relative to the amplitude itself. Because Q depends on
curvature relative to amplitude, it scales as σ−2, so the quan-
tum force scales as σ−3 while the classical force scales as n−4.
Their ratio scales as n4

σ3 . The ratio of the quantum to classi-
cal force gives us a parameter to measure classicality, which
is only dependent on the dynamics of the system. A vanishing
quantum force has been argued to be insufficient on its own
for the full Bohmian classical limit, which may additionally
require mixed states and environmental decoherence6. We
therefore use this ratio as a comparative diagnostic between
packet families at fixed n, rather than as a sufficient condition
for classicality. The way this ratio varies with n is determined
by how the packet’s width changes with n. That scaling de-
pends on the packet’s construction. For the quantum force to
be suppressed, σ must grow faster than n4/3.

Wave-packet structure and semiclassical scaling

Rydberg wave packets are superpositions of neighbouring
high-n eigenstates. They have been used as a standard con-
struction for studying classical emergence with Keplerian or-
bits7. The Bohmian dynamics of circular Rydberg states were
previously examined by Carlsen and Goscinski8; radial Ry-
dberg wavepackets have been analysed in the same frame-

work9. Radial and elliptical Rydberg packets have been pro-
duced experimentally and have been shown to follow classical
orbits10,11; such superpositions later dephase and revive after
longer periods of time12. The circular states on which fam-
ily B is built are prepared by different techniques, adiabatic
microwave transfer13 and the crossed-fields method14,15, and
have been realized in atomic hydrogen16 and at high n in he-
lium17,18. The scaling ratio mentioned in the previous section
is what causes a Gaussian packet, whose width grows linearly,
to give a ratio scaling with n, while the Rydberg packet, which
has a width that scales with n3/2, has a ratio that scales with
n−1/2. Thus the quantum effects weaken in the latter, but not
the former. The two types of packets predict opposite trends
over the same range of n. We chose σ to be proportional to
n because it places a minimum-uncertainty packet at the Bohr
radius with the correct tangential momentum. We also can-
not definitively say that it violates the semiclassical scaling,
since the above calculation is just a scaling estimate. Rigorous
convergence of Bohmian trajectories to Newtonian trajecto-
ries has been established for specific packet families, notably
Hagedorn packets19.

Comparison requires a classical ensemble, since the clas-
sical limit corresponds to an ensemble of trajectories rather
than one orbit20. Therefore, we should pair each Bohmian
trajectory with a corresponding classical trajectory. Carlsen
and Goscinski found both classical and quantum features at
high quantum number8, but we have yet to hold the diagnos-
tic fixed while varying the type of family. This is needed to
separate trends driven by quantum number and structure of
the state.

Radiation spectra and spectral convergence

Maxwell’s equations assert that accelerating charges produce
electromagnetic radiation21. By applying a Fourier Transform
to a particle’s acceleration, different periodic signals can be
transformed into an electromagnetic spectrum that contains
the power at each frequency. Studying the electromagnetic
spectrum may be useful because the spectrum may highlight
the periodic structure in the acceleration that the time domain
comparison could not. Physical atomic emission spectra are
normally treated using quantum transition theory and photon
emission22. Therefore, our trajectory-derived spectra should
not be interpreted as full QED emission spectra, but as a nu-
merical diagnostic of quantum-classical convergence. In the
future, references to spectra should not be treated as observ-
able points.

Additionally, this paper does not account for energy loss
due to electromagnetic radiation, but, as will be shown later,
these effects are negligible for this project.

With that said, to quantify spectral convergence, we can uti-
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lize a spectral difference metric, defined by:

D =
∫︂

|SB(ω)−Sc(ω)|dω (4)

Where SB is the approaching quantum normalized spectra and
SC is the classical normalized spectra. Note that, if the spectra
are perfectly aligned, D evaluates to zero, while if they share
no frequency content, D evaluates to 2. If D approaches zero,
then we are observing classical emergence. We can also de-
fine a spectral width metric, which measures the spread of the
spectrum:

σω,B =

√︄
∑i PB(ωi)(ωi − ω̄B)2

∑i PB(ωi)
(5)

Where ω̄B is defined as ω̄B = ∑i ωiPB(ωi)
∑i PB(ωi))

.
We will correlate this with D as a separate measure of clas-

sicality.

Other trajectory metrics

When quantifying the correspondence principle, one could
compare these Bohmian trajectories with their classical coun-
terparts to see whether they converge. Visually, Bohmian tra-
jectories should approach classical trajectories. To quantify
this, one can employ a range of metrics, including an inte-
grated position difference, an integrated velocity difference,
and an integrated acceleration difference, given by the follow-
ing equations:

∆r =
∑ j

⃦⃦
rB(t j)− rC(t j)

⃦⃦
∑ j

⃦⃦
rC(t j)

⃦⃦ (6)

∆v =
∑ j

⃦⃦
vB(t j)−vC(t j)

⃦⃦
∑ j

⃦⃦
vC(t j)

⃦⃦ (7)

∆a =
∑ j

⃦⃦
aB(t j)−aC(t j)

⃦⃦
∑ j

⃦⃦
aC(t j)

⃦⃦ (8)

Where B is the approaching quantum trajectory, and C is the
classical reference trajectory

Research question and hypotheses

This study examines whether classical behavior in Bohmian
trajectories emerges due to the principal quantum number or
the structure of the wave packet. To do this, we build two
packet families with overlapping n ranges, evaluated using
the same diagnostics. These include the quantum-to-classical
force ratio, the spectral distance D, spectral width, and point-
wise trajectory metrics. If classicality depends on n, both fam-
ilies will converge. If it depends on structure, the semiclassi-
cally scaled family will converge, while the other does not.
Furthermore, we are also seeking to find out whether the dif-
ferent diagnostics will identify the same things.

Significance and purpose

Beyond answering this specific question, establishing a reli-
able diagnostic that works at accessible n could let us com-
pare packet constructions before reaching the high-n regime.
Furthermore, identifying which property of a state controls
classical emergence can inform future experiments on what
to build, not merely how high to go in n. Circular Rydberg
states have been proposed as a platform for quantum simula-
tion and computation23,24, and individual circular atoms have
now been trapped and optically detected25. Additionally, the
ensemble comparison provides a framework which studies the
dynamics of the system, and the split-operator method elimi-
nates packet-fidelity issues.

Methodology overview

We started by constructing both Gaussian and Rydberg pack-
ets under the soft-Coulomb potential. The Gaussian packets
were constructed for n ranging from 3 to 14, while the Ryd-
berg packets were constructed for n ranging from 6 to 13. We
evolved each packet using split-operator FFT on a 963 grid for
two orbital periods. We sampled 128 trajectories per n, inte-
grated using the guiding equation for the Bohmian ensemble
and directly under the soft-Coulomb potential for the classical
ensemble. Finally, we used the Fast Fourier transform on each
trajectory’s smoothed acceleration, ultimately comparing the
classical ensemble with the Bohmian ensemble. We repeated
this for multiple n-values and validated our results with boot-
strap confidence intervals, Spearman rank correlation, Pearson
coefficient, and leave-one-out analysis.

Scope and limitations

This research only analyzes n values ranging from 3-14 for
family A and 6-13 for family B. Thus, we cannot make claims
for the high-n range where emergence is typically observed.
Additionally, the upper bounds for our convergence may be
set by spectral resolution. Furthermore, since we used a soft-
Coulomb model, we cannot claim that a true hydrogen atom
will follow these trends, although we later show that the re-
sulting force errors are negligible. Additionally, for the Ryd-
berg packets, the softened core, where the difference is most
extreme, does not contain any probability for Family B. As
previously stated, this research also does not work with true
hydrogen spectra, as that would require QED calculations. We
will also later discuss how one family loses significantly more
samples than another which may impact the results. Finally,
since we survey a limited number of n-values, any observed
trends cannot be definitively claimed to hold for other values.
We must also note that the experimental circular-state litera-
ture largely deals with alkali and helium systems13,15,17, with
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atomic hydrogen realized separately16; our soft-Coulomb hy-
drogen model is therefore not a direct model of any existing
experiment. We also note that decoherence provides the most
popular account of classical emergence, in which environmen-
tal monitoring einselects pointer states. When combined with
dynamics, this results in the idealized classical trajectory26.
Our system is isolated, so the examined effect is complemen-
tary to decoherence.

Materials and Methods

The soft-Coulomb model

For this project, to avoid potential divergences, we used the
soft-Coulomb potential studied by Hall et al., which makes
the potential finite everywhere27. The potential follows the
form:

Vsoft(x,y,z) =− 1√︁
x2 + y2 + z2 +a2

, (9)

where a is a constant. We set a to 0.05, which keeps the poten-
tial finite at the origin. We chose this value to make the force
error from the Hydrogen atom negligible.

This makes the Hamiltonian of the soft-Coulomb system:

Ĥso f t =− h̄2

2m
∇

2 +V (r)

=−1
2

∇
2 − 1√︁

x2 + y2 + z2 +a2

(10)

An eigenstate is a wave function that satisfies the eigenvalue
equation:

Ĥφn = Enφn. (11)

When multiplied with the term e(−iEnt/h̄), the time-dependent
solution:

ψn(r, t) = φn(r)e−iEnt/h̄ (12)

solves the time-dependent Schrödinger equation:

ih̄
∂ψ

∂ t
= Ĥψ. (13)

All results in this paper are for the soft-Coulomb models.
Therefore, the extension of the results to a true Hydrogen atom
may not be exact. For the circular Rydberg packets introduced
in the next subsection, the probability density goes to zero at
the origin like ρ2n−2, where ρ is the distance from the z axis.
Hence, at the core region, where the softened model makes the
largest difference, there is no probability for that family. This
research works in atomic units, which sets: h̄ = m = e = 1

Exact time evolution

This research uses direct time evolution of the wave packet,
instead of decomposing it into eigenstates. Recalling the
time-dependent Schrödinger equation, its solution over a small
timestep is:

ψ(t +∆t) = e−iĤ∆t
ψ(t) (14)

However, this exponential cannot be applied directly. The po-
tential energy is simple in position space, while the kinetic en-
ergy is simple in momentum space. Thus, the split-operator
method that we used splits the evolution into three distinct
steps28:

e−iĤ∆t ≈ e−iV ∆t/2 e−iT̂ ∆t e−iV ∆t/2 (15)

The terms that take the steps in potential multiply the wave-
function at each grid point with a phase. Meanwhile, the ki-
netic energy step uses a fast Fourier transform, multiplying
by e(−ik2∆t/2). Afterwards, it transforms it back. In simple
terms, each timestep lets the potential evolve the wavefunction
for half a step, lets it spread for a full step, and then applies
the potential again for half a step. The splitting is accurate to
the second order, and the total probability is also conserved.
While applying this method, we detected a normalized proba-
bility drift of 3×10−12, which is negligible.

We used a 96x96x96 grid. We chose this because it was the
highest resolution we could afford with our computing soft-
ware. Each box had a half extent according to:

L = n2 +6σ = n2 +12n (family A) (16)

L = n̄2 +
6 n̄3/2
√

2
(family B) (17)

The two different families are different types of packets we
used. We determined these half extents by adding the orbit
radius (scales with n2) with six packet widths. For packet A,
the width is σ , or 2n, and for family B, the width is given by
n̄(3/2)/

√
2. Each timestep is equal to the orbital period divided

by 4000. We selected 4,000 timesteps because it suited our
computational ability, while providing substantially low norm
drift and energy drift. This lets us sample 8000 points in total
over the two periods. This uniform spacing is needed for the
computation of the spectra later.

As mentioned previously, this method practically eliminates
norm drift. Furthermore, it does not require projection of a
target packet onto eigenbasis. Therefore, the evolved state
matches the initial state, and there is no longer any projection-
fidelity issues.
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Wave packet family A: Gaussian packets with width pro-
portional to n

To start, we choose a particular n-value and find the corre-
sponding radius. By the Bohr Radius formula, we know that

rn ∝ n2. (18)

For this code, we chose the packet to start on the +x-axis and
move counterclockwise. This resulted in a starting position
of (r, 0, 0). Next, we assigned a width to the localized wave
packet. At this point, our wavefunction is only a function of
x, y, and z, without any motion, following the form:

ψblob(x,y,z) = exp
[︃
− (x− r0)

2 + y2 + z2

4σ2

]︃
. (19)

One can note that this is identical to the Gaussian wave packet,
where σ controls the width and r0 represents the radius. We
set σ = 2n, scaling linearly with n. Note that this is in atomic
units, or in this case, in terms of the Bohr radius. Afterward,
we add a tangential momentum that points in the +y direction
in this scenario. We do this by multiplying by the complex
phase factor

eipyy/h̄. (20)

py is determined by the relation

py =
1
n
. (21)

This family of packet is defined by the property that the width
grows linearly with n. Since the radius grows with n2, the
packet becomes narrower (in comparison to radius) as it gets
further. This means that, as n increases, the quantum force
begins dominating, rather than the opposite. Wave packets of
this form also contain a positive-energy component, which is
largest at low n. We handle this in a later subsection.

We constructed these wave packets for n values ranging
from 3 to 14. 14 was chosen as the upper bound because,
beyond 14 we could not achieve satisfactory resolution. We
chose 3 as the lower bound because we did not want the width
of the packet to be comparable to the orbit radius, since the
circular orbit construction would become meaningless.

Wave packet family B: circular Rydberg packets

The second family of wave packets we studied was the Ryd-
berg packets. A Rydberg packet is constructed through a su-
perposition of circular eigenstates, with quantum numbers l =
m = n-1. These eigenstates form a circular ring at the desired
radius. We used a ∆n of 1.5, which constrains the weightage of
these eigenstates taken into superposition around n̄, the mean
principal quantum number. Choosing higher ∆n, would im-
prove localization, while worsen dispersion over time, and the

vice versa is also true. We did not optimize this, and only used
∆n as 1.5.

Each eigenstate is weighted by a coefficient, and then
summed to form the superposition. The weighting coefficient
for each eigenstate is given by:

cn ∝ exp
(︁
−(n− n̄)2/(4∆n2)

)︁
, ) (22)

We stopped weighting the eigenstates at ±2.5∆n, since the
coefficients begin turning negligible. Prior to superposition,
we normalized each state on the grid. The packet is also lo-
calized on the positive x axis and it rotates counterclockwise.
For verification, we found that the angular momentum in the
z-direction was equal to n̄-1, to four decimal places. Addi-
tionally, the mean radius of the packet was roughly equal to
n̄(n̄+ 1

2 ).
We noticed that, as n̄ increases, the quantum to classical

force ratio decreased and the localization also increased. Both
facts indicate increasing classical behavior. We studied these
packets ranging from n = 6 to n = 13. Again, the upper bound
was chosen due to resolution limitations. The lower bound
was selected because, below 6, n = 1 and n = 2 needed to
be included. However, these rings were too small to resolve
compared to the larger rings that were also needed.

Bohmian velocity field and trajectory integration

After generating our wave packets, we can assign Bohmian
trajectories to them.

The previously stated guiding equation was of the form:

v =
h̄
m

Im
(︃

∇ψ

ψ

)︃
. (23)

If we define a probability current:

j =
h̄
m

Im(ψ∗
∇ψ). (24)

We can write the guiding equation as:

v =
j
ρ
. (25)

Where ρ is the probability density3

In simpler terms, the particle moves along the probabil-
ity flow. At each timestep, the gradient of the wavefunction
is computed spectrally. This means that we multiplied the
momentum-space wavefunction by ik, and then transformed
it back. This is the same process we used for the time evo-
lution. To calculate velocities between grid points, we used a
trilinear interpolation of the field’s three spatial components.

However, at certain points, the velocity can diverge. This
will happen whenever the probability density falls to zero.
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First, we masked nodes, the points where the wavefunction
amplitude vanishes, taken as grid points where the probability
density is below 10−8. At these points, we set the velocity to
zero. We also capped the speeds at 10 atomic units. These
safeguards only affect particles passing near nodes, and they
did not measurably impact the results, since the measured clip
fractions were under 4 x 10−4 and 1.3 x 10−4, for family A
and B, respectively. This means that, out of every ten thou-
sand steps, only few were impacted by the node masking and
velocity clipping.

The particle position based on this velocity field is calcu-
lated using the Heun predictor-corrector step. For a given par-
ticle with a certain position and velocity, we calculate a trial
position, which is where the particle would end up if it kept
traveling at that velocity for the timestep. At this trial posi-
tion, a new velocity is calculated, and the final velocity is the
average of the two velocities. The final position is the resulting
position of this final velocity. Since positions are recorded at
every timestep, there are 8,001 points in total for each particle.

Trajectory sampling

Bohmian mechanics gives each particle a definite position.
However, since only the initial wavefunction is knowable, we
must represent the system with many particles that start off
with a distribution governed by this wavefunction. We sam-
ple 128 trajectories per n, with their positions determined by
the initial wavefunction. We excluded particles that started
nearby nodes. The bootstrap confidence intervals that we will
later use the sampling uncertainty of this ensemble.

Packet family A (Gaussian packets) contain unbound com-
ponents. For example, at n = 3, the packet’s mean energy is
-0.032 with a spread of ±0.19. This results in some of the en-
semble escaping due to having positive energy. Furthermore,
the packet disperses over the run, which also carries particles
towards the box boundary. Any trajectory that reaches the
boundary is excluded from the ensemble for final analysis. For
family A, the number of trajectories retained ranged from 62
to 76 out of 128. Meanwhile, for family B, it ranged from 123
to 128. This reflects the Rydberg packets’ resistance to dis-
persion. We chose to sample 128 particles in order to ensure
reasonable confidence intervals can be provided for family A.

Paired classical ensemble and ideal reference orbit

To ultimately compare Bohmian trajectories to their classical
counterparts, a single orbit is not enough. Instead, we need a
classical partner that gets launched with the same starting po-
sition and velocity as each quantum partner we sample. Thus,
the partner’s initial velocity is the Bohmian velocity at that
point. However, the classical partner is integrated under the
same soft-Coulomb force with the velocity-Verlet method29,

on the same time grid as the quantum particles. For both
quantum and classical particles, the energies are conserved to
roughly 1 part in 105. All position, velocity, acceleration, and
all spectral metrics are calculated for each partner. With this
system, any reported difference can be attributed to the dy-
namics of the system.

In addition to the ensemble, we still do evaluate an ideal-
ized circular orbit as a more global reference. For our classi-
cal reference orbit, we modeled an electron that followed the
inverse-square force law. The electron orbits the nucleus in a
perfect circle with a radius given by the Bohr Radius formula.
Once again, the trajectory was run for two orbital periods in
order to perform the spectral analysis.

The orbit took the form of:

rcl(t) =
(︃

r0 cos
(︃

2πt
T

)︃
, r0 sin

(︃
2πt
T

)︃
, 0

)︃
. (26)

Since we set a = 0.05, the classical orbit is, in essence, follow-
ing a coulombic force, and the circular solution is valid.

The force ratio compared to exact Coulomb is

Fsoft

FC
=

(︃
1+

a2

r2

)︃−3/2

. (27)

Using the Bohr-like radius

rn = n2, (28)

and a = 0.05,
a2

r2
n
=

0.0025
n4 . (29)

So the relative force error is approximately

∆F ≈ 3a2

2n4 . (30)

For our n range, this force error does not exceed 4.63 x 10−5

at n = 3, which is negligible. A relative force error of ∆F shifts
the circular-orbit frequency by approximately ∆F/2. So, in the
worst case, this accumulates to a phase error of 3 x 10−4.

Accelerations

Before we compute spectra, we must compute each trajec-
tory’s acceleration time series. However, differentiating an
already numerically integrated trajectory amplifies jitter into
physically meaningless acceleration. To remedy this, we ap-
ply a Savitzky-Golay filter, which fits a polynomial to a win-
dow of points, smoothing the data30. This polynomial is dif-
ferentiated to find the derivative, instead of taking a numerical
differential. Velocity is the filter’s first derivative, while ac-
celeration is the second. We use a window of 31 timesteps
and a cubic polynomial for each trajectory. Since there are
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8001 timesteps in total, the window does not influence more
meaningful orbital-scale structure. To ensure that our choice
in 31 timesteps does not influence the results, we also calcu-
late how different our results would be if we used 51 timesteps
instead. Note that we do not need to apply this to the classical
partners since their accelerations are given analytically by the
soft-Coulomb force.

Spectra and Spectral Distance

Now that we have both the Bohmian and classical trajectories,
we can begin analyzing the metrics to quantify their similar-
ity. Spectra are computed from the smoothed acceleration of
each trajectory using the following procedure. First, each spa-
tial acceleration component has its time-mean removed and
is multiplied by a Hann window31. The first step prevents
motion of the entire system from getting factored into the
spectrum calculation. The latter prevents artificial frequen-
cies from getting introduced. Next, we apply the fast Fourier
transform32 to each acceleration component time series. The
powers, or the squared magnitudes, for the components are
summed to give a final power spectrum. The process follows
from this equation, with the same being applicable for y and
z:

ãx(ω) = F{ax(t)}, Sx(ω) = |ãx(ω)|2, (31)

We end up with a power associated with each frequency. The
zero-frequency bin is not included, since its content was re-
moved with the mean. The frequency band (0, 6 ωn] is re-
tained, where ωn is the ideal orbital frequency. We use this
band since it can contain the fundamental frequency, along-
side any harmonics. Each spectrum is normalized over this
band using trapezoidal integration. The final ensemble spec-
tra are averages of all the individual power spectra. Classical
spectra and their ensemble spectra are calculated identically to
their quantum counterparts.

We define the spectral difference metric D, as per this equa-
tion:

D =
∫︂

|SB(ω)−SC(ω)|dω (32)

This integral takes the L1 distance between two normalized
spectra. D = 0 when the spectra are identical, and D = 2 when
the spectra share no frequencies. Note that D does not say
anything about relative phase, since power spectra carry no
phase information. We can also define spectral overlap as 1-
D/2, and the variation distance as D/2. Qualitatively, D adds
up how much the two spectra disagree, and the overlap is the
fraction of the spectra they carry. D must be restricted to [0,
2], since both spectra are normalized and nonnegative.

We use two orbital periods for each sample, so the fre-
quency resolution of each spectra is ∆ω = ωn/2, where ωn is
the circular orbit frequency. We chose to use two periods be-
cause it’s the minimum amount needed for an acceptable res-

olution, while still minimizing packet dispersion. This means
that, in orbital-frequency units, the frequency resolution is
identical. Therefore, we can make cross-n comparisons. To
build an intuition for it, we wouldn’t need the same frequency
interval for the n = 3 and n = 10 runs, since the former has
a larger frequency range. We only need the ratio of the fre-
quency interval and total frequency to be equivalent.

The spectral width metric was calculated by:

ω̄B =
∑i ωiPB(ωi)

∑i PB(ωi)
, (33)

σω,B =

√︄
∑i PB(ωi)(ωi − ω̄B)2

∑i PB(ωi)
. (34)

This metric effectively measures the power-weighted standard
deviation of angular frequency. A classical circular orbit has
a single dominant frequency, so a narrower spectrum will dis-
play closer resemblance to the classical circular orbit. We can
also use this as a probe for classicality.

Quantum-force ratio

We can decompose a particle’s acceleration into two contri-
butions. The first is the classical force from the potential we
defined. The second is the quantum force that arises from the
wavefunction. This idea is expressed in the following equa-
tion:

ma = Fcl +FQ (35)

where m = 1 in atomic units and Fcl = −∇V. We can calculate
FQ by subtracting the Fcl from the total force (left hand side of
the equation). For each n, we report the ratio ⟨|FQ|⟩ / ⟨|Fcl|⟩,
which is the time and ensemble averaged ratio of the quan-
tum and classical forces. Values above unity indicate quantum
effects dominating, and values below unity indicate classical
dominance.

Radiated-energy check

Before moving on, we would like to address the necessity of a
back reaction force from the radiation. As electrons emit light,
they radiate away energy. This effect does impact trajectories,
but we show that we can neglect the force for the sake of this
paper. When a charged particle radiates, the Larmor power
scale gives us the radiated power in terms of acceleration and
the speed of light21:

P ∼ 2
3

a2

c3 . (36)

Since a ∼ 1/n4,

P ∼ 2
3

1
c3n8 . (37)
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Table 1 The packet diagnostics for both packet families for n ranging from 3 to 14 (for packet A) and 6 to 13 (for packet B). By construction,
the circular states of family B carry an angular momentum of n̄ - 1.
Family n Retained Trajectories ⟨py⟩ / target ⟨Lz⟩ (target) ⟨E⟩ σE

A (Gaussian) 3 66 1.00 3 (3) -0.032 0.189
A (Gaussian) 4 64 1.00 4 (4) -0.023 0.131
A (Gaussian) 5 63 1.00 5 (5) -0.016 0.082
A (Gaussian) 6 72 1.00 6 (6) -0.011 0.045
A (Gaussian) 7 76 1.00 7 (7) -0.008 0.023
A (Gaussian) 8 63 1.00 8 (8) -0.006 0.011
A (Gaussian) 9 72 1.00 9 (9) -0.005 0.005
A (Gaussian) 10 71 1.00 10 (10) -0.004 0.004
A (Gaussian) 11 74 1.00 11 (11) -0.003 0.003
A (Gaussian) 12 74 1.00 12 (12) -0.003 0.002
A (Gaussian) 13 76 1.00 13 (13) -0.002 0.002
A (Gaussian) 14 62 1.00 14 (14) -0.002 0.002
B (Rydberg) 6 123 1.02 5(5) -0.017 0.015
B (Rydberg) 7 125 1.00 6(6) -0.012 0.008
B (Rydberg) 8 127 0.98 7 (7) -0.009 0.004
B (Rydberg) 9 127 0.97 8(8) -0.007 0.003
B (Rydberg) 10 127 0.97 9 (9) -0.005 0.002
B (Rydberg) 11 127 0.96 10 (10) -0.004 0.001
B (Rydberg) 12 127 0.96 11 (11) -0.004 0.001
B (Rydberg) 13 128 0.95 12 (12) -0.003 0.001

Table 2 Numerical diagnostics, their purposes, and their results
Check Guards against Worst case (A/B)
Wavefunction norm drift Creation/destruction of probability 3 x 10−12 /3 x 10−12

Velocity clip fraction Diverging velocities 4 x 10−4 /1.3 x 10−4

Node-mask fraction Division by density of zero 0.07/0.36
Boundary-reaching trajectories Unphysical motion 66 retained out of 128/123 retained out of 128
Classical energy drift Integrator error 10−5/10−5

Smoothing sensitivity (difference in D) Smoothing choice affecting results 0.01/0.003

The classical orbital energy scale is:

|E| ∼ 1
2n2 . (38)

The period is:
T ∼ 2πn3. (39)

So the fraction of orbital energy radiated over two periods is:

∆Erad

|E|
∼ 16π

3c3n3 . (40)

For our n range, this fraction has a maximum of 2.4 x 10−7, at
n = 3. This is negligible.

Statistical methods

We use statistical tests to validate our results. First, for every
per-n quantity, which includes the motion metrics, the spec-
tral distance, and the quantum-force ratio, we report the 95%

bootstrap confidence interval33. We compute this by resam-
pling the trajectories with replacement (2000 resamples) and
recomputing the relevant quantity for each resample. For the
spectral distance, each resample re-averages the stored per-
trajectory power spectra. Afterwards, it renormalizes and re-
computes D. Thus, the ensemble spectrum reflects trajectory-
sampling uncertainty.

For any cross-n relationships, we calculate Spearman rank
and Pearson correlation coefficients, alongside p-values. Fur-
thermore, we recomputed each coefficient after excluding
each point in turn to rule out any outliers as the driving cause.

As mentioned previously, we also reported results with a
larger smoothing window (51 timesteps), and those differ-
ences are also reported. Since we only sample 12 values for
family A and eight for family B, these correlations are merely
characterizations of the observed trends rather than definitive
claims. We also evaluate which claims survive our different
statistical tests.
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Trajectories for family B, n = 6 Trajectories for family B, n = 13 Trajectories for family A, n =6 Trajectories for family A, n = 13

Figure. 1 The trajectories on the x-y plane for the ensemble, for both families A and B at n = 6 and n = 13. Grey paths indicate trajectories
that reached the boundary and were not included in the final ensemble. The paired classical orbit is a random orbit from the classical ensemble.
The ideal circular orbit shows what an electron’s orbit would look like for that system.

Figure. 2 The quantum force ratio for both families, as n increases

Results

Packet Characterization

Table 1 helps us determine the accuracy of the packets. Be-
cause they evolved exactly, they all exhibit their intended
properties. For example ⟨Lz⟩ always matched its target. Mean
energies are slightly less than Coulomb values, with family
B’s spread shrinking as n̄ increases. We can also note that
family A, at lower n values, can contain positive energies.

Numerical diagnostics

Table 2 collects every numerical safeguard described so far
and its measured worst case across all runs of both families:
Note that, although the node mask fraction is high, this does
not negatively affect the results since particles would not have
been sampled at the nodes. Furthermore, the numbers are
mostly driven by emptiness beyond the wave packet. Other-

Figure. 3 The spectral distance metric for both families A and B.

wise, all of these diagnostics stay within check, so the results
we derived are consequences of dynamics.

From Figure 1, we can see that Bohmian paths follow a
rough circular shape with fluctuations that we attribute to the
Quantum force. Overall, family B contained cleaner circular
paths, and as n increased for that family, they became increas-
ingly circular. Family A, on the other hand, maintained the
same level of circularity throughout.

Family A Results

Figure 2 shows the quantum-to-classical force ratio for family
A. We can see that the number grows as n increases, specifi-
cally, from a mean of 3.02 to a mean of 5.30. We can see that
the quantum force is not suppressed as n increases, so from
this criterion, family A does not approach classical behavior.

Figure 3 shows us that the spectral difference varies be-
tween 0.99 and 1.30 with uncertainty bars larger than any po-
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Figure. 4 The L1 motion difference metrics for family A.

tential observable trends. We calculated a spearman coeffi-
cient of +0.05 which corresponds to a p-value of 0.88. The
spectral overlap also remains roughly flat, ranging from 35%
and 51%. The total change in D across the range is 0.05, which
is less than the confidence interval half-width, 0.16. There-
fore, the trend does not exceed the uncertainty. In Figure 4,
we can also see that none of the metrics display significant
convergence for family A.

From Figure 5, we can see that, while the classical spectra
always shows a peak, the Bohmian spectra remain flat. This
effect is what causes the lack of trends we saw in Figure 3.

Previously Identified False Trend

Prior to using the split-operator method, we used projection
onto finite eigenstates to evolve our wave packets. Through
this method, we identified a downward trend in spectral differ-
ence for family A from n = 3 to n = 9. The metric decreased
from 1.98 to 1.85. However, we were incorrect in this analysis
due to two confounds. First, the finite-basis projection caused
fidelity to vary with n. Second, we used a single ideal circu-
lar orbit, rather than the sampled ensemble. Furthermore, this
paper showed that the Bohmian spectra is more broadband,
restricting D’s range to being closer to two. Therefore, the
metric was saturated in that area, and going from 1.98 to 1.85
is not significant enough. With exact packets and the paired
classical references, this decreasing trend disappeared.

Family B Results

In Figure 2, we can see that the quantum force ratio falls
monotonically from 2.86 at n̄ = 6 to 0.72 at n̄ = 13, More
significantly, the last value was below 1, indicating that the
classical force does begin dominating. This contrasts family
A, which has an increasing quantum-to-classical force ratio.

In Figure 3, D decreases from 0.70 at n̄ = 6 to 0.33 at n̄ = 13.
This corresponded to the spectral overlap increasing from 65%

to 83%. The Spearman coefficient was -0.83 (p=0.010), and
the Pearson coefficient was -0.89 (p = 0.003). After leave-one-
out analysis, the Spearman ranged from [-0.90, -0.71], and the
Pearson coefficient ranged from [-0.95, -0.83]. At the end of
the trend, for n̄ > 9, the confidence intervals started overlap-
ping. At the current resolution, we cannot determine whether
this is a physical or resolution-limited floor.

Visually, figure 6 shows us that, as n̄ increases, the Bohmian
spectra begins replicating the single-peaked classical spectra.
When we correlated the spectral difference with the Bohmian
spectral width, we found a Spearman coefficient of 0.83 and
Pearson coefficient of 0.95. Leave-one-out analysis led to a
range of [0.75, 0.96] for Spearman and [0.90, 0.97] for Pear-
son. This shows that the trend exists within our data, but since
we only sample eight points, it is not definitive.

Discussion

In this study, we looked at two separate wave-packet families.
For the Gaussian packets with sigma = 2n, the quantum-to-
classical force ratio grows. Additionally, there is no spectral
distance trend. For circular Rydberg packets with fixed Delta-
n, the quantum force ratio goes below 1, and D decreases sig-
nificantly. Hence, wave-packet structure controls classicality
of Bohmian trajectories, and the result from the scaling esti-
mate was confirmed.

However, even for family B, the pointwise velocity met-
ric stayed near 1, despite the forces, spectra, and acceleration
converging. Since the classical limit of a quantum state is an
ensemble of orbits, not a single orbit20, individual trajecto-
ries may remain nonclassical, while the ensemble begins con-
verging. This has been observed directly for radial Rydberg
wavepackets, where the packet follows classical motion but
the Bohm trajectories differ markedly from the classical dy-
namics9. The pointwise velocity metric shows that trajectory-
level convergence is yet to be observed. This answers our sec-
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Figure. 5 Normalized Bohmian (blue) and Classical (orange) ensemble-averaged spectra for n from n = 3 to n = 14.

ond objective.

One limitation of this study is its spectral resolution. There-

fore, D’s flattening as n̄ exceeds 10 may be due to a resolution
floor. To further assert the results, longer runs are the next step
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Figure. 6 Spectra of Bohmian (blue) and classical (orange) ensemble-averaged spectra for n̄ ranging from 6 to 13.

for dispersion-resistant packets. Family A’s results are also
bounded by the same resolution limit, since longer runs re-
quire larger boxes, which we could not implement. We should
also consider the possibility that the decline in D could result
from a decreasing relative evolution of the states. Coherent
superpositions like this dephase over time and subsequently
revive, and the associated timescales grow with n̄12. By sam-
pling smaller fractions of the total evolution, we may be bias-
ing the results, so to remove this, we must run longer duration
runs. Another limitation includes particles that reached the
boundary, and were thus not included in the ensemble. Since
a lot more particles were sampled for family B, that may im-
pact the results. Additionally, we use the soft-Coulomb model,
so we cannot definitively extend these results to Hydrogen.
Also, we only tested one Delta-n value for family B, so we
do not know its sensitivity to that parameter. Finally, due to
our small samples, correlations do not allow us to make strong

inferences.

In their 1999 study, Carlsen & Goscinski developed the
Bohmian dynamics of this exact circular-Rydberg family.
They found pilot-wave theory to be consistent at high quantum
numbers with both classical and quantum features8. Our study
of spectral distance and force ratio provides a quantitative
complement to this study. Experiments have observed clas-
sical periodic motion for radial and elliptical Rydberg pack-
ets10,11.

In the future, we could conduct longer runs for packets,
increasing spectral resolution; we could conduct the Delta-n
sensitivity sweep; we could study elliptical34 and nondisper-
sive Trojan packets, which would require extending the model
to include an external driving field35; and work with larger
grids for higher n values. We should continue to use the split-
operator evolution since it is cheap and removes confounds
such as packet fidelity. This study establishes that a quantum
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system turning classical, not only depends on the n-value, but
also the structure of the state.
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