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The Klein bottle is a classical non-orientable surface in topology that cannot be embedded in three-dimensional Euclidean space
without self-intersection. This paper presents an expository analysis explaining why the Klein bottle cannot enclose a volume in
R3. We examine orientability, embeddings and immersions. Using topological arguments and properties of smooth surfaces, we
show that any surface enclosing a volume R3must be orientable. We further discuss why the Klein bottle may be immersed in R3

with self-intersection but also an embedding in R4. Results show the relationship between topology and geometric constraints.
The non-orientability of the Klein bottle and its inability to embed in R3 are known; however, these topics are often presented
separately and briefly in textbooks. This paper combined these concepts into a single logical framework, demonstrating how
orientability, embeddings, immersions, and classical theorems collectively explain why the Klein bottle cannot enclose volume
in R3.
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Introduction

The Klein bottle was found in 1882 by German mathemati-
cian Felix Klein, and it is considered to be a classic example in
topology because of its non-orientability and unusual geomet-
ric properties. Unlike familiar surfaces such as spheres and
tori, the Klein bottle cannot be present in three-dimensional
Euclidean space without self-intersection. Modern topology
literature frequently uses the Klein bottle as an example of
quotient constructions and non-orientable surfaces.1,2 Differ-
ential topology textbooks further use the Klein bottle as an ex-
ample to illustrate quotient manifolds, smooth structure, and
immersion versus embedding.3

Orientability is a fundamental property of surfaces and de-
termines where consistent orientation may be defined across
an entire manifold. A surface is considered to be orientable
if it can be assigned continuous normal vectors globally.3

Classical examples of non-orientable surfaces are the Möbius
strip and the Klein bottle. Non-orientable surfaces possess the
property that the normal vector and orientation reverse, which
creates important geometric restrictions and influences the ap-
plication of some mathematical theorems.

For example, a sphere S2, defined by

x2 + y2 + z2 = r2
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Which encloses a volume,

Vol(V ) =
4
3

πr3

Figure. 1 A sphere with outward-pointing unit normal vectors

Such a surface is orientable, meaning it has a continuous
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unit normal vector field −→n (p) over all points S ∋ p. As Figure
1 shows, all the unit normal vectors are pointing outward over
all points.

Figure. 2 Immersion of Klein bottle in R3

As Figure 2 shows, the Klein Bottle has unit vectors point-
ing outward when on the surface but pointing inward when
approaching the “opening” of the Klein Bottle. At first glance,
the Klein Bottle appears to be a closed surface that has a
bounded volume. However, Klein Bottle fails to separate the
space inside and outside.

The distinction between embeddings and immersions is im-
portant in understanding the Klein bottle.4 Both immersion
and embeddings require the derivative matrix to have maxi-
mal rank equal to the dimension of the starting space M. The
difference is that an immersion only requires the derivative of
a map to have constant maximal rank locally, meaning that it
can be an “embedding” around a certain point, while an em-
bedding holds a stricter topological structure in that the map
needs to be homomorphic onto its image too, meaning that it

is an “immersion” without self-intersections.3,5 Existing liter-
ature proved that the Klein bottle can be immersed into R3 but
does not embed in R3. Self-intersection in three-dimensional
space occurred due to the dimensional limitations and the non-
orientable property of the Klein bottle.

The Möbius strip and the Klein bottle are often talked
about together as fundamental examples of non-orientable 2-
manifolds. The Klein bottle is constructed by pasting two
Mobius strips together along their boundary, physically by
splitting a square with mixed orientations (reserving one pair)
along a diagonal and flipping one of the triangular pieces over.
After pasting the sides with reserved orientations, a Klein bot-
tle was formed. Topologically, a Klein bottle is equivalent to
the connect sum of two real projective planes RP2#RP2 2.

In the last century, the related work on Klein bottle mainly
focused on its classification of non-orientable surfaces and
manifolds. Subsequent research has studied its algebraic-
topological properties, including its fundamental group and
topological complexity, which study found out the fundamen-
tal group of the Klein bottle is defined as π1(K) = ⟨a,b |
abab−1 = 1⟩ and the topological complexity TC(K) of the
Klein bottle K is 4.6,7 Furthermore, in algebraic topology, re-
searchers use different approaches to the generalization of the
Klein bottle, extending it to n dimensions, as well as comput-
ing its integral cohomology algebra. The topological proper-
ties of the Klein bottle Kn varied on n, specifically its parity
properties. K immerses into Euclidean space Rn+1 and em-
beds into Rn+2 without self-intersection.8

Later, mathematicians further studied the immersions of the
Klein bottle, indicating that a simplified version requires ex-
actly nine vertices to immerse the Klein bottle in R3. From
Euler’s formula that any standard triangulations of a Klein
bottle must have at least eight vertices, counterintuitively the
theoretical eight vertices aren’t enough due to the geometric
constraints in R3.9 Adding another vertex provides an extra
dimension to move; just like crossing a small stream, jumping
into the “third dimension” helps to avoid “crashing” into the
stream.

Likewise, the Klein bottle is used not only as a main study
subject but also as a fixed topological base for problems in ge-
ometry. In spectral geometry, mathematicians maximized the
first eigenvalue on a Klein bottle, which explicitly shows the
effect of non-orientability on geometric shapes. Meanwhile,
the first eigenfunctions of the Klein bottle metric admit a mini-
mal isometric embedding into a four-dimensional sphere S4.10

Other studies in differential geometry analyze a specific non-
orientable minimal surface in Lawson’s bipolar surface τ1,1.
Whose surface is a Klein bottle.11

Recent studies have explored the stability of systolic in-
equalities that provide an alternative proof for Bavard’s opti-
mal lower bound on the systolic area of a Klein bottle and fur-
ther extend to the Möbius strip. By the estimation on the sys-
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tolic defect αsys − 2
√

2
π

using the L2-distance of the conformal
factor from the systolic area minimizing metric. Similar esti-
mates for metric also appear on the Möbius strip.12 Another
recent published paper proposed the idea that Klein bottle
cosmology is a theoretical physics framework, physicists and
mathematicians together explore a higher-dimensional uni-
verse constructed with the product of Minkowski space and
Klein bottle. A huge step towards our universe’s evolution,
the topology of the universe itself potentially causes the cre-
ation of matter-antimatter asymmetry.13

Methodology

This paper used keywords such as “Klein bottle,” “topology,”
and “Euclidean space” to search for relevant literature. In
terms of enhancing the precision, literature and sources are se-
lected from verified online journals and textbooks on reliable
publication sites like arXiv and Cambridge University Press
within the time range of 1926 to present. Since this study is
based on existing literature and topology textbooks, sources
are qualified if and only if they are cited multiple times by
other researchers or are being used as teaching resources in
universities or colleges, while authors must publish multiple
research papers in their careers for credibility and reliability
purposes, and their key findings and reinforcing reports must
contribute to future studies and help develop mathematics over
time.

First, introduce some key theorems and definitions to set up
the base of this study, then build upon it by proving special
properties of the Klein bottle, for example, non-orientability,
embedding, and immersion. Ultimately, linked to the diver-
gence theorem, the paper presented an expository topological
analysis of the Klein bottle.

Theoretical Framework

1. Theorem (Jordan-Brouwer separation theorem)14 Let
X ⊂Rn be a compact connected hypersurface, that Rn\X result
into two connected regions, the outside D0 and inside D1 while
D1 itself is a compact manifold with boundary ∂D1 = X .

The theorem implies that a surface enclosing volume in R3

must separate inside and outside.
2. Theorem (Divergence theorem)15 Let E ⊂R3 be a com-

pact region with boundary S = ∂E. For a vector field F .∫︂∫︂∫︂
∇

·F dV

The application of this theorem requires a consistent normal
orientation on boundary surface.

3. Definition (Orientability)16

Let the manifold M be oriented in Rn. It is orientable if
there exists a smooth map n : M → Rn, where at each point
we can define a corresponding continuous unit normal vector
field −→n (p) on M and its size is ∥−→n (p)∥= 1.

A globally consistent normal vector field allows a surface
to separate inside and outside.

4. Definition (Embedding)17

Let X and Y be two topological spaces, and f : X → Y is
an injective continuous map. Let Z be the image of X in Y , a
subspace of Y donated to the function f ′ : X → Z is bijective
by restricting the range of f . We call that the map f : X → Y
is topological embedding if f ′ is homeomorphism.

An embedding place a topological space in another larger
space while preserves the its shape, connectivity and structure.

5. Definition (Immersions)3,18–20

Let f → N be a smooth map. Then f is an immersion if
its differential d fppM → Tf (p)N has rank equal to dim(M) for
every point p ∈ M.

Immersions may contain self-intersections.

The Klein bottle is non-orientable.

Proposition. The Klein Bottle is non-orientable.
Proof. The Klein bottle can be represented as a quotient

space obtained from the unit square Q = [0,1]× [0,1].21–23

Figure. 3 The Klein bottle as a quotient space

with edge identifications:
(0,y)∼ (1,y) and (x,0)∼ (1− x,1) for all x,y ∈ [0,1].
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The Klein bottle is defined as the quotient space K =
Q/∼.17

Suppose K is orientable. Thus, there must exists a contin-
uous orientation on the tangent spaces TpK and a consistent
oriented tangent basis on every point:(︁

V1(P),V2(p)
)︁

For every tangent space TpK such that all transition maps keep
the orientation.

Consider the identification map corresponding to the
twisted edge:

φ : [0,1]→ [0,1]

Defined by:
φ(x) = 1− x

The derivative of φ is

dφ

dx
=−1

Since det(dφ) =−1 < 0, the map φ reverses its orientation.
The oriented basis at a point P on the lower edge of Q:

(e1,e2)

becomes:
(−e1,e2)

After completing the loop, the orientation of the ordered basis
reversed:

(e1,e2)→ (−e1,e2)

Thu, no globally consistent orientation can descend to the quo-
tient space K. This contradicts to the assumption that K is
orientable. Hence K is non-orientable.

Embedding and Immersion

Proposition. The Klein bottle cannot be embedded in R3.
Proof. Assume the Klein bottle K can be embedded in R3.

Since K is a compact closed embedded surface, the Jordan-
Brouwer Separation Theorem states that R3\K has exactly two
connected components: an inside and an outside. Thus, K
would be the boundary separating those regions. The bound-
ary of the compact three-dimensional region must have a con-
sistent outward pointing normal unit vector, which means K is
orientable. However, proposition 4.1 says that the Klein bot-
tle is non-orientable, forming a contradiction. Therefore, the
Klein bottle K cannot be embedded in R3.

Proposition. Klein Bottle is immersible in R3.
Proof. We must first prove that the Klein Bottle descends

to a smooth map on the quotient space and then compute the
partial derivatives to calculate the rank of the Jacobian Matrix
to shows the Klein Bottle is immersible in R3.

Step 1. Let the Klein Bottle be represented as a quotient of
a square [0,2π]× [0,2π] with identifications:

(u,0)∼ (u, 2π), (0,v)∼ (2π, 2π − v)

(Note: We represent the Klein Bottle as a unit square instead
of a [0,1]× [0,1] unit square because the Klein Bottle immer-
sion is built from rotations, where parametric equations will
be involved and rotations are 2π periodic.)

Consider the standard figure-eight parametrization:

f (u,v) =

⎛⎜⎝
(︁
r+ cos(u/2) sin(v)− sin(u/2) sin(2v)

)︁
cos(u)(︁

r+ cos(u/2) sin(v)− sin(u/2) sin(2v)
)︁

sin(u)
sin(u/2) sin(v)+ cos(u/2) sin(2v)

⎞⎟⎠
And let:

x(u,v) =
(︂

r+ cos
(︂u

2

)︂
sin(v)− sin

(︂u
2

)︂
sin(2v)

)︂
cos(u)

y(u,v) =
(︂

r+ cos
(︂u

2

)︂
sin(v)− sin

(︂u
2

)︂
sin(2v)

)︂
sin(u)

z(u,v) = sin
(︂u

2

)︂
sin(v)+2cos

(︂u
2

)︂
sin(2v)

for 0 ≤ u < 2π , 0 ≤ v < 2π and r > 2

Figure. 4 The classical figure-eight immersion of the Klein bottle in
R3.

For the horizontal edge identification (u,0)∼ (u,2π) since,

sin(0) = sin(2π), sin(2×0) = sin(4π) = 0

By substituting v = 0 or v = 2π into the parametric equation:

x(u,0) = r cos(u) = x(u,2π)

y(u,0) = r sin(u) = y(u,2π)

z(u,0) = 0 = z(u,2π)

Where f (u,0) = f (u,2π).
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For vertical edge identification (0,v) ∼ (2π,2π − v) first
f (0,v) is evaluated, by using

cos
(︃

0
2

)︃
= 1, cos(0) = 1, sin

(︃
0
2

)︃
, sin(0) = 0

Yielding:
x(0,y) = r+ sinv

y(0,v) = 0

z(0,v) = sin2v

Second, f (2π,2π − v) is evaluated using:

cos2π = 1, cosπ =−1, sin2π = 0, sinπ = 0

And trigonometry identities:

sin(2π − v) =−sinv, sin(2(2π − v)) =−sin2v

By substituting into parametric equations yield:

x(2π, 2π − v) = r+(−1)(−sinv)−0 = r+ sinv

y(2π, 2π − v) = 0

z(2π, 2π − v) = (−1)(−sin2v) = sin2v

Which is equivalent to the result for evaluating f (0,v), there-
fore it can be concluded that f (0,v) = f (2π,2π − v).

Since both identifications satisfy:

f (u,0) = f (u, 2π), f (0,v) = f (2π,2π − v)

Hence, f descends to a defined smooth map on the quotient
space.

Step 2. Now compute the rank of the Klein Bottle.
The following differential-geometric calculations use the

standard parametrization and tangent vector frame-work for
smooth surfaces.24 The partial derivatives of A(u,v) are
B(u,v) well computed.

Recall the map from the previous step:

f (u,v) = (x(u,v), y(u,v), z(u,v))

Let

A(u,v) = r+ cos
(︂u

2

)︂
sin(v)− sin

(︂u
2

)︂
sin(2v)

B(u,v) = sin
(︂u

2

)︂
sin(v)+2cos

(︂u
2

)︂
sin(2v)

Were
x(u,v) = A(u,v)cosu

y(u,v) = A(u,v)sinu

z(u,v) = B(u,v)

With respect to u:

Au =−1
2

sin
u
2

sinv− 1
2

cos
u
2

sin2v

Bu =
1
2

cos
u
2

sinv− 1
2

sin
u
2

sin2v

With respect to v:

Av = cos
u
2

cosv−2sin
u
2

cos2v

Bv = sin
u
2

cosv+2cos
u
2

cos2v

Step 3. compute
∂ f
∂u

Using the product rule results in it:

∂x
∂u

= Au cosu−Asinu

∂y
∂u

= Au sinu+Acosu

∂ z
∂u

= Bu

Thus,

∂ f
∂u

=

⎛⎝Au cosu−Asinu
Au sinu+Acosu

Bu

⎞⎠
Step 4. Now computing

∂ f
∂v

, again using the product rule:

∂x
∂v

= Av cosu

∂y
∂v

= Av sinu

∂ z
∂v

= Bv

Thus,

∂ f
∂v

=

⎛⎝Av cosu
Av sinu

Bv

⎞⎠
Step 4. To compute

∂ f
∂v

× ∂ f
∂u

the cross-product matrix el-
ements all determined:

∂ f
∂v

× ∂ f
∂u

=

⃓⃓⃓⃓
⃓⃓ i j k
Au cosu−Asinu Au sinu+Acosu Bu

Av cosu Av sinu Bv

⃓⃓⃓⃓
⃓⃓

= i [(Au sinu+Acosu)Bv −Bu (Av sinu)]

− j [(Au cosu−Asinu)Bv −Bu (Av cosu)]

+ k [(Au cosu−Asinu)(Av sinu)− (Au sinu+Acosu)(Av cosu)]
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then simplified:

= AuBv sinu+ABv cosu−AvBu sinu

−AuBv cosu+ABv sinu+AvBu cosu

−AAv

and finally:

∂ f
∂v

× ∂ f
∂u

=

⎛⎝ AuBv sinu+ABv cosu−AvBu sinu
−AuBv cosu+ABv sinu−AvBu cosu

−AAv

⎞⎠
Step 5. To prove that f defines an immersion, need to verify

that
rank(d fu,v) = 2

For every point (u,v).
Since the Jacobian matrix consists of the tangent vectors:

fu =
∂ f
∂u

, fv =
∂ f
∂v

,

Rank two is equivalent to showing that these vectors are lin-
early independent.

A necessary and sufficient condition for linear indepen-
dence is

fu × fv ̸= 0

Now compute the squared norm:

∥ fu × fv∥2

Let

R1(u,v) = AuBv sin(u)+ABv cos(u)−AvBu sin(u)

R2(u,v) =−AuBv cos(u)+ABv sin(u)−AvBu cos(u)

R3(u,v) =−AAv

Which the squared norm of the cross-product equals:

∥ fu × fv∥2 = R2
1 +R2

2 +R2
3

Since each term is squared,
∥ fu × fv∥2 ≥ 0 occurs only if R1 = R2 = R3 = 0
While R3(u,v) = −AAv, vanishing requires either A = 0 or

Av = 0.
Substituting these cases into R1 and R2 shows that all three

equations cannot hold simultaneously throughout the equation
domain.

Thus:⃦⃦⃦⃦
∂ f
∂u

× ∂ f
∂v

⃦⃦⃦⃦2

> 0 For all (u,v) ∈ [0,2π)× [0,2π)

Therefore,
∂ f
∂u

,
∂ f
∂v

, are linearly independent everywhere.

Hence
rank(d fu,v) = 2

For every point of the quotient domain. f is an immersion of
the Klein bottle into R3.

Corollary. Every immersion of the Klein bottle into R3

contains self-intersections.
Proof. Suppose an immersion of K → R3 has no self-

intersections. Then the map would be injective. Since K
is compact, an injective immersion would be an embedding.
However, proposition 5.1 shows that K admits no embed-
ding into R3. Hence every immersion must contain self-
intersections.

Divergence Theorem

The Divergence theorem is another approach for volume en-
closure. To apply the theorem, the manifold M must have a
boundary in Rn. For an n− 1-compact, oriented manifold M
embedded in Rn, the theorem states that:

thcanbe
∫︂

∂M
(divG)dV =

∫︂
M
⟨G,N⟩dV

Where G is a differentiable vector field, N is the consistently
defined outward-pointing unit normal vector field.16 For the
case of the Klein bottle, in R3 without the boundary ∂M, the
integral cannot be computed with an unidentified inside and
outside; with in R4 a continuous global unit normal field N is
undefined fails to compute the volume using the Divergence
theorem.

Discussion

This study shows that the Klein bottle cannot enclose a volume
in R3 because of its non-orientable and boundaryless prop-
erties. A surface that encloses a volume must have distin-
guishable inside and outside orientation, equivalent to being
orientable. By the Jordan-Brouwer Separation theorem, an
embedded compact space separating R3 into an interior and
exterior must be orientable, which the Klein bottle cannot be
embedded into R3. However, it can be immersed in R3 with
self-intersections and eventually embedded in R4, by having
an extra dimension to extend its shape. Non-orientability is a
topological restriction for higher-dimensional topological fig-
ures, whereby a self-intersection is a unique shape of them in
lower dimensions.

The analysis presents the relationship between topology and
geometry, where the intrinsic topological properties can im-
pose restrictions and affect how an object exists in Euclidean
space. Furthermore, the paper clarifies the concepts of embed-
dings and immersions, which often confuse students. The use
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of the Jordan-Brouwer separation theorem provides a topo-
logical explanation, while the use of the divergence theorem
provides an additional geometric or vector-calculus perspec-
tive, helping students to connect and bring together topology
and calculus. In academics, this paper combines several estab-
lished concepts into one logical chain rather than discussing
them separately in different chapters, as in textbooks. Its ed-
ucational significance can be present in the second or third
year of university, where students begin to learn topology and
differential geometry that need them to cooperate with spa-
tial structure and theorems; the comprehension of the known
result is essential for them to do further studies.

The primary objective of the study was achieved: to pro-
vide an expository explanation to explain why the Klein bot-
tle cannot enclose a volume in R3 by establishing the non-
orientability of the Klein bottle, explaining why the Klein bot-
tle is non-orientable, which prevents volume generation. No
new mathematical theorems or results were presented in the
paper; therefore, success was achieved by clarity and synthe-
sis of existing results. The study’s conclusions were consistent
with the original objectives.

Limitations

The paper is expository rather than original mathematical re-
search and only includes established results rather than intro-
ducing a new theorem or proof. Thus, the findings are limited
to existing mathematical knowledge. Advanced visualization
tools or computational topology are not used in this paper.
Conclusions strictly focus only on the Klein bottle and can-
not be extended to all non-orientable manifolds, despite being
in the same classification in topology.

Conclusion

Overall, the Klein bottle might appear to enclose a volume ge-
ometrically, but it is topologically impossible. Dimension and
topology are the fundamental constraints of geometric objects,
while volume enclosure associated with in-depth ideas regard-
ing orientability, embedding, and the structure of the space.
Topology helps to understand not only the shape but also the
topological rules that control the way they exist in space.
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