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In this study, we constructed a two-dimensional magnetostatic finite element method (FEM) model that simulates the magnetic
field distribution and calculates the torque generated by an electrically excited synchronous motor (EESM). A cross-sectional
model of an EESM was created, with region-specific relative magnetic permeability and equivalent current densities in the
windings. Specifically, our algorithm divides the motor’s domain into first-order triangular elements and solves for the magnetic
vector potential. We calculated the magnetic flux density, which is the curl of the potential, and visualized the magnetic
behavior with Matplotlib. Electromagnetic torque was evaluated using the Maxwell stress tensor along circular contours inside
the air gap. We validated our FEM solver against the analytical magnetic field produced by a cylindrical wire and examined
mesh convergence for a motor model at several mesh size parameters. Under the assumptions of constant permeability and no
magnetic saturation, the computed torque showed an approximately linear dependence on both stator current amplitude and
rotor current (R2 >0.999). The calculated torque ripple showed a 60° periodicity, while the torque-current fitting coefficients
also varied in the same pattern. The fluctuation corresponds to the geometric symmetry of the winding layout in our simplified
model. Our FEM model can predict the torque-current trends under the linear-material assumptions.
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Introduction

Modern electric motors include direct current (DC) and alter-
nating current (AC) motors1,2. Among AC motors, the elec-
trically excited synchronous motor (EESM) is widely used in
electric vehicles and industrial applications due to its high ef-
ficiency, controllable torque, and magnet-free design3,4.

An EESM consists of a stator carrying AC and a rotor car-
rying DC. A detailed description of the structure is given5.
The stator wires are connected in a specific configuration to
produce a three-phase AC that generates a rotating magnetic
field. The rotor produces a constant electromagnetic field and
rotates synchronously with the stator field.

In practice, the irregular geometry of the motor and the
varying magnetic permeability produce a complicated mag-
netic behavior and torque that are difficult to capture with
analytical methods6–8. The finite element method (FEM) is
therefore widely used. FEM approximates the magnetic field
in the domain by dividing it into many small elements, solving
the governing equations on each element, and assembling the
global solutions9. Specifically, two-dimensional FEM mod-
els are commonly adopted in analyzing electrical motors as
an efficient approximation of the full three-dimensional elec-
tromagnetic problem10,11. Several commercial tools are avail-
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able for motor designers. For instance, MathWorks’ Simscape
toolbox in MATLAB and Simulink12,13 can model DC and
induction motors and design control systems by solving an-
alytical equations. However, they do not directly solve the
detailed magnetic field distribution inside the motor for torque
analysis. ANSYS Maxwell provides well-established 2D and
3D FEM simulation of a complete motor. However, its high
costs, hardware requirements, and long learning curve make it
less accessible for many users14. Some simplified FEM tools
have previously been developed as well. One of the most used
simplified models is the Finite Element Method Magnetics
(FEMM)15, which is an interactive FEM solver for electro-
magnetic or heat problems. Its simplicity makes it well suited
for education and research on electrical machines. In addition,
Lehikoinen et al. presented an open-source finite-element
analysis library for magnetic field simulations in MATLAB,
providing researchers with a flexible tool for electromagnetic
analysis16.

FEMM primarily provides a graphical user interface. In
contrast, in this paper, we aimed to develop a simplified and
accessible two-dimensional FEM model to simulate electro-
magnetic behavior inside a motor and then investigate the
torque response to input currents. Our study exposes mesh
generation, matrix assembly, magnetic solution, and torque in-
tegration, making the algorithm easier to study or modify for
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educational purposes and physical interpretation.
In this study, we hypothesized that: (1) the electromag-

netic torque predicted by the simplified FEM model will
scale approximately linearly with stator current amplitude and
rotor current under the assumption of constant permeabil-
ity; (2) because the simplified stator geometry has 60° rota-
tional symmetry, the torque ripple will show a correspond-
ing 60° periodic dependence on rotor position. We con-
structed a two-dimensional finite element model of an EESM
cross-section, computed the internal magnetic field distribu-
tion, and calculated the torque using the Maxwell stress ten-
sor method. Because our model is simplified with a constant
magnetic permeability with no saturation or hysteresis effects,
the torque-current relationship is observed under the linear-
material assumption. Real machines might show nonlinear
torque-current behavior when saturation effect reduces the ef-
fective permeability at high flux density. Additionally, vari-
ations in magnetizing inductance with rotor angle are con-
sidered to cause the dynamic torque behavior. The result-
ing torque-current and torque-angle characteristics are used to
evaluate whether the simplified FEM model can reproduce the
trends expected from analytical electromagnetic theory under
the assumptions used in this study.

Methods

Research Design

We conducted a computational experiment using the FEM to
investigate the relationship between input currents and output
torque in an EESM. Our FEM model serves as a controlled en-
vironment where motor parameters can be adjusted to observe
the change in torque. This flexible algorithm allows our hy-
potheses to be evaluated under controlled conditions that are
difficult to achieve in physical experiments.

Theoretical framework

The rotor rotates synchronously with the stator magnetic field,
with an angular speed ns (in revolutions per minute) of17

ns =
60 fe

p
(1)

The rotational speed is independent of the current amplitude
but solely determined by the AC frequency fe and the number
of pole pairs p. Consequently, increasing the amplitude of
the input current will not influence the rotor speed but instead
increases the output torque, since the input power increases:
Pavg = 1

2V I = I2
rmsR + T ωm, where:

V – the amplitude of the input voltage,
I – the amplitude of the current,
Irms – the root mean square of the current (Irms =

I√
2
),

ωm – the rotational speed of the motor, in radians per second
(ωm = nm ·2π · 1 min

60 s )
The existing analytical dq-axis model provides an analytical

expression for the torque-current relationship. According to
Reinhard, the electromagnetic torque T in an EESM can be
expressed as a function of the stator currents and flux links by
the equation18:

T =
3
2

p[Lmie +(Ld −Lq)id]iq (2)

where:
p – the number of pole pairs,
Lm – the magnetizing inductance,
Ld, Lq – the direct and quadrature inductance,
id, iq – the direct and quadrature-axis components of the stator
current,
ie – the excitation current in the rotor.

(The original expression in Ref. 18 has been rewritten using
the notation used in this study.)

FEM formulation

To analyze the electromagnetic behavior of the motor, we
constructed a two-dimensional model representing the cross-
sectional plane of a simplified EESM. We applied FEM to
compute the magnetic field distribution and evaluate the elec-
tromagnetic torque under different stator current amplitudes.

Regions with different materials were assigned correspond-
ing relative magnetic permeabilities and current densities. The
FEM was then used to compute the magnetic field distribution
within the domain.

The computational domain was discretized into triangular
elements, with finer meshes applied in regions where stronger
magnetic field variations were expected. For each element,
Maxwell’s equations governing magnetostatic fields were
transformed into matrix form using the Galerkin weighted
residual method19. We assembled the element matrices into
a global stiffness matrix representing the entire computational
domain. By solving this system of equations, the magnetic
vector potential and the resulting magnetic field distribution
across the motor cross-section were obtained.

The magnetic field in the motor cross-section is the curl of
the magnetic vector potential20. In a two-dimensional magne-
tostatic problem, the magnetic vector potential A has only a
z-component, and the magnetic flux density B can be obtained
as:

B = ∇×A (3)

Substituting this expression into the Maxwell-Ampere law
∇×B = −µJ:

∂

∂x

(︃
1
µ

∂A
∂x

)︃
+

∂

∂y

(︃
1
µ

∂A
∂y

)︃
=−J (4)
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where µ is the magnetic permeability and J is the current den-
sity.

This governing equation was solved using the FEM, where
the domain was discretized into triangular elements. We trans-
formed the differential equation into a matrix equation for all
elements21,22 using the Galerkin weighted residual method19.
These element matrices were then assembled into a global
stiffness matrix representing the entire domain:

SAnodes = T (5)

where Anodes is the magnetic potential at the nodes.
Therefore, after assembling the stiffness matrix S and the

load vector T of all elements and solving the total equation,
we can derive the magnetic potential over the region.

Because this system is still singular, Dirichlet boundary19

conditions are added by fixing the magnetic potential along
the outer boundary of the domain at zero, which means the
magnetic field can hardly leak into the surrounding air. This
boundary condition is appropriate for the present geometry be-
cause the outer boundary is placed outside the stator, while the
main torque-producing field is concentrated in the rotor, stator,
and narrow air gap. A larger surrounding air domain would
provide a more accurate open-boundary approximation, but
this minor improvement was not pursued.

In our model, the dominant magnetic flux is confined within
the high-permeability stator and rotor cores (µr = 2000.0),
while the magnetic field near the outer boundary is compar-
atively weak. Consequently, the imposed boundary condition
is expected to have only a limited influence on the magnetic
field distribution in the air gap and on the calculated electro-
magnetic torque. The final magnetic field is the curl of the
magnetic potential: B = ∇×A.

Numerical implementation

The FEM algorithm was implemented in Python. The mo-
tor cross-section was meshed using Gmsh modelling software,
which provides a Python API for generating two-dimensional
meshes23. The mesh contains the coordinates of all nodes and
the connectivity of the triangular elements.

The FEM solver was implemented in Python using meshes
generated by Gmsh. Sparse matrices (scipy.sparse)24 are used
to reduce memory usage and calculation time.

Validation of the FEM solver

To verify the numerical formulation, we constructed a bench-
mark problem: a circular domain (radius 0.05 m, green) with
a straight circular wire (radius 0.01 m, red) at the center, as
shown in Fig. 1(a). The dimensions were chosen for numer-
ical convenience and field visualization rather than represent-
ing a practical conductor geometry, and a current of 1 A was

assigned to enhance the contrast ratio of the magnetic field pat-
tern, leading to a current density J of 1/(π ·0.012)≈ 3183.099
A/m2. In addition, both wires and surrounding materials used
in the validation were assigned the same relative magnetic per-
meability of 1.0 for visibility of the field inside the wire. Its
mesh is generated using Gmsh, with finer elements near the
wire to capture strong magnetic field gradients. The simula-
tion results were visualized using Matplotlib25.

The mesh was processed by the “Mesh” class, which ap-
plied FEM to the mesh and calculated magnetic field distri-
butions. Fig. 1 demonstrates the results of the computa-
tion. The magnetic potential induced by the wire has only
a z-component because it is perpendicular to the plane. The
distribution of the magnetic potential is shown in Fig. 1(b).
The magnetic field can be obtained by calculating the curl of
the potential (∇×A).

Figure 1. Simulation results obtained from the FEM solver applied
to the circular domain. The current in the circular wire (red region) is
1.0 A, pointing out of the plane. The relative magnetic permeability
throughout the plane (both red and green regions) is 1.0. (a) Triangu-
lation of the circular plane with Gmsh. (b) Magnetic vector potential.
(c) Magnetic flux density magnitude. (d) Vector field of the magnetic
flux density.

To quantitatively validate the FEM implementation, the nu-
merical solution was compared with the analytical magnetic
field distribution of a cylindrical current-carrying conductor.
The analytical solution is represented by:

B(r) =

⎧⎪⎨⎪⎩
r
R

µI0

2π
, r ≤ R

µI0

2πr
, r > R

(6)

where:
r – the distance from the center,
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R – the radius of the wire (0.01 m),
I – the current in the wire (1.0 A).

The magnitude of the magnetic field shown in Fig. 1(c) is
consistent with the analytical solution, as it is strongest along
the edges of the wire, decreasing linearly toward the center and
inversely proportional to the radial distance outwards. In Fig.
1(d), the magnetic field vectors circulate in a counterclock-
wise direction, consistent with the right-hand rule. Notably,
the field goes along the outside boundary due to the boundary
condition of setting the potential to 0. The errors of the two
mesh resolutions are listed in Table 1, and the relative error
distribution is shown in Fig. 2.

The distribution of percentage errors and the comparison
of the simulated and analytical results are shown above. Our
FEM algorithm has low errors from the theoretical derivation
and correctly solves the magnetostatic field equations. When
the mesh size was reduced from 0.001 m to 0.0003 m, the
mean percent error decreased from 1.61% to 0.50%, while the
relative L2 error decreased from 3.11% to 0.95%. The RMSE
was reduced by approximately 70%. These results indicate
that the FEM algorithm converges toward the analytical solu-
tion as the mesh is refined.

Motor model configuration

The sample in this computational study consists of a simulated
two-dimensional cross-sectional model of an EESM. Using
the Gmsh Python API, a two-dimensional model of a three-
phase three-slot EESM was created, shown in Fig. 3.

The mesh resolution was refined in the air-gap region (the
thin black area between the two green layers) to improve the
accuracy of the torque calculation. In the motor model:
The outer radius of the stator: 0.300 m,
The inner radius of the stator: 0.250 m,
The rotor radius: 0.247 m, The air-gap width: 0.003 m.

The inner part of the rotor contains a hollow air space (ra-
dius 0.150 m) to reduce magnetic flux leakage through the
center26 and improve the magnetic flux path.

The dimensions used in this study were selected to create a
geometrically simple benchmark problem suitable for educa-
tional FEM analysis.

The primary objective of the model was not to reproduce
the performance of a specific commercial motor but rather
to investigate qualitative relationships between magnetic field
distribution, input current, rotor position, and electromagnetic
torque. The rotor windings carry direct current, while the sta-
tor windings carry alternating currents. Table 2 presents some
more detailed data about the wires and currents.

Figure 2. Relative error distribution between the FEM solution and the analytical solution for the cylindrical conductor validation problem.
The color scale is limited to 0–5% to improve visualization of the dominant error distribution. Larger relative errors occur near the conductor
center, where the analytical magnetic flux density approaches zero, and the relative-error metric becomes ill-conditioned. (a) The relative errors
of mesh size 0.0010. (b) The comparison of the theoretical value and the calculated values of mesh size 0.0010. (c) The relative errors of mesh
size 0.0003. (d) The comparison of the theoretical value and the calculated values of mesh size 0.0003.

4 | © The National High School Journal of Science 2026



Table 1 Quantitative comparison between the FEM solution and the analytical solution for the cylindrical conductor validation problem. (RMSE
is the root mean square error.)

Mesh Size (m) Mean % Error Mean Abs. Error (T) Max Abs. Error (T) L2 Error RMSE (T)
0.0010 1.61% 1.37×10−7 1.30×10−6 3.11% 2.40×10−7

0.0003 0.50% 4.22×10−8 4.07×10−7 0.95% 7.32×10−8

Figure 3. Meshed simplified model of the cross-sectional plane of a
three-phase three-slot EESM motor (mesh size 0.008). The model
has 24573 nodes and 48908 elements. The steel rotor and stator
(green) were assigned a relative magnetic permeability of 2000.0.
The air (black) and copper windings (red and blue) are assigned a
relative permeability of 1.0. The labels A+/A−, B+/B−, and C+/C−
denote outgoing and return-current regions for the three stator phases.

These values were selected to produce magnetic field mag-
nitudes suitable for numerical visualization and torque analy-
sis.

The stator windings were denoted with three pole pairs:
A+/A−, B+/B−, and C+/C−. For each phase, the positive
and negative regions denote current flowing out of and into
the two-dimensional plane, respectively. The three-phase cur-
rents were described as a balanced three-phase set:

iA+ = Is sinsin(ϕe), iA− =−iA+,

iB+ = Is sinsin(ϕe −120◦), iB− =−iB+,

iC+ = Is sinsin(ϕe +120◦), iC− =−iC+

(7)

where Is represents the AC amplitude, and ϕe = ϕe0 +
ωet(ωe = 360◦ fe). Here, ϕe refers to the electrical phase angle
used to define the balanced three-phase excitation. To maxi-

Table 2 Specific information about the motor’s windings

Quantity Stator Rotor
Equivalent
Winding Radius

0.020m 0.025m

Turns 5 50
Current per Turn Is = 800A Ir = 200A
Assigned Current
Density

Js = 3.183×
106 A/m2

Jr = 5.093×
106 A/m2

Distance from
Center

0.257m 0.200m

mize electromagnetic torque (which is discussed in 3.1), the
stator phase currents are adjusted such that the resultant stator
magnetic field remains approximately perpendicular to the ro-
tor magnetic field. The resulting stator magnetic field forms an
angle θms with respect to a fixed stator reference frame, while
the rotor magnetic axis is denoted by θmr. The angular dis-
placement δ = θmr −θms is referred to as the rotor-stator field
angle. The current density assigned to each winding region is
computed as J = NI/A. Therefore, the absolute torque values
should be interpreted within the chosen equivalent-winding
representation, while the focus of this study is the scaling trend
with current amplitude and rotor position.

Torque calculation

The electromagnetic torque can be calculated using the
Maxwell tensor method27,28. The torque acting on the rotor
can be expressed as:

T =
lef

µ0
r2

∫︂ 2π

0
BrBt dθ (8)

where:
lef – the shaft length of the motor,
r – the radius of the line integral,
Br – the radial component of the magnetic flux density in the
air gap,
Bt – the tangential component of the magnetic flux density in
the air gap,
θ – the angular position along the circular contour in the air
gap.
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In our implementation, the Maxwell stress tensor is evalu-
ated along a circular contour in the air gap. The contour is
divided into N (default 2880) equal angular differentials (dθ ),
where the magnetic flux density is decomposed into radial and
tangential components:{︄

Br = Bx cosθ +By sinθ

Bt =−Bx sinθ +By cosθ
(9)

According to (8) and (9), the torque can be further written as:

T =
lef

µ0
r2

∑
k

Br(θk)Bt(θk)∆θ (10)

where ∆θ = 2π/N, while Br(θk) and Bt(θk) are the ra-
dial and tangential components of the magnetic flux density at
the k-th angular position, respectively. As the FEM model is
two-dimensional, the simulated magnetic field represents the
cross-sectional field distribution of a motor assumed to be uni-
form along the axial direction. End effects, end windings, and
axial leakage flux are neglected. The Maxwell-stress integral
therefore first produces torque per unit axial length. To con-
vert the two-dimensional Maxwell-stress result into total elec-
tromagnetic torque, an effective axial stack length of lef = 0.3
m was then used in all torque calculations. Because the model
is two-dimensional, the reported torque values should be inter-
preted as estimates for a motor with this assumed stack length
and without axial end effects.

Fig. 4 shows the variation of the calculated torque with con-
tour radius for several mesh densities. For tested mesh sizes of
0.001–0.008, the torque remained relatively stable within most
of the air-gap radii. Strong local fluctuations were observed
when the contour intersected element-layer interfaces or ap-
proached material boundaries. These fluctuations originate
from the piecewise approximation of the magnetic flux den-
sity in first-order triangular FEM and do not represent physical
torque variations. Excluding the immediate vicinity of the ro-
tor and stator boundaries, the torque varied only slightly across
the stable portion of the air gap, indicating that the Maxwell-
stress formulation provides a consistent torque estimate.

For an exact continuous magnetic field, the Maxwell-stress
torque is independent of the contour radius if the contour re-
mains entirely within the air gap. However, in the present
FEM model, the magnetic flux density is obtained from first-
order triangular elements, resulting in possible discontinuities
in the magnetic field across element boundaries, making the
computed torque fluctuate with the contour radius. To reduce
this effect, 30 radii were sampled in the air gap, and the fi-
nal torque was obtained by taking the median of these results
calculated from the sampled radius because the median is re-
sistant to outliers. This procedure minimizes the sensitivity
of the Maxwell stress calculation to individual element-layer

interfaces and provides a more robust estimation of the elec-
tromagnetic torque.

Table 3 Convergence of torque with respect to mesh size.

Mesh Size Median Torque (N·m) IQR (N·m)
0.001 412.933 1.220
0.003 412.119 3.946
0.005 410.612 4.785
0.008 408.304 5.655
0.010 397.755 7.078
0.030 346.987 177.268

Figure 4. The torque calculated at different contour radii using
Maxwell stress tensor for mesh sizes of 0.001, 0.003, 0.005, 0.008,
0.010, and 0.030.

Fig. 4 and 5, together with Table 3, show the torque ob-
tained using different mesh sizes. For mesh sizes below 0.01,
the median torque remained within approximately 3% of the
finest-mesh result, suggesting that the solution is convergent.

Based on the mesh convergence study, a mesh size of 0.008
was adopted in subsequent simulations, considering both ac-
curacy and the time complexity of the algorithm.

The Python code of the FEM algorithm is available at the
GitHub repository in the Appendix.

Results

Magnetic field distribution in the motor

For each simulation, we computed the magnetic field distribu-
tion and electromagnetic torque under specified input condi-
tions. Multiple simulations were conducted by varying stator
current, rotor current, and rotor angle. The stator windings
generated a rotating magnetic field in the stator region. Fig. 6
shows that the magnetic field rotates synchronously with the
electrical phase angle ϕe. The brown region indicates areas
where the magnetic flux density exceeds 4 T, which occur be-
cause saturation is not considered, and the relative permeabil-
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Figure 5. Convergence test for the model by calculating the torque
at different mesh sizes. The box plots show the distribution of the
torque over the contour radius in the air gap. As the mesh is refined,
the medians approach 412 N·m.

ity is assumed to be constant. They should be interpreted as
numerical artifacts and only as relative indicators of field dis-
tribution rather than physically realistic magnitudes. In Fig.
6(a), when the phase angle ϕe was 0, the stator magnetic field
in the rotor pointed to the left in the motor region. As ϕe in-
creased by 60°, the field rotated counterclockwise by the same
angle.

Torque as a function of rotor-stator field angle

In order to examine the relationship between torque and the
angular displacement between the rotor and stator field, the
stator field was fixed at ϕe = −90° while the rotor rotated, and
the resulting torque was calculated.

The torque was then analyzed as a function of the angu-
lar displacement between the rotor and stator magnetic fields

(δ = θmr −θms), and the result is shown in Fig. 7. The torque
reached its maximum of approximately 480 N·m when the ro-
tor field lagged the stator field by around 90°.

In all the following simulations, the rotor field was kept per-
pendicular to the stator field. As shown in Fig. 8, the magnetic
field lines continued to follow the air-gap boundary under this
condition.

Independent numerical verification using FEMM

To assess the consistency of the proposed FEM implementa-
tion, the derived magnetic distribution and torque were com-
pared with results obtained from FEMM under identical ge-
ometric configuration, excitation conditions, and Maxwell
stress tensor contour integral. Both models solve the same
magnetostatic governing equations using thirty circular con-
tours distributed across the air gap. The FEMM compari-
son should be interpreted as an independent numerical ver-
ification of the FEM implementation rather than a valida-
tion of the physical motor model. Both approaches solve the
same two-dimensional magnetostatic problem under identical
linear-material assumptions, so they share the same modeling
limitations, neglecting magnetic saturation, hysteresis, end ef-
fects, and axial leakage flux.

The reported value corresponds to the median torque, while
the interquartile range (IQR) was used to quantify contour-
radius sensitivity. Table 4 summarizes the mesh statistics
and torque results obtained from FEMM and the present al-
gorithm. Under the baseline operating condition, the pro-
posed FEM model predicts a median torque of approximately
408.304 N·m, while FEMM yields approximately 414.961
N·m, corresponding to a relative error in average torque of
1.604%.

Figure 6. Rotation of the stator magnetic field at different electrical phase angles. The stator current amplitude was 800 A. The magnetic field
generated by rotor current was excluded to showcase the magnetic field produced by the stator clearly. (a) ϕe = 0°, (b) ϕe = 60°, (c) ϕe = 120°.
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Figure 7. Output torque (N·m) as a function of the angular displace-
ment between the rotor and stator magnetic fields. The electric angle
ϕe is fixed at −90° while the rotor rotates, and the torque is calcu-
lated at different rotor positions.

This close agreement indicates that the Maxwell-stress con-
tour integration procedure implemented in the present FEM
algorithm produces results consistent with those from an es-
tablished FEM solver. The remaining difference is likely
attributable to discrepancies in mesh topology, air-gap dis-
cretization, and field interpolation during contour integration.

Torque dependence on stator current amplitude and rotor
current

To examine how torque depends on stator current, the rotor
current was fixed at 200 A, and fifteen stator current ampli-
tudes ranging from 0 to 1600 A were tested.

For each current amplitude, we performed the simulations
phase angles ϕe from 0° to 170° in 10° increments. The rela-
tionship between the stator current amplitudes and the output
torques was then analyzed.

To examine the influence of rotor current, the stator current

amplitude was fixed at 800 A. Fifteen rotor current amplitudes
ranging from 0 to 400 A were tested for the same set of phase
angles. Fig. 10(c) shows a similar linear relationship between
the output torque and the rotor current.

Linear regression was performed for the torque-current
curve at each rotor position, and the results are shown in Ta-
ble 5 and 6. The coefficient of determination (R2) exceeded
0.99999998 for all fitted datasets, indicating a strong linear
relationship between torque and current within the constant-
permeability model.

The fitted slopes varied periodically with rotor position.
Fig. 10(d) describes the variation of the fitted slopes with rotor
position. This periodic variation is approximately symmetric
every 60°, consistent with the stator geometry. The periodic
variation of the fitted torque-current coefficient is consistent
with a periodic modulation of the effective electromagnetic
coupling between the stator and rotor. This may partially ex-
plain the calculated torque ripple.

Because the simplified geometry does not belong to a spe-
cific commercial motor, an independently measured value of
Lm is not available. Therefore, the comparison with the clas-
sical torque equation is made at the level of functional depen-
dence rather than absolute parameter prediction. Under the
condition id = 0, the classical equation predicts a linear re-
lationship between torque and iq (T = 3

2 Lmieiq). With R2 >
0.99999998 for all rotor positions, our simulation showed that
the output torque was directly proportional to both the input
rotor current and stator current amplitude, consistent with the
equation of classic motor theory. This linearity is consistent
with (2), which predicts T ∝ iqie under constant inductance.
Thus, we can derive the magnetizing inductance between the
stator and the rotor as an effective coupling coefficient:

Leff
m =

2
3

slope(θ)
pie

(11)

Table 4 Mesh statistics and processing results of FEMM and the present algorithm.

Model Nodes Elements Median Torque (N·m) Torque IQR (N·m) Solving Time (s)
FEMM 24141 47920 414.961 8.308 2.155
Present 24573 48908 408.304 5.215 2.228

Table 5 The fitting data of the linear regression between the torque and the stator current amplitude.

Electric angle ϕe Slope (N·m/A) 95% CI R2

0◦ 0.508 (0.508, 0.508) 0.999999987638150
30◦ 0.597 (0.597, 0.597) 0.999999999998387
60◦ 0.508 (0.508, 0.508) 0.999999991225648
90◦ 0.597 (0.597, 0.597) 0.999999999999282
120◦ 0.508 (0.508, 0.508) 0.999999987714331
150◦ 0.597 (0.597, 0.597) 0.999999999998628

8 | © The National High School Journal of Science 2026



Figure 8. Magnetic field distribution generated by both the stator and rotor currents. These figures illustrate the interaction between the rotating
stator field and the rotor excitation field. The rotor current Irotor is 200 A, and the stator current amplitude Is is 800 A. (a) ϕe = 0°, (b) ϕe = 60°,
(c) ϕe = 120°

Table 6 The fitting data of the linear regression between the torque and the rotor current.

Electric angle ϕe Slope (N·m/A) 95% CI R2

0◦ 2.032 (2.032, 2.032) 0.999999999996003
30◦ 2.389 (2.389, 2.389) 0.999999999969194
60◦ 2.032 (2.032, 2.032) 0.999999997950806
90◦ 2.389 (2.389, 2.389) 0.999999999979973
120◦ 2.031 (2.031, 2.031) 0.999999989684692
150◦ 2.389 (2.389, 2.389) 0.999999999870308

The same kind of test was conducted with FEMM. Fixing
the stator current amplitude at 800 A, we calculated the torque
under different rotor currents (100 A, 200 A, 300 A, 400 A).

Fixing the rotor at 200 A, the torque was calculated at dif-
ferent stator current amplitudes (400 A, 800 A, 1200 A, 1600
A).

This agreement shows that our model successfully predicts
the linear relationship between the output torque and the input
rotor current and stator current amplitude.

Rotor-angle-dependent torque ripple

Finally, we examined the torque as a function of rotor phase
angle, while the stator current amplitude and the rotor current
were kept at 800 A and 200 A, respectively. In Fig. 11, the
torque was found to vary periodically with rotor phase angle,

a phenomenon known as torque ripple. The ripple exhibited a
period of 60°, consistent with the 60° rotational symmetry of
the stator magnetic field distribution. This periodic behavior
indicates that the electromagnetic coupling between the rotor
and stator varies with their relative angular alignment.

The significance of the peak-to-peak magnitude relative to
the mean torque can be calculated:

Rripple =
Tpp

Tmean
×100% (12)

Under the baseline operating condition of Is = 800 A and
Ir = 200 A, the mean torque was 443.400 N·m, and the peak-
to-peak ripple was 76.554 N·m, leading to a ripple ratio of
17.265%. The observed ripple ratio falls in the common range
for simplified slot-based machine models, even though direct
comparison is difficult because the present geometry does not

Table 7 Analysis of Torque Ripple.

Tmin (N·m) Tmax (N·m) Tmean (N·m) Tpp = Tmax −Tmin (N·m) Rripple

403.059 479.614 443.400 76.554 17.265%
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Figure 9. Comparison of the magnetic field distributions obtained from FEMM and the present algorithm under identical geometry, excitation,
and material assumptions. The field is constrained to 0–4 T for both figures to clearly showcase the trend of the magnetic field. The blue area
around the motor is the boundary area used in FEMM. (a) The magnetic field calculated by FEMM. (b) The magnetic field calculated by our
algorithm.

Table 8 Comparison of the torque-stator current relationship gener-
ated by FEMM and the present code.

ϕe FEMM slope Our slope Error
0◦ 2.091 2.041 2.384%
20◦ 2.457 2.426 −1.237%
40◦ 2.151 2.181 1.416%

Table 9 Comparison of the torque-rotor current relationship gener-
ated by FEMM and the present code.

ϕe FEMM slope Our slope Error
0◦ 0.511 0.511 0.168%
20◦ 0.575 0.575 0.445%
40◦ 0.577 0.577 0.382%

correspond to a specific commercial machine.
Besides, the fitted torque-current coefficients exhibit clear

60° periodicity as well. According to the analytical EESM
torque equation by Reinhard18, the observed periodic varia-
tion of the fitted slope indicates a corresponding periodic vari-
ation in the magnetizing inductance between the stator and
rotor wires.

In practical electrical machines, the torque ripple can lead
to mechanical vibration, acoustic noise, and reduced control
stability. Understanding the physical origin of torque ripple is
important for improving motor performance and designing ef-

fective control strategies. The torque ripple may also originate
from cogging torque, slotting effects, harmonic content of the
air-gap flux density, magnetic saturation, or inverter current
harmonics. The present model assumes constant permeability,
idealized winding regions, and a two-dimensional geometry,
so these causes of the ripple are not explicitly presented in the
simplified model.

Together, these findings support both hypotheses proposed
in the Introduction.

Discussion

Interpretation of the torque-current relationship

In this study, we developed a simplified two-dimensional FEM
model to simulate magnetic behavior in an EESM and investi-
gate how input currents influence the electromagnetic torque.
Our FEM model produced the expected relationship between
magnetic field distribution and electromagnetic torque under
the assumption of no saturation. In addition, the solved mag-
netic field obtained from the FEM simulation reveals how the
geometric structure of the motor influences the torque. The
torque-current gradient varies periodically with rotor angle,
demonstrating the influence of the changing electromagnetic
coupling.

We used a two-dimensional cross-sectional motor model in-
stead of a three-dimensional one for a simpler demonstration
of the electromagnetic behaviors in the machine. Such mod-
els are welcomed in electrical-machine analysis because they

10 | © The National High School Journal of Science 2026



Figure 10. Relationship between the output torque and the amplitude of the stator current and the rotor current. (a) Output torque as a function
of the stator current amplitude, while Ir is fixed at 200 A. (b) Fitted coefficients of the torque-stator current relationship. (c) Output torque as a
function of the rotor current, while Is is fixed at 800 A. (d) Fitted coefficients of the torque-rotor relationship.

allow the magnetic field distribution in the stator, rotor, and
air-gap regions to be analyzed with substantially lower geo-
metric complexity7,8,29.

The simulations also showed the torque ripple. This result is
consistent with the 60-degree symmetric structure of the sta-
tor. It can influence motor performance in practical applica-
tions.

The proposed FEM model, FEMM simulations, and the an-
alytical models produced consistent electromagnetic behav-
ior of the EESM. Quantitatively, the FEM model predicts a
torque of approximately 408 N·m, which deviates approxi-
mately 1.6% from the same model in FEMM. Agreement with
FEMM supports the validity of our numerical implementation
and torque-evaluation procedure. The difference between the
two numerical implementations may arise from variations in
mesh discretization, air-gap field interpolation, and the dis-
crepancy in the evaluation of the Maxwell stress tensor.

Our simplified FEM model reproduces the expected elec-
tromagnetic mechanisms for torque generation. It demon-
strates mesh generation, FEM solution, and torque calculation
transparently, making it useful for educational and exploratory

studies of EESMs.

Limitations

The present model is based on a two-dimensional cross-
sectional representation of the motor. Therefore, several
three-dimensional effects, including end-turn inductances, ax-
ial leakage flux, end fringing fields, and slot skewing effects,
are neglected11,30.

These effects mainly influence the inductance and torque,
while the relationship between current excitation and torque
production is still primarily governed by the cross-sectional
magnetic field distribution. Because no three-dimensional
FEM model or experimental measurements were available in
the present study, the magnitude of the resulting error could
not be quantified. Consequently, our study should be inter-
preted more as a qualitative investigation of torque-current
trends rather than a high-fidelity prediction of a specific com-
mercial motor.

A full cross-check with the virtual work method was not
conducted because the present implementation changes the
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Figure 11. Output torque as a function of different angle positions. The figure demonstrates two angle periods, showing the torque ripple with
a period of 60°.

mesh when creating the small angular displacement of the ro-
tor, making the finite-difference energy derivative numerically
sensitive. Instead, we strengthened the Maxwell-stress torque
evaluation by using circular contours, multiple contour radii,
and independent FEMM comparison.

The adopted mesh resolution represents a compromise be-
tween computational efficiency and local field accuracy, par-
ticularly near the air gap where strong magnetic gradients oc-
cur.

Commercial FEM tools such as ANSYS Maxwell and
MathWorks Simscape Electrical generally include refined
meshing strategies, nonlinear material models, and machine
design tools with more functions. However, the primary pur-
pose of our model is not to replicate high-fidelity industrial
solvers but to provide a simplified and transparent computa-
tional tool that preserves the dominant electromagnetic cou-
pling mechanisms while significantly reducing computational
complexity. Because magnetic saturation, detailed winding
structure, three-dimensional effects, and experimental valida-
tion were not included, the model should only be used for ed-
ucational or exploratory purposes.

Future work could include benchmark geometries with ma-
terial interfaces and narrow air gaps to further test the solver
under conditions closer to electrical machines. We will also
focus on improving both computational efficiency and model
accuracy, including optimizing the matrix assembly process,

implementing parallel or multi-threaded computation, and re-
fining the mesh in regions with strong magnetic field gradi-
ents. These improvements could enable future comparisons
with experimental measurements and three-dimensional mod-
els.
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Appendix
The Python source code used for the FEM simulation is available at the
GitHub repository: https://github.com/TravelerFromAbyss
/Motor_model_new.
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