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The double pendulum is one of the simplest mechanical systems which exhibits chaotic motion and almost all the previous
research assumes that the gravitational field is constant and uniform. The effect of modification of the gravitational field model
on the onset of chaos and its amplitude of an ideal planar double pendulum is studied. Three gravity models were tested
under same mechanical parameters and initial conditions — uniform gravity, a linear vertical gradient and a pseudo-Newtonian
black-hole potential of the Paczyriski-Wiita form. Ensemble Poincaré projections and finite-time Lyapunov exponents (FTLEs)
were used to identify chaos in three regimes of initial conditions (regular, mixed, chaotic). Other parameter sweeps were
done for different link-length ratios, mass ratios, and gravity-gradients. The dimensionless FTLE was decreased significantly
from 0.0793 to 0.0213 in the chaotic regime by the use of the linear gradient model compared to the uniform gravity
model. This suppression was found to not be monotonic, with the most chaotic flow occurring at a negative gradient and
the least at a gradient of about dg/dy = +0.5 ms~>m~! when using parameter sweeps. The pseudo-Newtonian model was
very sensitive to the ratio of the link length to the pivot distance. Dynamics were very similar for the pivot far from the
central mass (Configurations II and III). For the case where the pivot was near the Schwarzschild radius (Configuration I
(e = 11.27) case), the quasi-periodic motion dominated and the value of the FTLE was close to 1073, The results obtained
indicate that the geometry of the gravitational field is an underutilized control parameter of chaos in mechanical coupled systems.

Keywords: double pendulum; chaos; Lyapunov exponent; Poincaré section; nonuniform gravity; Paczynski-Wiita poten-
tial; Hamiltonian dynamics

Introduction

However, chaos is a fundamental property of many physical
systems, including phenomena which are extremely sensitive
to the initial conditions and seem to be unpredictable on long
time scales even if they are described by completely determin-
istic equations 2. Small variations in initial conditions can
quickly multiply, and in practice, it is impossible to predict
the behavior of a system over a long period of time. The pio-
neering work of Lorenz demonstrated that this type of sensi-
tive unpredictable behavior could be observed in simple low-
dimensional systems, and forever altered the thinking of sci-
entists about determinism and predictability in nature>. Since
then chaos has been known to exist in many physical, biolog-
ical and engineering systems and the understanding of what
factors determine the level of chaos in a system has emerged
as a major research objective?.

One of the most widely studied chaotic systems in classical
mechanics is the double pendulum: two rigid links connected
end to end, free to swing in a plane under the influence of
gravity *>. Although the double pendulum is governed by sim-
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ple Newtonian equations of motion obtained from Lagrangian
mechanics, it can have a variety of behaviors, from regular, pe-
riodic oscillations to complete chaos in its trajectory, depend-
ing on its initial conditions and physical parameters, including
the mass* and length of the links. It is a relatively simple me-
chanical system which serves as a good paradigm for the study
of chaos, and it has been studied in both classroom examples
and research experiments®. Tools of nonlinear dynamics are
used to study and quantify chaos. One of the most important
of these tools is the ensemble Poincaré plots: They are used to
store the state of the system at every time it crosses a specified
surface in phase space, transforming the continuous dynam-
ics into a discrete map, which is easier to visualize”-8. The
Poincaré section reveals smooth closed curves in the case of
regular and periodic motion, and, in the case of chaotic mo-
tion, the points are distributed without order throughout a re-
gion of phase space. Another quantitative measure is the Lya-
punov exponent which measures the exponential separation of
neighboring trajectories in phase space with time®. The dis-
tinguishing characteristic of chaos is a positive Lyapunov ex-
ponent: Given two initially nearby trajectories, they will ulti-
mately become completely uncorrelated. '° A convenient way
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to compute this measure of divergence is to use finite-time
Lyapunov exponents (FTLEs) computed over a specific pe-
riod of time, which is suitable for computational simulations
that cannot be run to infinite time®!'!. Throughout the rest of
the paper, A denotes the FTLE (1/s) and A* its dimensionless
form (A* = A /+/gret/L1)-

The double pendulum is part of the family of non-integrable
Hamiltonian systems with conservative dynamics'>!3. The
Kolmogorov-Arnold-Moser (KAM) theorem states that the
phase space of such systems is neither completely regular nor
completely chaotic, but rather a complicated combination of
stable regular islands and surrounding chaotic seas, where the
proportion of the regular islands depends on the energy and
parameters of the system®!4. It is not difficult to understand
this mixed structure in case of the standard double pendu-
lum in a uniform gravitational field for which the potential
energy is just the potential energy of the vertical position of
each mass*>. Note that in this work we are only referring to
KAM in a qualitative manner; quantitative KAM diagnostics
(resonance overlap, invariant tori, frequency analysis) are not
included and are left as future work 1.

Most investigations of double pendulum chaos, to date,
have been based on a homogeneous and uniform gravita-
tional field.# But, in many, physically interesting, scenar-
ios gravity is not a uniform force. In the vicinity of large as-
tronomical objects, however, there are spatial gradients that
result in gravity varying across the length scales of an ex-
tended mechanical system!®!7. In the regime of very short
distances, as in the vicinity of near compact objects like neu-
tron stars or black holes, gravity’s behavior is drastically dif-
ferent!8. The Paczyriski-Wiita pseudo-Newtonian potential
was tailored specifically to achieve the essential aspects of the
gravitational field of a Schwarzschild BH, including the ra-
dius of the innermost stable circular orbit and the qualitative
nature of the strong-field dynamics, in a classical, Newtonian
context, without necessitating a full general relativistic calcu-
lation. The potential has been extensively exploited in astro-
physical fluid and orbit studies to study the effect of a strong
and concentrated central gravity on the dynamical behavior °.

Although the double pendulum is frequently used as a
model chaotic system, to our knowledge there has been no sys-
tematic study of how the strength, onset, and structure of the
chaos in the double pendulum change as a function of the grav-
ity field model used, especially one in which the gravity field is
not uniform. Whether a linear vertical gravity gradient damp-
ens or amplifies chaos, or whether the gravity of a pseudo-
Newtonian black hole fundamentally changes the dynamics is
unknown, as is whether it turns into nearly uniform dynamics
when the pendulum is positioned far from the central mass.
With a literature search conducted on Web of Science, Scopus
and Google Scholar, we found the following recent studies
that might be relevant to the present study: double-pendulum

studies with magnetic forcing?*2! and pseudo-Newtonian po-

tentials applied to compact-object dynamics>>%3, but not to
the gravity-field-geometry effect on double-pendulum chaos.
In this work we aim to overcome this by simulating a pla-
nar ideal double pendulum in the presence of three grav-
ity models: uniform gravity, linear vertical gradient and the
Paczyniski-Wiita pseudo-Newtonian potential using the Con-
figurations I, IT and III. Under each model, ensemble Poincaré
projections and FTLEs were calculated for three typical
initial-condition states (regular, mixed, chaotic) and parame-
ter sweeps were performed to explore how the chaos intensity
is influenced by the link-length ratio, mass ratio and gravity-
gradient strength. Numerical integration was performed with
the high-order DOP853 explicit Runge-Kutta method?* from
the SciPy scientific computing library>>. The authors demon-
strate here that gravity field geometry is an underappreciated
parameter for the chaos in coupled mechanical systems and
they wed gravity field geometry to more exotic gravitational
environments with the familiar textbook double pendulum.

Methods

Computational model

We simulated an ideal planar double pendulum consisting of
two point masses (11, my) connected by massless rigid links
(L1, Lp) with a fixed pivot. Generalized coordinates were g =
[61,6:], where 0 is the absolute angle of the first link from
the vertical and 6; is the relative angle of the second link with
respect to the first (so the absolute second-link angle is 6; +
6,). The state vector was y = [0y, 65,61, 6].

The equations of motion were implemented in standard ma-
nipulator form:

. ., dU(g)
M(q)G+H(q,q)+ 4 =0.

Here, M(q) is the 2 x 2 mass matrix, H(q, ¢) collects Corio-
lis and centrifugal terms, and U (g) is the potential energy. For
all models, M(q) and H(gq, ) were derived from the kinetic en-
ergy of point masses at the link ends; only the potential term
U(q) was changed to represent different gravity fields.

Gravity field models

The following three gravity models were tested with the same
mechanical parameters and initial conditions (unless other-
wise noted):

Uniform gravity (uniform_g). A constant downward grav-
itational force go, which is provided by the potential energy
U = migoy1 +magoy2, where y; and y, are the vertical coor-
dinates of the two masses.
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Linear vertical gradient (linear_y). A position-dependent
vertical gravity g(y) = go(1 + By/yrer), implemented by
a per-unit-mass potential @(y) = go(y + 0.58Y%/Yret), 50
that do/dy = g(y). The configuration used f = 0.35 and
Yref = 2.0 m, equivalent to a gradient dg/dy = go /it =
1.71675 ms~2>m~!. For the sake of analytical simplicity, this
form was selected as the simplest non-uniform field analyti-
cally tractable; other choices (1/r Newtonian potential, radial-
quadratic gradient) are reserved for future work. Pseudo-
Newtonian central potential (bh_pw). A central field potential
centered at the origin of the form Paczyriski—Wiita potential
o(r)=—u/(r—ry), where r = ||r|| and ry is a length parame-
ter 192223 We assume p and r, are independent and equivalent
to the two dimensionless ratios € =L, / Rpivor and k = Rpivor /¥s.
The pivot was made at point y-axis at a distance Rpjyor from the
origin. Potential energy was U = m; @(||r1]|) + ma2 @(||r2]|)
with dg /dr = u/(r — r)?. The value of the coefficient u was
chosen such that the local acceleration at the pivot equals the
target acceleration gearger = 9.81 ms~2,i.e. U = Grarget (Rpivot —
ry)%. Three configurations were tested at k = 10: Configura-
tion I (& ~ 11.27), Configuration II (& ~ 3.39 x 107°), and
Configuration III (£ ~ 7.88 x 10~!2). These values of & would
be the Schwarzschild radii of black holes from planetary to su-
permassive masses at k = 10, but the dynamics is not a func-
tion of mass, it is a function of € so we report it by €.

Potential gradients and generalized gravity torques

For uniform_g and linear_y models, the gravity contribution
was computed from the vertical positions y; (¢) and y»(q) and
the derivative d¢/dy via the chain rule.

For the bh_pw model, gravity depends on the radial dis-
tance from the central mass. Let ri(g) be the Cartesian po-
sition of bob k and s; = ||ry||. The potential energy is U(g) =
Yimp @(sy). The generalized gravity terms were computed
by:

U N d£ rk-ark/86,~
89,' - ;mk dr (Sk) ) Sk ’

ie{l,2}.

The derivatives dry/d6; were computed analytically from
the link geometry, enabling a direct evaluation of dU /dq at
each time step.

Numerical integration and stability controls

The time integration employed a high order explicit Runge-
Kutta method (DOP853) together with the event detection
provided by the SciPy solve_ivp routine. The absolute and
relative tolerances were atol = le-12 and rtol = le-10. The
nominal maximum time step was max_step = 0.015 s. Per-
cent drift was tracked for each run as energy conserved was

monitored by comparing the total mechanical energy of the
system E(t) = T(¢) + U(t) at the start and end of the trajec-
tory. DOPS853 is not a symplectic integrator, but for our tol-
erances and 60 s horizon, the measured energy drift remained
below 1078% for all runs (see Results § “Sampling quality”
for info on the drift values). It was decided to test a sym-
plectic integrator with fixed step size & = 0.005 s that uses
an implicit-midpoint method, on the same IC as the canonical
chaotic one, and a similar run with max |drift| ~ 4.4 x 1072%
was performed, which is about five million times larger than
the result from the DOP853 integrator. To check the sensitiv-
ity of the FTLE values, max_step was reduced by a factor of
2, or atol = le-13, rtol = le-11, with the canonical chaotic IC,
showing a change in 1* of less than 0.001%.

Base simulations used 7 € [0.0, 120.0] s. To min-
imise missed crossings, the window of integration ¢ was
scaled up to [0.0, 300.0] s and section_.max_step was set
to 0.04 s for Poincaré sampling. A smaller integration
step (max_step =0.012 s) and a shorter integration horizon
(t_span = [0, 90] s) were used for bh_pw, while a smaller sec-
tion step (section_max_step =0.03 s) and a shorter section
horizon (section_t_span = [0, 220] s) were used.

In the case of bh_pw, an extra terminal safety event ter-
minated the integration, if either mass reached r < r;+0.5-
min(L;,Ly) due to the resulting numerical instability from the
divergence of @(r) at r.

Chaos diagnostics

Poincaré sections were constructed by recording the state
when the first link crossed the section 6; = 0 mod 27. Cross-
ings were detected via the root of sin(6;) with positive event
direction, then filtered to retain the branch with cos(6;) > 0
and 6; > 0. Each accepted crossing contributed a point
(62, 6,).

To ensure adequate sampling density, ensemble Poincaré
projections were generated using an initial-condition cloud
around each nominal regime. The default cloud size was
11 x 11 (up to 21 x 21) with small perturbation spans in 6,
and 6, (d6, span 0.14, d6, span 0.12). Cloud growth and time-
window growth were applied over up to 3 passes until at least
5000 section points were collected. Because the cloud spans a
small range of energies rather than a single isoenergetic mani-
fold, these are ensemble projections of section crossings rather
than strict single-energy Poincaré maps.

Finite-time Lyapunov exponents (FTLE) were estimated
using a Benettin-style two-trajectory method. A perturbed
trajectory was initialized with a small state-space separation
€ = 1078, During integration over a horizon T = 60.0 s
(T = 45 s for bh_pw), the separation was periodically renor-
malized every At = 0.2 s and the growth factors were accumu-
lated to estimate A (1/s). To allow comparisons across models,
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a dimensionless FTLE was also reported as A* = 1 /+/ger/L1,
with gt set to 9.81 ms~? for all reported runs (either directly
for uniform_g/linear_y or by calibration for bh_pw). T =60 s
is long enough for A (T') to level off (Results § “FTLE conver-
gence”). At =0.2 s and € = 1078 are small enough to keep
the perturbed and reference trajectories growing apart linearly
between renormalizations.

Initial conditions and parameter sweeps

Three representative initial-condition regimes were
used throughout: regular [0.9, 0.2, 0.0, 0.3], mixed
[1.1, —0.3, 0.0, 0.8], and chaotic [1.3, —0.6, 0.0, 1.2]
(formatted as [8;, 6>, 6;, 6]). These three states were
selected by inspection of a preliminary &,(0) scan under
uniform_g and verified by their FTLE values (Table 2): the
regular IC sits in a region of closed Poincaré curves with low
A, the chaotic IC sits in the scattered, area-filling region with
the highest A, and the mixed IC straddles them.

A scan over the initial angular velocity 6,(0) was used to
produce a Poincaré-response (bifurcation-style) diagram for
each model. ,(0) was swept from 0.0 to 1.8 rad/s in 80 steps.
For each scan value, 100 section points were recorded after
discarding the first 60% of crossings as transient. The 60%
threshold was checked by recomputing the bifurcation dia-
grams at thresholds of 0.3, 0.4, 0.5, 0.7, and 0.8: the standard
deviation of 6, across the scan varied by < 1% (uniform_g)
and < 3% (linear.y), confirming the bifurcation structure is
insensitive to choice.

Reproducibility details

Mechanical parameters: m; =my = 1.0kg; Ly =L, = 1.0 m;
g0 =9.81 ms~2. 6; measured from downward vertical and 6,
measured from the first link; y is positive upward. Pivot at the
origin for uniform_g and linear_y; at (0, Rpiyo) for bh_pw.
Bob positions: for uniform_g/linear_y, y; = —L;cos6; and
y2 =y1 —Lacos(6; + 62); for bh_pw, r| = (L sin 6y, Rpjvor —
Ljcos 91) andr, =r; + (L2 sin(91 + 92), —LzCOS(el + 92)).
The equations of motion are M(q)G+ C(q,q) +VU(g) =0
with

My = (m +m2)L% + mng +2myL1Ly cos 6,
My =My = mzL% +mpLiL; cos 6,

2
My =my L5,

and C(q, q) = (—mleLz sin 92(261 62 +
63), maLiLysin6,67). The gravity model (Methods §
“Gravity field models”) determines the value of U(gq).

Poincaré crossings are observed at sin6; = 0 and cos 6; > 0,
and 6; > 0. The 12-IC Gaussian cloud (Results § “FTLE

convergence”) is generated with the numpy default_rng,
with seed =42. All scripts, parameter files and raw output
tables can be found in the gravity-double-pendulum GitHub
repository (https://github.com/virajsaraogi6
13-code/gravity—-double—-pendulum).

Additional one-factor parameter sweeps were performed for
the chaotic regime only: L,/L; € [0.6, 0.8, 1.0, 1.2, 1.4, 1.6],
my/my € [0.5, 0.75, 1.0, 1.25, 1.5, 2.0], and for linear_y,
dg/dy € [-2.0, —1.0, —0.5, 0.0, 0.5, 1.0, 2.0] ms>m~'.
Both A and A* were calculated for each sweep point.

Results

Sampling quality and numerical stability

Across all models, ensemble Poincaré projections were
densely sampled and energy drift remained extremely small,
indicating stable integration. For uniform_g, drift ranged from
—5.95 x 1077% to 4.91 x 10~11% with 13,112-17,998 sec-
tion points (Table 1). For linear_y, drift ranged from —3.96 x
107°% to —1.93 x 10~ 2% with 11,737-16,468 section points
(Table 1). For bh_pw, drift ranged from —1.49 x 10~ '2% to
2.21 x 107129 with 4,651-12,978 section points depending
on body and regime (Table 1).

Uniform gravity baseline

Under uniform_g, the three regimes exhibited increasing sen-
sitivity to initial conditions and increasing phase-space filling
in the ensemble Poincaré projection (Figures 1 and 2). The
FTLE increased from A = 0.052 1/s (A* = 0.0168) in the reg-
ular case to A = 0.068 1/s (A* = 0.0217) in the mixed case,
and to A = 0.248 1/s (A* = 0.0793) in the chaotic case (Table
2).

Linear vertical gravity gradient

Introducing a linear_y gravity gradient altered the qualitative
structure of the ensemble Poincaré projections and reduced the
FTLE for the chaotic initial condition relative to the uniform
baseline (Figures 3 and 4). In linear_y, the regular and mixed
regimes had A = 0.030 1/s (A* = 0.0095) and A = 0.064 1/s
(A* = 0.0206), respectively. The chaotic regime decreased to
A =0.067 1/s (A* = 0.0213), compared to A* = 0.0793 under
uniform_g (Table 4).

Pseudo-Newtonian (Paczynski-Wiita) gravity

The bh_pw model was evaluated for Configurations I, II, and
III, each calibrated so that the local acceleration magnitude at
the pivot matched gt = 9.81 ms~2. The resulting ensemble
Poincaré projections and FTLEs differed strongly between the
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Table 1 Sampling quality. Energy drift bounds and Poincaré section-point counts across the three gravity models, aggregated across the regular,
mixed, and chaotic regimes.

Model Energy drift range (%) Section points (range across regimes)
uniform_g —5.95x 107 to 4.91 x 107! 13,112 to 17,998
linear_y —3.96x 1077 to —1.93 x 10712 11,737 to 16,468

bh_pw (Configs I, I, IIT) ~1.49%x 1072 t0 2.21 x 10712

4,651 to 12,978
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Figure. 1 Phase-space trajectories for the uniform gravity model across the three initial-condition regimes. Increasing trajectory complexity

from regular to chaotic is evident in the shape and spread of the curves.

Configuration I (¢ = 11.27) case and the Configurations II and
III cases (Figures 4, ??a, ??a, 2?a).
For Configuration I (¢ = 11.27), FTLEs were A = 0.0085,

0.0027, 0.0030 1/s for regular, mixed, and chaotic regimes,
respectively (1* = 0.0027, 0.0009, 0.0010).

For Configuration II (¢ ~ 3.39 x 107>), FTLEs were A =
0.0975, 0.0776, 0.2426 1/s for regular, mixed, and chaotic
regimes, respectively (A* = 0.0311, 0.0248, 0.0775).

For Configuration III (€ ~ 7.88 x 10~!%), FTLEs were A =
0.0974, 0.0765, 0.2513 1/s for regular, mixed, and chaotic
regimes, respectively (1* = 0.0311, 0.0244, 0.0802). A
4 x 4 scan over € € {1073, 1072, 107!, 3x 107!} and k €
{3, 10, 30, 100} for the chaotic IC (Table 5) gave A* in
[0.064, 0.391] across 15 valid cells; the (€ =3 x 10!, k = 3)
cell hits the toy-potential safety boundary. A mass-invariance
check at fixed (€ = 0.01, k = 10) varied grarger by four orders of
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Figure. 2 Ensemble Poincaré projections for the uniform gravity model. Closed curves indicate quasi-periodic motion (regular regime);

scattered points indicate chaos (chaotic regime).
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Figure. 3 Phase-space trajectories for the linear gravity gradient model. Compared to Figure 1, the chaotic trajectory shows reduced spread,
consistent with lower phase-space stretching under the gradient field.
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Chaotic Poincare Comparison Across Gravity Models

uniform g linear y
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Figure. 4 Side-by-side ensemble Poincaré projections for the chaotic initial condition across all gravity models. The linear gradient and
Configuration I (¢ ~ 11.27) pseudo-Newtonian cases show markedly more structured, less area-filling sections.

Table 2 A and dimensionless A* per regime under uniform gravity
(uniform_g).

Regime A (1/s) A*

regular 0.052 0.0168
mixed 0.068 0.0217
chaotic 0.248 0.0793

Table 3 A and A* per regime under the linear vertical gradient (lin-
ear.y).

Regime A (1/s) A*

regular 0.030 0.0095
mixed 0.064 0.0206
chaotic 0.067 0.0213

Table 4 Cross-model comparison of dimensionless A* across the
three initial-condition regimes.

Model / Regular 1* Mixed A* Chaotic A*
Configuration

uniform_g 0.0168 0.0217 0.0793
linear_y 0.0095 0.0206 0.0213
bh_pw Config I 0.0027 0.0009 0.0010
bh_pw Config II 0.0311 0.0248 0.0775
bh_pw Config III 0.0311 0.0244 0.0802

magnitude with integration horizon and IC velocities scaled to
preserve the dimensionless state; A* varied by 7.6% (rel. std.,
Table 6). Both confirm the dimensionless framing.

Parameter sweep results (chaotic regime)

One-factor sweeps quantified how geometry, mass distri-
bution, and gravity gradient modulate chaos strength. In
uniform_g, the strongest chaos over the tested grid occurred
at Lg/Ll =0.6 (A* =0.202) and mg/ml =0.5(A*=0.212),
with decreasing A* as these ratios increased (Figures 8 and
9). In linear_y, the peak shifted to L, /L; = 0.8 (A* = 0.108)

Table 5 Dimensionless A* across the 4x4 (g, k) scan under the
pseudo-Newtonian potential, chaotic IC. The (¢ = 0.3, k = 3) cell
is geometrically inaccessible (toy-potential safety boundary).

e\k k=3 k=10 k=30 k=100
1073 0.0653 0.0999 0.1185 0.0821
1072 0.0641 0.0893 0.1100 0.0936
107! 0.1174 0.0947 0.0978 0.1148
3x 107! — 0.3661 0.3910 0.3143

Table 6 Mass-invariance check at fixed (¢ = 0.01, kK = 10). Integra-
tion horizon and IC velocities scaled so that the dimensionless state
is preserved across grarget-

Starget (m/S2) A (1/s) A*
0.1 0.0253 0.0800
1.0 0.0828 0.0828
9.81 0.2798 0.0893
98.1 0.9638 0.0973

Table 7 A and A* per regime for the three pseudo-Newtonian config-
urations.

Configuration (&) Regime A (1/s) A*

I1(e~11.27) regular 0.0085 0.0027
I mixed 0.0027 0.0009
1 chaotic 0.0030 0.0010
I (e = 3.39 x 1079) regular 0.0975 0.0311
11 mixed 0.0776 0.0248
11 chaotic 0.2426 0.0775
III (¢ ~ 7.88 x 10712) regular 0.0974 0.0311
111 mixed 0.0765 0.0244
11 chaotic 0.2513 0.0802

and my /m; = 0.5 (A* = 0.118), while a pronounced minimum
occurred at Ly /L; = 1.2 (A* = 0.00854).

The gravity-gradient sweep in linear.y was non-
monotonic and sign-dependent (Figure 10). Over
dg/dy € [-2, 2] ms>m~!, the largest A* occurred at
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Figure. 5 a Poincaré sections for the Configuration I (€ ~ 11.27) pseudo-Newtonian model. All three regimes exhibit thin, curve-like structures,
consistent with quasi-periodic motion and very low FTLE values (4* ~ 1073).
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Figure. 5 b Phase-space trajectory dashboard for the Configuration I (& ~ 11.27) pseudo-Newtonian model. All three regimes show smooth,
low-amplitude oscillations consistent with quasi-periodic motion.
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Figure. 6 a Poincaré sections for the Configuration II (¢ ~ 3.39 x 10~>) pseudo-Newtonian model. Phase-space structure closely resembles
the uniform gravity baseline, reflecting the near-uniform field experienced at Ryjyoq > L.
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Figure. 6 b Phase-space trajectory dashboard for the Configuration II (¢ ~ 3.39 x 10~%) pseudo-Newtonian model. The chaotic regime (red)
shows the irregular, high-amplitude swings characteristic of strong chaos.
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Figure. 7 a Ensemble Poincaré projections for the Configuration III pseudo-Newtonian model. Results are nearly identical to the Configuration
II (€ &~ 3.39 x 107) case, confirming that dynamics are governed by the L/Ryivor ratio rather than absolute mass when grer is matched.
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Figure. 7 b Phase-space trajectory dashboard for the Configuration III pseudo-Newtonian model. Results are nearly identical to the Configu-
ration II (& ~ 3.39 x 1072) case, confirming that dynamics scale with L/Rpivot.

10 | NHSJS 2026 © The National High School Journal of Science 2026



dg/dy = —1.0 (A* = 0.124), while the smallest tested value
occurred at dg/dy = +0.5 (1* = 0.0522).

For bh_pw, Configurations II and III (¢ < 1) followed
trends similar to uniform_g, with peak A* again at L, /L; = 0.6
and my/m; = 0.5. In contrast, Configuration I (¢ ~ 11.27)
yielded A* near 1073 across the sweep range, consistent with
substantially more regular motion under that parameterization.

A 10 x 10 coupled sweep over (my/my, Lp/L;) under
uniform_g, chaotic IC (Figure 11) gave A* in [0.018, 0.268],
peaking at (0.50, 0.40) and minimising at (0.70, 1.40). The
1D slices at my/m; = 1 and Lp/L; = 1 recover the earlier
single-parameter trends; the off-diagonal structure indicates
the two ratios do not act fully independently at small m; /m;.

Sweep: L2_over_L1

0.200 —8— uniform_g
©— linear_y
0.175 —— bh_pw (Earth)

—e— bh_pw (Sun)
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o o o
[ S
5 B &
s & 2

o o
o o
[
S o

Dimensionless FTLE, A* [-]

0.025

0.000

L2/L1[-]

Figure. 8 FTLE (1) as a function of link-length ratio L, /L; for all
gravity models in the chaotic regime. Peak chaos occurs at Ly /L =
0.6 under uniform gravity and the Configurations II and III pseudo-
Newtonian model; a pronounced minimum appears near L, /L; = 1.2
for the linear gradient model.

Sweep: m2_over_ml
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Figure. 9 FTLE (1*) as a function of mass ratio m, /m; for all grav-
ity models in the chaotic regime. Chaos strength decreases as my /m
increases across all models, with peak values at mp /m; = 0.5.
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Figure. 10 FTLE (A*) as a function of gravity gradient strength
dg/dy for the linear gradient model. The response is non-monotonic:
the largest A* occurs at dg/dy = —1.0 ms~2m™~!, while a minimum
appears near dg/dy = 40.5 ms—2m~ L

Coupled sweep: A over (my/my, Ly/L1), uniform gravity, chaotic IC

0030

ma/my

1.00

0.75

0.50

Figure. 11 A* over the coupled (my/m;, Ly/Ly) grid under
uniform_g, chaotic IC. Numeric values shown in each cell. Peak
A*=0.268 at (my/m; =0.50, Ly/L; = 0.40).

FTLE convergence and uncertainty

We ran two convergence diagnostics on uniform_g and
linear_y. The A(T) curves up to T = 75 s saturated well be-
fore Thax for all three regimes in both models (Figure 12). A
Gaussian cloud of 12 nearby ICs (o = 0.02, seed = 42) at
T =60 s gave mean A = 0.244 for uniform_g chaotic (95%
CI [0.219, 0.269]) and 0.146 for linear_y chaotic (95% CI
[0.113, 0.179]); the much wider linear_y cloud (=3 x range
in A) indicates the canonical linear_y chaotic IC sits near a
basin boundary (Figure 13).
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Discussion

Different interpretations of chaos in gravity models

The gravity model was applied to the same mechanical param-
eters and initial conditions, and altered both the local restor-
ing forces and the potential-energy landscape geometry, which
resulted in a change of the phase-structures observed in en-
semble Poincaré maps. The linear_y model proved to be the
case with the most evident regime shift: the initial condition
chaotic under uniform_g had significantly smaller A and A*,
and its ensemble Poincaré plot was more banded with a lower
density of points filling the space. This means that for some
trajectories, phase space stretching is reduced by the addition
of a vertical gravity gradient and for other regimes the change
in phase space stretching is not that large. If the gradient is
positive, then the restoring torque is enhanced for large ampli-
tude swings, and chaotic swings are damped, because gravity
is greater when the bob swings above the pivot. The oppo-
site is done by a negative gradient. This is consistent with
the bifurcation sweep, where the value of the chaos parame-
ter dg/dy is maximum at negative dg/dy and minimum near
dg/dy =~ +0.5ms >m~!, and is closely related to the general
set of asymmetrical conditions being a control parameter for
the appearance of chaos in coupled oscillators?S.

These effects are not monotonic and the parameter sweeps
confirm this. The influence of chaos strength on the linear_y
was very strong in terms of the link-length ratio, as well as
sign and magnitude of dg/dy. It is seen that the gradient has an
interaction with the effective frequencies and coupling terms
in the pendulum, leading to islands of stability and narrow
windows of increased chaos, rather than a universal trend of
‘more gradient — more chaos’.

Why the present setup requires the use of the variable ¢
for bh_pw?

For all configurations (k = Rpivot /rs = 10 constant) the same
link lengths (L; = L, = 1 m) were used and the pivot was
located at Rpvor = 107,. The three configurations thus dif-
fer only in the dimensionless ratio € = L /Rpivot ~ 11.27,
3.39 x 1072 and 7.88 x 10~!2 for Configurations I, II, and III,
respectively. In Configuration I, with € > 1, the lengths of the
links (1 m each) are larger than the distance Rpiyor ~ 0.0887 m
and the bob trajectories pass through a very nonuniform and
direction-changing central field. The results of the trajectories
tested were consistent with quasi-periodic motion, with small
A* (~1073) and with thin curves in Poincaré sections.

In Configurations II and III, ry is on the kilometre to astro-
nomical scale, in which case Rpiyor is quite large compared to
1 m links. In this limit, the field felt by the pendulum is almost
constant during its motion and the ensemble Poincaré projec-
tions and A* values are very close to the uniform_g base line.

Hence the difference in the body-to-body characteristics of the
experiments conducted here is mainly due to the scaling ratio
L/Rpivoc and not to any intrinsic mass dependence at a fixed
value of grr at the pivot.

Implications

Based on the obtained results, it is possible to draw a practi-
cal conclusion: the nonuniformity of gravity can be used as
a control parameter in chaotic studies of coupled mechanical
systems. Even a very modest linear gradient can alter which
geometries maximize chaos and can decrease A*, and can even
cause the phase space structure of trajectories that are chaotic
in uniform gravity to look squashed. This bridges a textbook
chaotic system (double pendulum) with gravity-gradient envi-
ronments important to central-field dynamics, but retains the
ease of analysis by standard phase-space tools.

Limitations

There are a few physical modelling caveats. The model of
the bh_pw is a pseudo-Newtonian model that does not de-
scribe full general relativity; it describes a radial divergence
that is very strong, but it ignores any effects related to curva-
ture of spacetime on constraints and time dilation. The model
linear_y is a theoretical vertical gradient and is not meant to
be a quantitatively accurate model of Earth or solar gravity
over meters; rather it is used to test for qualitative sensitivity
to gravity inhomogeneity. Idealization of the mechanical sys-
tem is assumed (massless rods, no damping, no driving) in real
double pendula, friction and flexing can change the long time
behavior and introduce attractors.

There are caveats to the chaos diagnostics, too. FTLE val-
ues are finite time estimates and are window and renormal-
ization schedule dependent, but they represent values of pre-
dictability over the selected time window and not an asymp-
totic value of the Lyapunov spectrum. Bifurcation-style plots
are Poincaré-response diagrams versus initial-condition scans;
for conservative systems, these should not be used as attractor
bifurcation in a strict sense as used for dissipative systems.
The reduction of FTLE is a necessary but not sufficient con-
dition for the full sense of chaos suppression; additional anal-
yses like changes in phase-space volume, invariant-measure
properties, or full Lyapunov-spectrum verification are needed
to prove suppression as indicated in the Future work section.

Future work

There are several extensions to the above, naturally. First, a
central field Newtonian model with realistic radii for Earth
and Sun (¢ = —GM/r) could be used, in addition to “exag-
gerated” cases with fixed € = L/R, which could emphasize the
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effects of scaling. Second, the current dimensionless pseudo-
Newtonian study can be expanded by increasing the density of
the scans of k = Rpiyor /rs and link-length ratios to better char-
acterize the transition from chaotic to quasi-periodic behavior.
Third, other chaos diagnostics, such as recurrence plots, the
0-1 test, or a set of multiple Lyapunov exponents, could pro-
vide cross-validation of the trends in FTLEs reported herein.
Fourth, quantitative KAM diagnostics (e.g., resonance over-
lap, detection of invariant tori) would aid in the connection of
the gravity-model effects with KAM theory.

Conclusion

Of the three gravity models, the linear gradient decreased
the chaotic-regime A* from 0.079 to 0.021, in the bifurca-

tion sweep, the chaotic behavior was most prominent at neg-

ative dg/dy, and was at its lowest around +0.5 ms™2>m~!.

The pseudo-Newtonian dynamics are set by € = L /Rpivot
and k = Rpiyot /rs rather than by mass, as is confirmed by the
(&,k) scan and a mass-invariance check. The single-parameter
trends were recovered by a coupled sweep (my/m; x Ly /L)
under uniform gravity with mild interaction at small m;/m;.
This means that gravity-field geometry can be considered as a
chaos control parameter for coupled mechanical systems.
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