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The numerical data obtained for the Bell witness indicates that the estimation cost is more influenced by witness support than
the size of the entire system. Witnesses of entanglement prove that entanglement is present without carrying out a complete
tomography, in a straightforward scientific manner. The calculations carried out here can be considered as case studies. The
application of these methods for larger systems implies the knowledge about the constraints which define the costs of witness
estimation. Four experiments are carried out in order to study this question. The first one aims at investigating how the estimation
error is dependent on the number of measurements carried out. For both local Pauli and global Clifford measurements, the error
decreases as the number of measurements grows, at close to an inverse-square-root rate. The second experiment consists of the
noise of depolarizing type. This model’s shadow estimation follows the witness value from Tr (Wρ(p)) =− 1

2 +
3
4 p, and ensures

the proper consistency with the expected threshold from p = 2
3 . The third application brings the two-qubit witness to bigger

systems. In the process of growing the system to n=6, the precise witness value holds steadily. For our example, the empirical
variance and the calculated number of shots remain mostly unchanged. Our fourth experiment is based on the modification of
the Bell witness using both the local and the more remote Pauli perturbations. In particular, we used the zero mean perturbations
whereby the observables overlap significantly.

Introduction

Quantum information theory studies how information is pro-
cessed in quantum systems1 The basic unit of a quantum sys-
tem is a qubit, and it can be written in the form

|ψ⟩= α |0⟩+β |1⟩ , |α|2 + |β |2 = 1.

An n-qubit system exists in the Hilbert space (C2)⊗n, which
demonstrates that the dimensions of the state space increase
exponentially with the number of qubits present. The mea-
surement in quantum physics is probabilistic in nature. Let’s
say that the system has a density operator ρ and measure an
observable represented by a projector Πm. The probability of
obtaining outcome m is given by this expression

p(m) = Tr (Πmρ) .

What one measurement can tell us is very limited about the
quantum state. For this reason, it is necessary to perform many
measurements, which is another reason why full quantum state
tomography is such a computationally expensive process.1

One of the most important features of quantum systems is
entanglement. A bipartite state is separable if it has the form

ρAB = ∑
k

pk ρ
(k)
A ⊗ρ

(k)
B , pk ≥ 0, ∑

k
pk = 1.

1 Chadwick School, California, USA

States that cannot be written this way are entangled. En-
tanglement is an important resource across quantum infor-
mation, from quantum algorithms to quantum communication
and quantum sensing.2–4

One way to detect entanglement is with an entanglement
witness.5–7 A witness is an observable W such that

Tr(Wσ)≥ 0 for every separable state σ ,

but

Tr (Wρtarget)< 0

for the target entangled state. So if the witness expectation
value is negative, the state must be entangled. However, wit-
nesses can still be hard to measure if they act on many qubits.

Classical shadows estimate observables directly from ran-
domized measurements without reconstructing the full den-
sity matrix.8 Related randomized measurement and shadow
tomography frameworks are developed in Refs.9,10 They are
a good tool for witness estimation. The main question in this
paper is: when a witness is estimated using classical shadows,
what controls the cost? This study uses cost as a synonym
for the needed amount of measurement shots to accomplish a
trustworthy estimate.

The classical shadow approach and randomized measure-
ments have since evolved in several ways relevant to this study.
One of the lines looks into how the ensemble of measurements
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influences the estimation cost in terms of noisy shadow com-
plexity,11 Pauli-invariant ensembles,12 locally entangled mea-
surements that change the scaling with Pauli weight,13 and
common randomized measurements for improved property es-
timation.14 A second line targets robustness and error miti-
gation, through shadow distillation,15 error-mitigated shadow
estimation,16 and experimental shallow shadows on a super-
conducting processor.17 Randomized measurements have also
been applied directly to entanglement and quantum correla-
tions.18,19 In summary, noticeable structures together with the
choice of measuring techniques are factors behind the effect of
estimation of observable properties linked with entanglement.

The approach used can be applied to the Bell tests studied in
this work, since the estimation behavior tends to depend more
on the witness support rather than on the number of qubits;
this result has been predicted by the shadow norm theory that
claims that the statistical cost relies on the observed measure-
ment. In this work, the focus is made on Bell measurements
that may include larger systems and Pauli perturbations. The
uniqueness of this context is due to the possibility of determin-
ing the witness value analytically and comparing it to shadow
estimate values. Thus, all the performed experiments allow
claiming that the estimation of fixed-support witnesses is ac-
quired while higher locality and true multi-partite witnesses as
well as bigger families of witnesses can be studied later. There
are four conducted experiments including: (1) Error of esti-
mating witnesses against the number of shots, (2) Sturdiness
of the witness threshold against depolarization, (3) Indepen-
dence from the size of the qubit systems provided the witness
support is not changed, and (4) how extending the operator
support by one qubit changes the estimation problem.

Classical Shadow Tomography

Classical shadow tomography is a randomized measurement
method for estimating observables of a quantum state.8 The
idea is that rather than reconstruct the density matrix com-
pletely, one applies a random unitary, performs measurements
in the computational basis and uses the measurements in an
unbiased estimator. In principle, this is beneficial for larger
quantum systems; in fact, full tomography rapidly becomes
infeasible there and one would rather estimate only a few ob-
servables. The numerical tests carried out here are still small
enough to be done classically, but they test the main statistical
principles behind the observable focused technique.

Suppose ρ is an n-qubit state. In one round of the protocol,
we choose a random unitary U , then measure in the computa-
tional basis, and then obtain a bitstring b. The pair (U,b) is
one shadow snapshot. The single-shot matrix estimator is

ˆ︁ρ = M−1 (︁U† |b⟩⟨b|U
)︁
,

where M is the measurement channel, which is the aver-
age map that sends the unknown state ρ to the average post-
measurement operator before inversion:

M (ρ) = EU,b
[︁
U† |b⟩⟨b|U

]︁
.

The inverse M−1 is what turns one random measurement
result into an unbiased estimator.

In the case of the measurements made in the article, the
inverse method has a simple form. For local Pauli measure-
ments, the single qubit snapshot is

ˆ︁ρi = 3U†
i |bi⟩⟨bi|Ui − I,

Where Ui is the single-qubit basis rotation that changes the
appropriate Pauli measurement basis into a computational ba-
sis; this is known as bi ∈ {0,1} in terms of the measurement
performed on qubit i. The complete Pauli snapshot for all n
measured qubits looks like the tensor product.

ˆ︁ρ =
n⨂︂

i=1

(︂
3U†

i |bi⟩⟨bi|Ui − I
)︂
.

For a Pauli string P of weight k, the one-shot estimator will
be equal to zero unless the measurement basis randomly se-
lected corresponds to the non-identity Pauli operators in P. If
it does match, then the estimator will be multiplied by 3k.
This represents the local Pauli expression that k-local mea-
surements become costly with 3k.

For a global Clifford measurement corresponding to a d =
2n dimensional system, the inverse map is given by

ˆ︁ρ = (d +1)U† |b⟩⟨b|U − I.

where U is the sampled global Clifford unitary operator and
b is the outcome in the computational basis. This equation is
dependent on the global Clifford making up a unitary design
so that the classical shadow inversion has the desired low order
moment characteristic.8,20,21

The key property is

EU,b[ˆ︁ρ] = ρ,

with the expectation taken over both the random choice of
U and the outcome b. One snapshot is noisy, so we take many
snapshots and the average over many points to the correct
state.

Two measurement ensembles are used in this paper:

• Local Pauli measurements, where each qubit is measured
in a random X , Y , or Z basis.

• Global Clifford measurements, where a random Clifford
unitary is applied before measurement. Clifford circuits
are very important in stabilizer quantum computation,22
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and multiqubit Clifford groups have unitary-design prop-
erties useful for randomized measurement protocols.20,21

To estimate an observable O, we use the shadow observable
estimator

ˆ︁o = Tr (Oˆ︁ρ) .
This estimator is unbiased:

EU,b [ˆ︁o] = Tr(Oρ).

How many shadows are needed depends on the variance of
this estimator. We define the shadow norm by

∥O∥2
sh = sup

ρ

EU,b

[︂
(Tr (Oˆ︁ρ))2

]︂
.

A standard bound is then

N = O
(︃
∥ O ∥2

sh
ε2 log

1
δ

)︃
,

N is the number of measurement shots, ε is the target addi-
tive error, and δ is the failure probability.8 Standard shadow-
norm shows that for local Pauli measurements the cost of es-
timating a Pauli string grows with its weight. A k-local Pauli
string carries a factor on the order of 3k, up to the ε−2 and log-
arithmic factors. In this paper, we use this rule as theoretical
motivation. The observations we conducted on fixed-support
two-qubit observables proved to have only a handful of three-
local disturbances.

In order to have a reasonable preliminary analysis before
discussing entanglement witnesses, we provided a benchmark
based on GHZ states to alternatively check for the reconstruc-
tion convergence and fidelity focused on complicated nonlin-
ear characteristics.

Figure 1 is an example of state reconstruction for a 6-qubit
GHZ state obtained from 1500 global Clifford shadow snap-
shots. Across repeated trials of this benchmark, the shadow
estimate has fidelity ⟨GHZ|ˆ︁ρ|GHZ⟩ ≈ 0.97 with the ideal 6-
qubit GHZ state. This confirms that the randomized measure-
ment procedure reconstructed the structure of a known entan-
gled state. This benchmark is not used as evidence for the later
witness-scaling claim, which is tested using the Bell witness
experiments.

Figures 2 and 3 are also based on the same 6-qubit GHZ
state. Figure 2 shows trace-distance reconstruction error ver-
sus number of measurement shots on a log-log scale. Figure 3
shows fidelity estimates across many trajectories.

Figure 4 shows purity estimation on the same 6-qubit GHZ
state. Here purity means Tr

(︁
ρ2

)︁
. Unlike the witness expec-

tation value later in the paper, this is not linear in ρ , which is
one reason it is harder to estimate.

Figure. 1 Reconstruction of a 6-qubit GHZ state using classical
shadows. The four corners are the density-matrix entries indexed by
the all-zeros state |000000⟩ and the all-ones state |111111⟩, the only
two basis states appearing in the GHZ superposition. The ideal GHZ
density matrix has all of its weight in these four entries, where the
two diagonal corners gives the populations and the two off-diagonal
corners gives the coherences. The top row shows these ideal corners,
and the bottom row shows the reconstructed estimate from random-
ized measurements.

Figure. 2 Trace-distance reconstruction error versus number of mea-
surement shots on a log-log scale for a 6-qubit GHZ state. The two
curves compare local Pauli and global Clifford measurements. Both
show roughly 1√

N
behavior, where N is the number of shots.

These benchmark plots serves as preliminary checks that
the shadow estimators behave as expected in a known
entangled-state setting. The main claims of the paper are
tested in the witness experiments below. The observable being
estimated in these experiments is the Bell witness itself rather
than a general reconstruction metric.

Main Results

Witness estimation accuracy

In an actual witness problem, we are not interested in a generic
reconstruction metric, and we care about the witness itself.

So in the rest of the paper, we move from general shadow
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Figure. 3 Fidelity versus number of measurement shots for a 6-qubit
GHZ state across multiple trajectories. The spread gets smaller as
more shots are used.

Figure. 4 Purity estimation for a 6-qubit GHZ state versus number of
measurement shots. Here purity means Tr

(︁
ρ2)︁, which is nonlinear in

ρ . Compared with linear observables, the estimator has larger spread,
especially at smaller shot counts.

benchmarks to a witness-based example. We pick the Bell
state to be our entangled state because it is the simple and its
witness can be written exactly in Pauli form.

We take the Bell state

|Φ+⟩= |00⟩+ |11⟩√
2

.

A standard projector-form witness for this state is6

W = αI −|Φ+⟩⟨Φ+|, α =
1
2

Here α = 1
2 is chosen because it is the maximum possible

overlap between the Bell state |Φ+⟩ and any separable two-
qubit state. In other words,

max
σ∈SEP

Tr
(︁
σ
⃓⃓
Φ

+⟩⟨Φ+
⃓⃓)︁

=
1
2

Therefore, for every separable state σ ,

Tr(Wσ) =
1
2

− Tr
(︁
σ
⃓⃓
Φ

+⟩⟨Φ+
⃓⃓)︁

≥ 0,

while for the Bell state itself,

Tr
(︁
W

⃓⃓
Φ

+⟩⟨Φ+
⃓⃓)︁

=
1
2
−1 =−1

2

Thus, α = 1
2 gives the tight standard witness of this pro-

jector form: increasing α would still give a valid witness but
would make the violation weaker, while decreasing α would
make the operator negative on some separable states. Using
the Pauli decomposition of the Bell projector,

|Φ+⟩⟨Φ+|= 1
4
(II +XX −YY +ZZ),

the witness becomes

W =
1
4
(II −XX +YY −ZZ).

Its non-identity terms act on two qubits, so the witness lo-
cality is m = 2.

Our first witness experiment asks a statistical question.
With the implementation of classical shadows for estimating
Bell witnesses, how will the error vary with the increasing
number of shadows? To calculate the error of estimation, the
following formula is used:⃓⃓⃓

ˆ︂Tr(Wρ)−Tr(Wρ)
⃓⃓⃓
,

where ˆ︂Tr(Wρ) is the median-of-means value obtained from
the samples and Tr(Wρ) is the actual value. The plotted fig-
ure represents the average absolute error over 100 times run.
Furthermore, the error bars represent the standard deviation.

To achieve this, we fix the Bell state, calculate Tr(Wρ), and
then compare the result with the correct figure. The proce-
dure uses both local Pauli measurements and global Clifford
measurements. We implement the median-of-means (MoM)
method using 4 different groups. The output of a single-shot
estimate is then divided into 4 sets, and a mean for each sub-
set is calculated. Finally, the values used to obtain MoM
will present the final estimate as the median of means. This
is the same way traditional classical shadows works because
median-of-means is used to obtain high-probability estimates,
whereas sample complexity theory for classical shadows as-
sumes that one needs to take multiple groups of shadow esti-
mates and perform a median on the results to account for ex-
treme outlier effects. The common mean is sensitive to outlier
snapshots, while median-of-means tends to be more reliable
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since one noisy group will have a weaker influence on the fi-
nal estimate. For the majority of calculations, we use 4 groups
of estimates. In the embedding experiment, we increase this
number to 8 since we still leave 25 sample estimates meaning
that we perform much more reliable estimation.

Mean absolute errors depicted in Figure 5 are plotted
against different shadow counts. In this scenario, the me-
dian of means method has been utilized. The decay ob-
served is compared to the expected behavior by plotting the
mean absolute error in log-log scale. The fitted exponent for
the local Pauli measurements is found to be -0.4760, with a
95% bootstrap confidence interval of [-0.5640, -0.3901]. In
case of global measurements, the exponent is found to be -
0.5496, with a 95% bootstrap confidence interval of [-0.6362,
-0.4641]. Both of the measured exponent values are quite
similar to the reference value of -1/2. Further, the measur-
ing exponents imply that by increasing the number of shad-
ows to double, the mean absolute error is reduced by a factor
of around 2−0.4760 ≈ 0.72 for local Pauli measurements and
2−0.5496 ≈ 0.68 for global measurements. This is quite close
to the ideal reduction of 1/

√
2 ≈ 0.71 expected from inverse-

square-root scaling.

Figure. 5 Bell witness estimation error versus number of
shadows. The vertical axis indicates the mean absolute error⃓⃓⃓
ˆ︂Tr(Wρ)−Tr(Wρ)

⃓⃓⃓
over 100 repetitions whereas error bars show

standard deviation over repetitions. We measure Tr(Wρ) of the Bell
state through using local Pauli types and global Clifford measure-
ments. The shadow counts utilized are 40,80,120,200,320. Each
measurement is taken using the median of means of the 4 groups
as one measurement. The log-log plot gives an estimate -0.4760 of
the exponent for local Pauli and -0.5496 for global Clifford measure-
ments. The dashed line shows the reference N−1/2.

Figure 5 depicts the comparison of the two measurement
ensembles for the same Bell-witness effort. The results show
that in this experiment although the local Pauli measurements
have performed at least as well as the global Clifford operators
in the case of the low-locality observable. This is quite reason-
able since the Bell witness consists of only a limited number

of two-qubit Pauli strings and thus matches perfectly well with
the local means of measurements. At the same time, global
Clifford measurements are more universal and can be used for
various global measurements but require more complex entan-
gling rotations and do not guarantee any improvements in the
performance of the fixed low-locality measurements.

Depolarizing noise case study

We examine the depolarizing-noise model in this initial noise
test. The simplicity of this model yields a witness value that
is easy to calculate and an easily recognizable threshold. It
is important to realize, however, that this model is simply a
controlled example, not a complete representation of realistic
experimental noise. In this model, the state is noted as

ρ(p) = (1− p)ρBell + p
I
4
,

where p is the noise level. When p=0, we obtain the pure
Bell state. Increasing p creates a state that approaches the
maximally mixed one.

The exact dashed line in Figure 6 comes from two simple
calculations:

Tr (WρBell) =
1
2
−1 =−1

2
and

Tr
(︃

W
I
4

)︃
=

1
4

Tr(W ) =
1
4

Therefore

Tr (Wρ(p)) = (1− p)Tr (WρBell)+ pTr
(︃

W
I
4

)︃
= (1− p)

(︃
−1

2

)︃
+ p

(︃
1
4

)︃
=−1

2
+

3
4

p

The witness stops detecting entanglement when this quan-
tity reaches zero, which gives p = 2

3 .
In Figure 6(a), the comparison of the exact line with shadow

estimates is made by using local Pauli measurements only.
Each data point is created from 200 shadows and median-of-
means with 4 groups. One hundred independent runs are em-
ployed to generate the plotted estimate of the average across
all runs and the error bands that depict the standard deviation
across runs.

In order to connect finite-shot data and the entanglement
certification process, Fig. 6(b) depicts the empirical likelihood
that the estimator gives a negative value of the witness. For
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Figure. 6 Depolarizing-noise case study for the Bell witness. (a)
(Left) Bell witness value for the depolarized state ρ(p) = (1 −
p)ρBell+ pI/4, using local Pauli measurements only. Each point uses
200 shots and median-of-means with 4 groups, repeated over 100 in-
dependent runs; blue points show the mean estimate, and error bars
show the standard deviation across runs. The black dashed line is the
exact formula Tr(Wρ(p)) = −1/2+(3/4)p, and the red dotted line
marks the threshold p = 2/3. (b) (Right) Empirical probability of
certifying entanglement, i.e., the probability that the estimated wit-
ness value is negative, from the same 100 runs. The red dotted line
marks p = 2/3, and the gray line marks the 50% certification level.

instance, the estimator is shown to be able to certify entan-
glement in approximately 60% of cases at about threshold
p = 0.633 (95% confidence interval 0.504–0.696). On the
other hand, at p = 0.739 the probability of the certification
drops to 33% and reaches only 4% at p = 0.844. Thus, based
on the data of 200 shadows, the estimator does not recognize
the threshold point as such. Instead, there is a finite-shot tran-
sition region around p = 2/3 characterized by its thickness
reflecting the variance of the estimator at this number of shots.

The research shows that the shadow estimator can get
the right value of the witness in the symmetric depolarizing
model, revealing its expected properties. However, this does
not mean that the shadow estimator can be considered gener-
ally robust against realistic noise. Other noise channels, such
as local dephasing, amplitude damping, failure in state prepa-
ration, or measurement process, will influence the value of the
witness and certification threshold in dissimilar ways.

System-size independence of local witnesses

Local Pauli shadows makes the cost of the Bell witness depend
only on locality rather than the number of qubits. To investi-
gate this, we show the Bell witness in the n-qubit scenario in
Figure 7:

Wembed =W ⊗ In−2.

We define a specific Bell state for the first two qubits, with
the other qubits at 0. Also, we create an observable with the
same locality

Wembed + εQ,

where

Q = XZ ⊗ In−2, ε = 0.08.

This ε = 0.08 was hand-picked to make the perturbation
more visible while still staying in a small-perturbation regime.
Since Q acts only on the same two qubits, the locality stays at
m = 2.

Now we explain the exact dashed lines in Figure 7. Since
the state factorizes as

ρ = ρBell ⊗|0⟩⟨0|⊗(n−2) ,

we have

Tr (ρWembed) = Tr (ρBellW )Tr
(︂
|0⟩⟨0|⊗(n−2) In−2

)︂
= Tr (ρBellW )

=−1
2

So the exact value of Tr (ρWembed) does not depend on n.
For the perturbed observable,

Tr (ρ (Wembed + εQ)) = Tr (ρWembed)+ ε Tr(ρQ).

Here Tr(ρQ) = ⟨Φ+|XZ|Φ+⟩ = 0, so
Tr (ρ (Wembed + εQ)) = − 1

2 . The two exact dashed lines
overlap each other for this reason. Thus, we should not
consider this perturbation to be an evaluation of sensitivity to
a modified value of the true witness. Instead, it tests whether
adding a same-support Pauli term changes the estimator
fluctuations while leaving the exact mean fixed.

The estimated witness values are presented in Figure 7 as
the system size n changes from 3 to 6. The measurement is
based on a fixed value of 200 shadows for each value we ob-
tain. The process is referred to as median-of-means, which
represents that the 8 groups are used. The number of groups
is determined in accordance with the median-of-means ap-
proach with regard to the sample-complexity theorem of clas-
sical shadows.

We would like to point out that the perturbed operators we
will be using below should not be interpreted as valid entan-
glement witnesses. The original Bell witness W as such is a
valid witness but adding Pauli perturbations such as εQ or εR
destroys the condition of the operator being nonnegative on
all separable states. Therefore, the perturbation experiments
should be treated as observable-estimation experiments study-
ing locality and estimator variance.

The local Pauli estimation remains almost unchanged as
the n parameter varies, unlike the global Clifford estimation
that seems to have high variability under these conditions.
This shows that even though global Clifford measurements are
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Figure. 7 Embedded Bell witness in larger systems. Here, the Bell
state occupies the first two qubits and the witness acts as Wembed =
W ⊗ In−2. Furthermore, in this figure, we present the same-locality
perturbed observable Wembed + εQ with Q = XZ ⊗ In−2 and hand-
picked ε = 0.08. The size of the systems under consideration varies
from n=3 to n=6. The points are plotted using a fixed total number
of shadows equal to 200 and the method of median-of-means with 8
groups. Both local Pauli and global Clifford panels have been used.
The exact dashed lines are independent of n because the witness sup-
port stays fixed and because Tr(ρQ) = 0. The perturbation being
shown in this figure is meant to analyze fluctuations in the estimate
rather than the influence of a change in the corresponding exact value
of the witness.

more complex to perform, they are of no clear advantage in re-
lation to Bell-witness observable with fixed support.

The next step is to investigate whether the number of shots
needed to collect shadows changes. In order to evaluate this
aspect, we calculate the empirical variance of Tr (Oˆ︁ρ) for ev-
ery system size n. In this analysis we use local Pauli measure-
ments only, as calculating shadows based on them is the most
straightforward case. The analysis is performed by collecting
an empirical average from 1000 shadows obtained by perform-
ing the experiment 10 times for every n parameter. The num-
ber of shots required for the additive error of 0.05 is computed
from the empirical variance via formula Nneeded ≈Var/0.052.

The combination of Figure 7 with the other variance eval-
uations indicates that in the case of the Bell witness example
with a fixed support, changing the size of the whole system
does not lead to significant changes in the obtained mean value
or local Pauli variance. The same is valid in relation to the es-
timated number of shots needed for additive error 0.05 since
it also remains almost unchanged when changing n from 3 to
6. Because the perturbation Q has the zero mean related to the
target state, this experiment is primarily aimed at testing the
changes of the estimators depending on the local perturbation
rather than testing their sensitivity to the actual change in the
mean value of the witness.

Operator locality perturbation analysis

The last experiment provides a restricted evaluation of the ef-
fects of adding a support on the estimate in this Bell state case.

Figure 7 (a) and (b): The empirical variance and estimated
shot number for the embedded Bell witness when the system
size increases. (a) The empirical variance for single shots of
Wembed + εQ when using local Pauli measurement. (b) The
estimated shots to get additive precision of 0.05 based on the
empirical variance. For n = 3 to n = 6, both parameters re-
main approximately constant, as this indicates that using extra
qubits does not significantly affect the local Pauli measure-
ment cost in the case of this Bell witness with constant sup-
port.

By perturbation experiments, we are referring to the follow-
ing: instead of only estimating the initial witness, we perform
small modifications on the witness operator and verify how
the estimates change in this context. Here the important dis-
tinction is whether the perturbation keeps the same locality or
increases the support by one qubit.

We study two types of perturbations:

• a same-locality perturbation, which keeps the support on
the original two qubits:

Q = XZ ⊗ In−2,

• a higher-locality perturbation, which extends the support
to one extra qubit:

R = XZX ⊗ In−3.
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Therefore, the second perturbation increases locality from
m=2 to m+1=3 as we have previously commented. The idea
here should be interpreted only as a limited k=2 versus k=3
comparison within the Bell state study we have undertaken.
This does not represent a true numerical verification of the 3k

law of scaling for many locality values. While one expects the
shadow norm, and hence variance, to increase with the grow-
ing support due to local Pauli shadows, because we have a
single Bell state target and make perturbations with zero ex-
pectation on that target, it should rather be seen as a limited
case study of the estimator variance rather than a comprehen-
sive test of high-locality witnesses.

In order to relate this area of locality to the shadow-
norm framework, we now calculate a local-Pauli shadow-
norm proxy for the actual observables that we used in the per-
turbation experiments. Suppose that we have an observable
that can be expressed in a Pauli expansion O = ∑P cPP, we
have

∑
P

c2
P3w(P),

such that we denote w(P) as the Pauli weight. Although this
quantity is not a true state-dependent variance, it still captures
the standard local-Pauli cost connected to the operator sup-
port. Further, we compare this proxy with empirical single-
shot variance of Tr (Oˆ︁ρ) which is calculated through 5000
shadow samples.

Table 1 The relationship between the local-Pauli shadow-norm proxy
and the empirical single-shot variance for the observables employed
in the perturbation studies. In this case n = 4, ε = 0.08 and shadows
are set to 5000.
Observable Locality Theory proxy Local Pauli variance Global Clifford variance

W 2 1.75000 1.11116 3.36992
W + εQ 2 1.80760 1.17070 3.47879
W + εR 3 1.92280 1.26594 3.49130

Both the theory proxy and empirical variance show the
same trend of results. It shows that the original Bell witness W
has the lowest predicted and obtained costs. The same local-
ity perturbation observable W + εQ is of larger value and the
higher locality perturbation observable W + εR has the high-
est value. Thus it connects the shadow-norm talking to ac-
tual measurement results obtained in simulations, but it still
remains a limited comparison in the framework of Bell state
case.

Next, we explore the effects of various degrees of perturba-
tion, ε , through two means:

• equally spaced values,

• exponentially spaced values.

While doing the operations, 200 shadows were used for ev-
ery measurement point along with 4 groups for the median-of-
means. In case of the Figure 8, the size of the system repre-
sented is n = 4.

The exact lines overlap in this figure because both pertur-
bation terms have zero expectation value on the target state.
More specifically,

⟨︁
Φ

+|XZ|Φ+
⟩︁
= 0 and

⟨︁
Φ

+
⃓⃓
⟨0|XZX

⃓⃓
Φ

+
⟩︁
|0⟩= 0.

Thus, the value comes out to be Tr(ρW ) = − 1
2 for both

kinds of observable. The figure illustrates the spread of the
estimator, but not the shift in the mean value. This indicates
that the figure cannot be taken as an evidence to claim that
higher locality witnesses will behave similarly.

Figure. 8 Perturbation study for same-locality and higher-locality
observables in a 4-qubit system. The left image has an equally spaced
ε values, while the right section contains exponentially spaced ε val-
ues. Both sections make use of local Pauli measurements only, with
a fixed 200 shadows and median-of-means having 4 groups. The
same-locality perturbation is Q = XZ ⊗ In−2 and the higher-locality
perturbation is R=XZX ⊗In−3. The exact lines overlap because both
perturbation terms have zero expectation value on the target state.

According to our data, the two underlying curves overlap a
lot in the specific range of epsilon studied. This indicates that
at least for these perturbations and for the given budget, the
increase from 2 to 3 does not significantly change the plot of
estimator variance. However, this is a weak evidence for the
locality-scaling statement since both perturbations have zero
expectation with respect to the target state and we use only one
example of the Bell state. Future work should check pertur-
bations with nonzero expectations, different target states and
more complicated sets of high locality observables.

Finally, we return to the number of shadows, but instead
of plotting error, we plot the estimated observable value it-
self. We compare Tr(ρW ) and Tr (ρOpert) as functions of the
shadow count, where Opert denotes the perturbed observable.
We show both local Pauli and global Clifford panels. The per-
turbation strength is fixed at ε = 0.08.

As in Figures 7 and 8, the exact values overlap because the
perturbation term has zero expectation on the target state. So
both exact lines are at −1/2.
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Figure. 9 Estimated observable expectation values versus number
of shadows for the original embedded witness and the perturbed ob-
servable with ε = 0.08. The left image shows local Pauli measure-
ments, while the right column shows global Clifford measurements;
the number of shadows used in this case are 60,120,200,320,500, and
the median-of-means involves 4 groups.

In such situations, the local Pauli measurements are per-
forming reasonably well because there are comparatively
fewer Pauli strings formed by observables. Though the global
Clifford measures are better in many respects, they do not
seem to offer any clear advantages in this experiment. This al-
lows suggesting that the measurement ensemble is dependent
on the nature of the observable: local Pauli measures are suit-
able for low-locality Pauli measures, whereas global Clifford
measures are appropriate for problems with a higher degree of
global system organization.

Overall, the conducted experiments show that, in this partic-
ular case involving the Bell witness, fixed witness properties
have been found to be more important than system size in de-
ciding the estimation outcome. More broadly, the claims made
for the situation involving higher locality or true multipartite
witnesses would require some further experimental study.

Discussion

The results above support a more specific central idea: in the
Bell witness case study considered here, the practical diffi-
culty of estimation is closely connected to the structure and
support of the observable. The GHZ plots that are displayed
in the classical shadow part should be regarded as benchmarks
of the methods that have been used rather than as substantia-
tion for this locality argument. They show that the shadow
estimates behave reasonably well, however, nonlinear quanti-
ties like purity are more complex to estimate. The Bell witness
discussions provide the most important conclusions regarding
this witness.

The first witness experiment allows understanding the be-
havior of witnesses on the statistical level. It can be seen that
with increasing number of shadows, the absolute witness esti-
mation error declines not only for local Pauli measurements,
but also for global Clifford measurements. The log-log fit re-
turns exponents equal to -0.4760 for local Pauli measurements

and -0.5496 for global Clifford measurements, which are in
accordance with the theoretical prediction N−1/2 scaling. In
practical terms, doubling the number of shadows reduces the
fitted error by a factor of about 0.72 for local Pauli measure-
ments and 0.68 for global Clifford measurements, close to the
ideal inverse-square-root factor 1/

√
2 ≈ 0.71.

The depolarizing-noise experiment offers witness a physi-
cal significance, but its interpretation has to be done with cau-
tion. In principle, we should be able to realize the state in an
ideal experiment where it takes value ρ(p) = (1− p)ρBell +
pI/4, we witness the behavior of the estimator close to the
known analytic threshold. The curve goes through zero at the
point p = 2/3, whereas the finite-shot estimator illustrates a
smooth transition around this value. Therefore, after measur-
ing the state with 200 shadows, we can see the qualitative be-
havior of the threshold in the experiment, but it would not be
possible to estimate its location accurately.

The embedding experiment addresses the main statistical
scaling question. The embedding of the Bell witness in a
larger system comprised of n qubits leads to a great expansion
of the Hilbert space, but still only the first two qubits will be
affected by the witness. It means that the crucial value of the
witness won’t change. The variance analysis performed in this
paper supports this idea and shows that the results of empirical
single-shot variance and the number of shots needed for addi-
tive error equal to 0.05 are almost constant when n changes
from 3 to 6. This is the reason why it can be claimed that wit-
ness support is more important in terms of statistical cost than
system size in the case of Bell witness examined in this paper.
Nevertheless, not all practical costs will be independent of n.
Thus, classical memory, bookkeeping, state initialization, cir-
cuit execution, and mainly the creation of global Clifford uni-
taries may become more expensive when the number of qubits
increases.

The perturbation experiments should be interpreted more
carefully. The same-locality perturbation Q and the higher-
locality perturbation R were chosen so that their expectation
values on the target state are zero. The result of this selection
is that in the Figures 8 and 9 we actually compare two ex-
pected values meanwhile the essence of the term of the pertur-
bation is that it causes perturbations in the measurement result
but does not allow shifting the expected value itself. Taking
into account the overlapping of two types of the perturbation
gives evidence for robustness of this witness for the type of
experiments under consideration, still it cannot be considered
as a proof of robustness for all other types of perturbations.

One limitation associated with the current study is that the
primary witness instance is still that of a Bell witness, which
is a simple two-qubit situation. Although the present study
may extend this witness to larger scenarios, the nontrivial op-
erator’s support remains stuck on two qubits. The experiments
therefore do not yet cover genuinely multipartite witnesses, or
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families of witnesses with systematically increasing locality.
Specifically, the present study relies on the 3k local-Pauli scal-
ing approach as a theoretical background, however it does not
get to the point of doing a numerical analysis over many values
of k. Another limitation is because perturbation terms were
chosen to have zero expectation on the desired state. Thus, for
future experiments we suggest perturbations that will affect
the witness value. Another limitation is the number of qubits
in numerical experiments which were restricted to using Bell
states of two qubits, GHZ benchmark of 6 qubits and Bell wit-
nesses embedded in systems of n = 6, that is why the link to
bigger quantum devices is motivational only.

In conclusion, the findings propose a rule of thumb for em-
ploying classical shadows in entanglement verification: the
witnesses used in the process should ideally have low support.
While a low-locality witness remains valid in a larger quan-
tum system, increasing support leads to an increase in shadow
norm, thus requiring many more measurements. The results
also highlight the need for further developments in creating or
devising the use of witnesses of entanglement that are not only
mathematically correct but also efficient in statistical estima-
tion.

Conclusion

The conceptual conclusion drawn from this article is rather
straightforward. In the case of the Bell witness experiments
reviewed in this article, it appears that the primary statistics
depend more on the witness support and less on the total
Hilbert space dimension. A witness with small support can be
still statistically useful even when being part of a larger sys-
tem. In the course of our limited perturbative analysis, it was
discovered that the increase in the witness support from 2 to
3 qubits only led to a minor increase in the expected shadow-
norm proxy and empirical variance but did not create any sig-
nificant change in the behavior of the estimators.

N = O
(︃
∥ O ∥2

sh
ε2 log

1
δ

)︃
,

since increasing witness support typically increases the
shadow norm and therefore the required number of measure-
ments.

The Bell state example provides a good illustration of the
idea. The error of the estimator diminishes as the shot number
increases, the cases of depolarizing noise are in accordance
with the expected threshold for symmetric noise model p = 2

3 ,
and the embedding experiment proves that the situation with
fixed-support witnesses is manageable despite the increase in
system size. Accordingly, the perturbation analysis should be
understood more restrictively; this comparison of estimating
processes has been made on the same Bell state but concerning

different observables of support size, where the disturbances
applied to entanglement witnesses do not demonstrate their
entanglement characterization for more complex observables.

It is natural to consider families of witnesses in situations
where perturbation leads to changes in the actual estimation
value so that the distinction between the original witness and
the perturbed observable is manifested not only in the vari-
ance of estimators but also in the mean itself. Another inter-
esting avenue emerges from the discrepancies we have found
between different estimation techniques. Such discrepancies
indicate that, in fact, there can be an essential difference in the
interaction between the measurement ensemble and the wit-
ness, especially when the support of the witness begins to ex-
pand. Studying the cases in more detail can allow us to under-
stand where local Pauli measurements start to behave differ-
ently from global Clifford measurements in a reasonable way.
Another possible line of research is to go beyond fixed analytic
witnesses and find some algorithms that would allow using
shadow data for generating or modifying witness in a regular
manner.23–26 The present research does not include this adap-
tive process; instead, all methodologies that will be applied in
this work were chosen manually, thereby giving the opportu-
nity to examine the behavior of the shadow method in a strict
experimental setting. In the future, one of the biggest projects
would be to study fixed and growing observables when exam-
ining experimental or simulated systems based on 20, 50 or
even more qubits, where it would be much more evident what
is the difference between the cost of statistical measurements
and associated resource requirements, respectively.
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