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This paper analyzes entanglement measures for tripartite systems of GHZ and W states. Von Neumann entropy quantifies the
entanglement between subsystems. Concurrence quantifies pairwise entanglement in two-qubit reduced states. Monogamy
characterizes how entanglement is distributed across the system. This expository analysis illustrates that, for the two ideal,
symmetric three-qubit states considered here, no single measure fully captures the relevant entanglement structure, as each
probes a distinct aspect of that structure. A more informative characterization of the two ideal, symmetric three-qubit states
considered here requires using these measures together. Applied together, they reveal that the distinct behaviors of GHZ and W
states reflect genuinely different entanglement architectures.
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Introduction

Quantum entanglement! is a fundamental property of com-
posite quantum systems in which the state of the whole can-
not be represented as a product of the states of its individ-
ual subsystems?>>. In this study, we focus on the GHZ and
W states as representative examples of multipartite entangle-
ment* because they exhibit fundamentally different patterns of
entanglement distribution among qubits. They belong to two
inequivalent Stochastic Local Operations and Classical Com-
munication (SLOCC) classes. It is a classification framework
in which two entangled states are considered equivalent if one
can be converted into the other via local operations and clas-
sical communication with nonzero probability of success™S.
To characterize these differences, this paper computes the von
Neumann entropy, concurrence, and the squared-concurrence
monogamy relation, and compares the results. No single mea-
sure can fully characterize multipartite entanglement, because
each measure captures a different aspect of the entanglement
structure. By analyzing these three measures together, this
study avoids treating GHZ and W states as simply “more” or
“less” entangled and instead highlights their distinct forms of
entanglement. Together, these three measures support a multi-
layered characterization of the entanglement structure. All
calculations assume ideal, noiseless conditions; therefore, the
conclusions drawn describe theoretical entanglement structure
and may not directly apply to physical implementations where
noise is present. This paper is an expository study that works
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through known results for GHZ and W states and asks how
von Neumann entropy, concurrence, and three-tangle differ in
what they capture and what they miss.

Methods

The GHZ state and W state are the two canonical representa-
tives of genuinely tripartite entanglement. Genuinely tripar-
tite entanglement implies that the entanglement involves all
three qubits and is not described as only pairwise entangle-
ment with one qubit left separable. Because both states are
symmetric under any permutation of the qubits, all single-
qubit entropies are equal, and all pairwise concurrences are
equal. Therefore, it is sufficient to compute one representa-
tive single-qubit reduction and one representative two-qubit
reduction. Despite the symmetry, the two states exemplify
structurally distinct entanglement structures. The GHZ state
represents global tripartite entanglement, in which the corre-
lations are shared among all three qubits; removing any one
qubit destroys the remaining pairwise entanglement, although
classical correlations remain. The W state, in contrast, rep-
resents more locally distributed entanglement; after one qubit
is removed, the remaining two qubits still retain pairwise en-
tanglement. This structural opposition between fragility and
robustness makes the states suited for comparing multipartite
entanglement architectures.

Both states are elements of an 8-dimensional Hilbert
space’. This dimensionality follows from the tensor product
structure of three qubitsg; each qubit has two basis states, |0)
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or |1) and the dimension of the Hilbert space is 23 = 8, cor-
responding to eight computational basis states. The diagram
below illustrates the structure (Figure 1).

1000)

1110)
1001

1100)
1010)

1101)
1011)

111

Figure. 1 Hilbert Space diagram for a tripartite system—the eight
computational basis states of a three-qubit Hilbert space, each corre-
sponding to one possible measurement outcome.

Within this framework of the Hilbert space, different three-
qubit quantum states are distinguished by their amplitudes and
correlations among the computational basis states. The GHZ
and W states occupy specific, structurally distinct positions
within this space. We apply three independent measures, von
Neumann entropy, concurrence, and the squared-concurrence
monogamy relation, to characterize both states quantitatively.
These three measures were selected because they are stan-
dard analytic tools for three-qubit systems®!? and because
each captures a distinct structural feature: von Neumann en-
tropy quantifies single-qubit mixedness, concurrence quanti-
fies pairwise two-qubit entanglement, and three-tangle mea-
sures GHZ-type residual tripartite entanglement through the
CKW monogamy relation.

Definition of GHZ and W states

The GHZ state ''~13 is a superposition of two computational
basis states, |000) and |111). Measuring one qubit in the com-
putational basis collapses the superposition entirely into one
branch, fixing the outcomes of the remaining qubits.

IGHZ) = —(|000) + |111)) )

-

1

(GHZ| = —({000| + (111]) @)

S

The W state!# is a superposition of three computational
basis states, [001), |010), and |100), with equal amplitudes.
Measuring one qubit in the |0) state eliminates only one
branch, leaving the remaining two qubits in a superposition
of the surviving components.

W) = — (001) +[010) + |100)) 3)

3

- 3

(W] \/§(<001| +(010] + (100]) 4)
In this Hilbert space, the GHZ places equal amplitude on
the two all-aligned basis states |000) and |111), whereas the
W state places equal amplitude on the three-excitation ba-
sis, [001), |010), and |100). The two states thus occupy in-
equivalent regions of the Hilbert space and cannot be trans-
formed into one another, marking them as fundamentally dis-
tinct classes of tripartite entanglement.

Density matrix and partial trace

Both probability and coherence information are essential for
understanding how qubits are entangled in the GHZ and W
states. A density matrix represents the probabilities and quan-
tum coherences of a quantum state. For a pure state |y),
the density matrix is obtained by taking the outer product p=
|w)(y|. Because the GHZ and W states encode entanglement
through both the likelihood of measuring each basis state and
the correlations between qubits, the density matrix is the ap-
propriate object for analyzing their structure.

p =Y. pilvi) (vl 5)
J

where pj is the probability weight associated with the state
vector |y;), and (V5| is the corresponding bra vector. To an-
alyze the information associated with individual qubits and
their correlations with the rest of the system, we trace out the
other qubits, obtaining a reduced density matrix for the se-
lected qubits. This calculation is called a partial trace. The
partial trace sums over an orthonormal basis of the subsys-
tem being traced out, analogous to marginalization in classical
probability. The partial trace is defined as follows:

w(Aly) (w)) = L (({Alw)(vli) (6)

1

where A is an arbitrary linear operator on the Hilbert space.

Entanglement measures used in this study

To describe different layers of distribution, we applied von
Neumann entropy, concurrence, and monogamy. The follow-
ing subsections define these measures and explain their phys-
ical interpretations.

2 | NHSJS Reports

© The National High School Journal of Science 2026



Von Neumann entropy

von Neumann entropy is a scalar measure of the mixedness of
a quantum subsystem and serves as the standard entanglement
quantifier for pure bipartite states'>. The more entangled a
subsystem is with other qubits in the system, the less its lo-
cal state can be determined, signaling higher entropy. When a
subsystem is maximally entangled with the other qubits in the
system, its local state becomes completely undetermined, cor-
responding to maximum entropy. The diagram representing
this is shown below (Figure 2).

000 SIRE
000 — 5 B
000 20 O

Figure. 2 This diagram illustrates that greater uncertainty in a
reduced subsystem corresponds to higher von Neumann entropy.
Qubits in a structured, predictable state exhibit zero von Neumann
entropy (left), while qubits in a disordered, uncertain state exhibit
high von Neumann entropy (right).

The von Neumann entropy is then defined as '%!7:

S(p) = —tr(plog, p) (7

The base-2 logarithm expresses entropy in units of bits. A
von Neumann entropy value of 0 indicates that the subsystem
is in a pure state. For a pure bipartite state, this means the
subsystems are not entangled. For a single-qubit reduced state
of a pure bipartite system, a von Neumann entropy value of
1 indicates maximal entanglement between the subsystem and
its complement; equivalently, the reduced state is maximally
mixed 8.

Concurrence

Concurrence ' is a pairwise entanglement measure that quan-

tifies the degree of entanglement between two qubits. Because
it is strictly pairwise, it must be computed separately for each
qubit pair. This requires isolating each of the three possible
pairs in turn while discarding the third qubit. The diagram
representing this is shown below (Figure 3).

The spin-flipped density matrix p is defined by taking the
complex conjugate of p in the computational basis and apply-
ing oy to each qubit?°

p = (oy®0y)p*(0y®0y) ®)

R=pxp ©)

Qubit-A Qubit-B Qubit-A

Qubit-B Qubit-C Qubit-C

Figure. 3 This diagram emphasizes that concurrence is computed on
two-qubit reduced states after tracing out the third qubit. The three
panels show concurrence evaluated across A-B, B-C, and A-C pairs.

Here, p* denotes the elementwise complex conjugate of p
in the computational basis, and oy is the Pauli-Y operator.

A concurrence of 0 indicates the two-qubit state is separable
— no pairwise quantum entanglement, though classical corre-
lations may persist. A concurrence of 1 indicates maximal
entanglement, characteristic of a Bell state.

C(p) :max{O,M —3,2—3,3—3,4} (10)

The eigenvalues of R are calculated, and A; are defined as
the square roots of the eigenvalues of R, ordered from largest
to smallest.

Monogamy

The monogamy relation, introduced by Coffman, Kundu, and
Wootters(CKW), constrains how pairwise entanglement can
be distributed across a multipartite system?*2, The CKW
relation states that, for a pure three-qubit state, the squared
entanglement between one qubit and the remaining pair is at
least as large as the sum of its squared pairwise concurrences
with each individual qubit. The diagram representing this is
shown below (Figure 4).
Monogamy is expressed as >

Cape 2 Cop+Cae (11)

Here, a, b, and c label the first, second, and third qubits,
respectively.

C2p = C2(Pap) = C(tre(Panc)) (12)
Cae = C*(Pac) = C*(trp(Pane)) (13)
Cajpe = 4det(p) = 4det(trpe(Panc)) (14)

Three-tangle is a scalar entanglement invariant that quanti-
fies genuine tripartite entanglement in a pure three-qubit sys-
tem and is defined as follows.

T =Cope — Cap — Cac (15)
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Qubit C

Figure. 4 This diagram illustrates the CKW monogamy constraint:
entanglement shared between one pair limits how much pairwise en-
tanglement can be shared with the remaining qubit. Monogamy of
entanglement in a three-qubit system. Qubits A and B consume en-
tanglement internally (enclosed by the oval); the remaining entangle-
ment available to the outside link with Qubit C is correspondingly
reduced.

For the symmetric GHZ and W states considered here, the
residual tangle is independent of which qubit is chosen as the
reference qubit. A three-tangle value of 0 indicates that this
measure detects no GHZ-type residual tripartite entanglement;
however, other forms of multipartite entanglement may still be
present. The three-tangle value of 1 indicates maximal gen-
uine three-qubit entanglement; physically, the entirety of the
system’s information content is encoded nonlocally across all
three qubits

Results

Von Neumann Entropy

To understand the differences in entanglement between the
GHZ and W states, we apply the von Neumann entropy to
evaluate the degree of entanglement between a subsystem and
the rest of the system.

GHZ state

Converting the GHZ state vector into a density matrix oper-
ator requires calculating the partial trace. Then, the degrees
of freedom belonging to qubit A are calculated by tracing out
qubit B and C. The appendix contains the full calculations of
the density matrix and partial trace of both cases: GHZ and W
state.

1
the (Pave) = 5 (10) {0+ [1){1]) (16)
It is next written as a matrix to show explicit eigenvalues.
10
trbc(pabc) = <(2) 1) (17
2

The eigenvalues of the matrix are %2 and %2. These identical
values indicate equal probability for |0) and |1) on a subsys-
tem A. Substituting into the von Neumann entropy formula
yields:

1 I 1 1

W state

Applying the same procedure used for the GHZ state, convert-
ing the W state vector into a density matrix operator requires
calculating the partial trace.

2 1
e (Pase) = 510) (0] + 5 11)(1 19)

It is next written as a matrix to show explicit eigenvalues.

Che(Pabe) = (2(/)3 1(/)3) (20)

The eigenvalues of the matrix are 2/3 and 1/3. These un-
equal eigenvalues indicate that the reduced state of qubit A
is not maximally mixed: outcome |0) occurs with probability
273, while |1) occurs with probability 1/3. Substituting into the
von Neumann entropy formula yields:

12 2
G <310g2 S+ 310g23> =0.918 @1

Concurrence

To quantify pairwise entanglement in the two-qubit reduced
states of GHZ and W states, we applied concurrence.

GHZ state

Converting the GHZ state vector into a density matrix opera-
tor requires calculating the partial trace. Then, the degrees of
freedom belonging to qubit B and C are calculated by tracing
out qubit A. The appendix contains the full calculations of the
density matrix and partial trace.

trapae) = 5 (100)(00] +|11) (1] 22)

The ordered basis is taken to be [00), [01), [10), [11). The
spin-flipped matrix (Py.) follows from Eq. (8), which is ex-
plicitly expressed as:

1/2 0 0 0
~ 0O 00 O
0 0 0 1/2

The matrix R from Eq. (9) is formed to explicitly expose its
eigenvalues:
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0 O

0 O

0 0 (24)
0

1/4

SO O~
SO OO

The eigenvalues are calculated from the matrix R, and the
values are evaluated. The values of the eigenvalues R are 1/4,
1/4, 0, and 0. Therefore, the ordered square roots are A;=1/2,
)Q=1/2, 2,3=O, and )‘4=0.

Applying Eq. (10) gives

11
Clppe) = max{0,2 -3 00} =0 25)

W state

Converting the W state vector into a density matrix operator
requires calculating the partial trace. Then, the degrees of
freedom belonging to qubit B and C are calculated by trac-
ing out qubit A. The appendix contains the full calculations of
the density matrix and partial trace.

Ua(pabc):%(“0><10|+‘01><01‘+|10><01H"01><10|+|00><00D (26)

Using the ordered basis |00), [01), |10), |11), the spin-flipped
matrix (Ppc) follows from its definition from Eq. (8), which is
explicitly expressed as:

0 O 0 0
om0
0 0 0 1/3

The matrix R from Eq. (9) is formed to explicitly expose its
eigenvalues:

00 0 0
0 2/9 2/9 0
0 2/9 2/9 0 (28)
0 0 0 0

The eigenvalues are calculated from the matrix R, and the
values are evaluated. The values of the eigenvalues R are 4/9,
0, 0, and 0. Therefore, the ordered square roots are A= 2/3,
A>=0, A3=0, and A4= 0. Applying Eq. (10) gives

C(pbc):max{o,i—O—O—O} :% (29)

Monogamy

To evaluate whether the GHZ and W states contain genuine
tripartite entanglement that cannot be reduced to pairwise cor-
relations, we apply the monogamy criterion.

GHZ state

The values of residual entanglement are calculated for the
three-tangle, and two values are equivalent by GHZ state sym-
metry. The pairwise squared concurrences are equal to 0.

3, =C2=0 (30)
The last residual entanglement component is calculated.

1
4det(trpe (Pape)) = 4 X 1= 1 31

Apply the definition of a three-tangle.

T, =1 (32)
W state

The residual entanglement, or three-tangle, is calculated us-
ing the monogamy relation. By symmetry of the W state, the
pairwise squared concurrences are equal to 4/9.

4
Car=Cac =g (33)

The last residual entanglement component is calculated.

4det(trbc(pabc)) = % X4 = 8

— 34
5 9 (34)
Apply the definition of a three-tangle.
8 4 4
=——=—= =0 35
W=3"5 9 (35)

Discussion

Table 1 summarizes the values obtained from the three entan-
glement measures for the GHZ and W states.

Von Neumann Concurrence Three-Tangle
Entropy
GHZ 1 0 1
W 0918 273 0

The GHZ state yields maximal von Neumann entropy, zero
concurrence, and maximal residual tangle. The W state, by
contrast, yields a 0.918 von Neumann entropy that confirms
entanglement yet falls below the GHZ maximum, a concur-
rence of 2/3, and zero residual tangle. These values reveal
the limitations of applying any single measure in isolation.
Von Neumann entropy only measures the degree of mixed-
ness of the reduced state; entropy alone cannot explain why
GHZ loses pairwise entanglement upon qubit removal, al-
though classical correlations remain. If interpreted alone, the
zero pairwise concurrence of the GHZ reduced states could
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obscure the presence of genuine tripartite entanglement in the
full state. This limitation is addressed by computing the three-
tangle, which attributes the vanishing concurrence to entan-
glement distributed globally rather than pairwise. The three-
tangle has a complementary limitation for the W state. Simi-
larly, the three-tangle assigns zero to the W state, which could
obscure the pairwise entanglement retained in its two-qubit re-
ductions. This is because the three-tangle captures GHZ-type
entanglement but does not register W-type entanglement. The
three-tangle measures only the irreducible, collectively shared
entanglement characteristic of GHZ states. In the W state,
the entanglement detected after tracing out one qubit appears
in the pairwise reduced states rather than in the GHZ-type
residual tangle. The limitations of each measure are there-
fore complementary: each measure’s non-overlapping regions
of insensitivity are covered by at least one of the remaining
two. All calculations assume idealized, noise-free conditions;
in practice, environmental noise may alter the outcome of each
measure. Under local noise, GHZ-type coherence is gener-
ally fragile because it depends on the coherence between |000)
and |111). Dephasing or depolarizing noise can rapidly reduce
the three-tangle. W-type entanglement is often more robust to
the loss of one qubit?* because tracing out one qubit can still
leave an entangled two-qubit reduced state, although pairwise
concurrence will also decrease under sufficiently strong noise.
Other multipartite measures, such as negativity >>2°, geomet-
ric entanglement?’, and entanglement entropy across differ-
ent bipartitions, could reveal additional aspects of the states;
the present study focuses only on three standard analytic mea-
sures with clear interpretations for three-qubit systems. These
calculations support the central argument that, for the ideal
GHZ and W states considered here, the joint use of the three
measures gives a more informative comparison of single-qubit
mixedness, pairwise entanglement, and GHZ-type residual tri-
partite entanglement. A natural extension would be to study
local depolarizing noise, in which each qubit is independently
replaced by a maximally mixed component with some prob-
ability. One would expect GHZ-type three-tangle to be es-
pecially sensitive to the loss of global coherence, while W-
state pairwise concurrence may be more robust under qubit-
loss scenarios and may also persist under weak local noise, al-
though a quantitative comparison would require explicit noise-
channel calculations.

Conclusion

This expository study does not introduce a new entanglement
measure or a new classification of GHZ and W states. Instead,
it works through known results to show how von Neumann en-
tropy, concurrence, and three-tangle provide complementary
perspectives on the two ideal, symmetric three-qubit states
considered here. Multipartite entanglement in GHZ and W

states was characterized through three complementary mea-
sures: von Neumann entropy, concurrence, and three-tangle.

It is well established that no single measure can accurately
characterize the entanglement structure of a multipartite sys-
tem. Von Neumann entropy quantifies subsystem mixedness,
concurrence isolates bipartite pairwise correlations, and the
monogamy relation constrains the distribution of shared en-
tanglement across subsystems. These measures were there-
fore applied jointly to resolve the entanglement structure of
the states considered. The findings confirm that the distinct
behaviors of GHZ and W states across these metrics reflect
genuinely different entanglement architectures. GHZ states
concentrate quantum correlations globally, so tracing out one
qubit eliminates pairwise entanglement in the remaining re-
duced state, although classical correlations remain, whereas W
states distribute entanglement across pairwise reduced states,
preserving partial entanglement after one qubit is traced out.
These distinctions become clear only when the states are ex-
amined through all three measures.
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Appendix

A density matrix of the GHZ state is obtained by calculating |GHZ) (GHZ| by
applying Eq. (5), where |GHZ) and (GHZ| are defined as Egs. (1) and (2),
respectively.

Puve = |GHZ)(GHZ| = %(\000)(000|+|000)<111\+\111>(000|+\111><111\) (A-1)

The partial trace over qubits B and C is obtained by applying Eq. (6).

pe (.Dabc) = <0bor|pabr|0boc> + <1b lclpabc“b 1r> + <0b lr‘pabc‘ob 1r> + <1b0r‘pabr‘1b0r>
(A-2)

Applying the same calculation procedure that was described in the previous

section, the W state entropy is calculated. The main difference is the den-

sity matrix; the W state density matrix is obtained by computing |W)(W|, as

defined in Egs. (3) and (4), respectively.

Pabe = |WY(W| = %(|001) +010) + [100))({001| + (010] 4 (100[)  (A-3)

The partial trace over qubits B and C is obtained by applying Eq. (6).

trbc(pabc) = <0b06|pab(|0b00> + <lb lclpabcllb]c> + <0b]c‘pabc‘0b]c> + <]boc‘pabc‘ lbOL')
(A-4)

Concurrence

To evaluate pairwise entanglement in the two-qubit reduced states of GHZ
and W, we take the partial trace over qubit A to obtain pgc and then apply
concurrence.

tra(pahc) = <017‘pabc|0h> + <]h‘pabc|lh> (A-5)

For the GHZ state, tracing out qubit A eliminates the off-diagonal terms
because (0|1)=0. The reduced density matrix pgc therefore contains only the
diagonal terms |00) (00| and |11)(11], which gives zero pairwise concurrence.

talPane) = 5(100)(00] + [11)(11) (A-6)

For the W state, tracing out qubit A leaves both diagonal terms and off-
diagonal coherence terms between |01) and |10). In particular, the terms
|01)(10| and |10)(01]| remain in ppc, which gives nonzero pairwise concur-
rence.

tro (Pape) = %(\10><10|+|10><01\+\01><10|+\01><01\+|00>(00\) (A7)
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