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When dealing with relativity, especially more complex objects such as black holes, the traditional interpretation of gravity as
the manifestation of the curvature of spacetime can become unintuitive and difficult to visualize. This motivates alternative
but mathematically equivalent interpretations of general relativity (GR). One such interpretation is the river model, in which
gravitational effects are described as space “flowing” inward toward a massive object in Painlevé—Gullstrand (PG) coordinates.
The objective of this study is to quantitatively and visually test whether river/PG predictions match standard relativistic account-
ing. We generated PG space time diagrams to visualize inward flow speed and radial light behavior near the event horizon.
Separately, a Python analysis notebook ingested an IGS precise-orbit SP3 ephemeris file and computed per-epoch GPS satellite
clock-rate offsets using two pipelines: (i) the standard GNSS relativistic split (gravitational potential difference + kinematic time
dilation, plus a small periodic eccentricity-related term) and (ii) an equivalent river/PG bookkeeping method that treats space as
an inward flow and computes relative motion through that flow. The PG diagrams show inward flow reaching the speed of light
at the horizon and outgoing radial light “stalling” at the horizon in PG time. For six GPS PRNs over a common 2-hour window,
the standard and river/PG clock-rate series agreed numerically to within the residuals (standard — river) remained at the ~10~'2
level, with max —residual— between 5.458 x 10712 and 7.554 x 10~!2. Because both pipelines are deterministic computations
fed from the same ephemeris file, the residuals we report match a closed-form analytical term —vgow (7) - v,/ 2 derivable from the
post-Newtonian coordinate-time transformation between Painlevé—Gullstrand and Schwarzschild references (see Discussion).
We frame the GPS analysis as a quantitative verification of this coordinate-time correction term in the weak-field, test-particle,
Schwarzschild-approximate regime, and the PG visualizations as a separate pedagogical illustration of the river interpretation at
the horizon. Strong-field equivalence, non-test-particle motion, and finite-rotation effects (Kerr, Lense-Thirring, J,) lie outside
the scope of the present check.

Keywords: river model; Painlevé—Gullstrand coordinates; Schwarzschild black hole; event horizon; gravitational time
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Introduction time is represented using PG coordinates, which provide spa-
tial slices that are locally Euclidean whilst still preserving the
Background full relativistic structure of spacetime, with the inward “flow

When examining general relativity, especially in strong grav- velocity” being equivalent to the Newtonian escape velocity at

itational fields such as near black holes, the traditional inter-
pretation of gravity as the intrinsic curvature of spacetime be-
comes rather unintuitive and difficult to visualize. This moti-
vates the creation of an alternative but mathematically equiv-
alent interpretation of GR, where Einstein’s equations are still
preserved in all reference frames, that may be more physically
intuitive. One such interpretation is the river model, devel-
oped by Andrew J. S. Hamilton and collaborators, in which
gravitational effects are described not as the manifestation of
curvature alone, but as the result of space itself flowing in-
wards towards a massive object. In this interpretation, space-
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that point =3,

We note that this “flow” does not represent motion relative
to a physically preferred absolute background, but is rather
purely an artifact of our choice of coordinates to represent
spacetime. Furthermore, in this framework, while locally all
observers still measure velocity in accordance with the law of
special relativity, with no object possessing a speed greater
than c, the coordinate flow speed may exceed the speed of
light without violating relativity, as it does not correspond to
any locally measurable motion 2. Therefore, the river model
offers an alternative but mathematically equivalent explana-
tion to GR phenomena, that can simplify certain calculations
and visual interpretations. In particular, by reframing curva-
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ture as coordinate flow, questions involving motion in curved
spacetime can be simplified to local vector relations between
moving objects and the inward coordinate flow of space, as
opposed to directly involving complex curvature mathemat-
ics 1:24-6,

It is the usefulness of the river model as an alternative
interpretation to general relativity that motivates this paper.
Because the PG transformation is, by construction, a coor-
dinate change applied to the Schwarzschild metric, the ana-
Iytic equivalence of the two interpretations is already estab-
lished in the peer-reviewed literature'=. The contribution
of this paper is therefore not a new empirical test of general
relativity. We address two narrower, pedagogical questions.
(Q1) Can the river / PG picture be visualized in a way that
makes the one-way nature of the Schwarzschild horizon man-
ifest without invoking Schwarzschild-time pathologies? (Q2)
When the standard GNSS relativistic clock-rate split is imple-
mented alongside an explicit river / PG bookkeeping pipeline
on the same SP3 ephemeris, does the residual between the two
pipelines match the post-Newtonian coordinate-time correc-
tion term derivable a priori from the PG-Schwarzschild trans-
formation?

Scope

When quantitatively comparing two interpretations of general
relativity, it becomes important to define both the limitations
of the data used and the limitations of the river model itself,
such that the scope of this paper can be properly defined.
There do exist some significant limitations in the data used for
this paper that limit the scope of our comparison. Firstly, this
paper uses little data from Earth, which is a weak field; there-
fore, while mathematically the two interpretations are equiv-
alent and therefore should be so in all fields, the quantitative
comparison this paper attempts to make is only directly vali-
dated in the weak field due to the lack of data collected from
strong fields. Secondly, due to the relatively insignificant mass
of the satellites relative to Earth, the data collected here is en-
tirely in the domain of test-particle motion, where the mass
of the particle itself is negligible. The river / PG bookkeeping
used in this paper assumes the satellite is a test particle follow-
ing a geodesic of the background Schwarzschild geometry; the
form of the bookkeeping does not by itself guarantee equiva-
lence for self-gravitating sources, and we make no claim about
non-test-particle motion. Therefore, the quantitative compar-
ison made here also does not extend into the domain of non-
test-particle motion. Thirdly, this data makes comparisons for
a specific type of satellites from Earth orbit, making it impor-
tant to acknowledge that a better comparison could be made
by taking data from more satellites at varying orbits’~!!. To
properly define the scope of this paper, we must also take into
account systems in general relativity where the river model

(which is the theory we are making a quantitative comparison
with) itself is not valid or well-defined. This usually occurs
in domains where PG coordinates break down, such as anti-de
Sitter spaces 2.

Overall, the comparisons made in this paper are mostly
valid in weak gravitational systems described by the
Schwarzschild metric. While the river model interpretation it-
self should be able to extend to systems beyond this, the scope
of the quantitative comparison is limited to the scope defined

above.

Theoretical Background

This section details the relevant theory to this paper, before
moving on to its main objective of quantitatively comparing
predictions extracted from the two equivalent interpretations
of GR, thereby examining their mathematical equivalence.

Einstein’s Field Equations

Guy +Aguv = S%GT;LV (D

These equations, represented in compact form in Equation
1, are the conceptual core of GR. The relation they detail re-
mains mathematically unchanged in all interpretations of GR
and in all coordinate systems. The preservation of these equa-
tions is why both the standard interpretation of GR and the
river model are mathematically equivalent, and therefore ex-
pected to make the same predictions*-°

The core concept of general relativity is rather elegant: all it
states is that the curvature of any given region of space, which
is described by the Einstein tensor on the LHS, is proportional
to the stress-energy in that region (which is described by the
stress-energy tensor on the RHS). So, at its core, all the field
equations are saying is matter tells spacetime how to curve,
and spacetime tells matter how to move. Now, here it is im-
portant to note the existence of the lambda term on the LHS;
that is, the cosmological constant representing the energy den-
sity of the vacuum, and the value of which is small enough that
we can consider it to be effectively negligible for the purpose
of this paper*-°.

While conceptually elegant, mathematically the Einstein
field equations are quite complex to solve, to the extent that
for certain regimes analytical solutions are impossible. There-
fore, in practice, we enforce symmetries upon the Einstein
field equations before trying to obtain solutions; the solutions
we obtain after imposing symmetries are referred to as a met-
ric+©.

The metric of most particular significance to the objective
of this paper is the Schwarzschild metric (detailed in Equa-
tion 2 below). This is because this metric describes spheri-
cal, non-rotating masses, which is most suitable for this pa-
per. This is because in this paper we examine geodesy data
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collected from Earth orbit, and the Earth rotates sufficiently
slowly that the Kerr metric correction is negligible at the pre-
cision level of this analysis, and its deviation from spherical
topology contributes only a small, non-rotational quadrupole
correction (the J, term); therefore it is accurately described
by the Schwarzschild metric, making it the most relevant to
our paper 3. Quantitatively, the dominant non-Schwarzschild
relativistic corrections at GPS altitude are the Earth-oblateness
(J») contribution to gravitational redshift, of order 1071 at the
per-orbit level but quasi-static and largely common-mode be-
tween the satellite and the ground; the Lense—Thirring frame-
dragging contribution from Earth’s angular momentum, of
order wyr X r/c2 ~ 1071510101415, and the off-diagonal
time—angle term in the full Kerr metric, suppressed by the
same J x G/ ¢ factor. Of these, only the J, contribution
approaches the ~107'? residual structure we report; how-
ever, because both pipelines compute the satellite-vs-ground
rate from the same Schwarzschild background, the J, cor-
rection cancels at leading order in the residual (standard —
river) and survives only as a higher-order coupling between
J> and the radial-velocity cross-term, which is below 10715,
The Schwarzschild approximation is therefore adequate for
the equivalence check itself, while we note that it is not ad-
equate for an absolute prediction of the GPS clock-rate offset
to better than ~ 10710,

1
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r 1,7
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The Geodesic Equation

d>xt dx® dxP 3
aer e gr e~ )
To truly extract predictions about the motion of objects in
GR, the equation represented in Equation 3 becomes relevant.
That is the geodesic equation, which is an extension of the
principle of least action to general relativity, and essentially
represents the path of stationary proper time for an object
through curved spacetime. The use of this equation becomes
necessary to the objective of this paper, as it relates curvature
to the motion of objects through spacetime; and in this pa-
per we are using the data for the motion of satellites through
spacetime to compare two different interpretations of GR.

PG Coordinates

For the purposes of this paper, it becomes necessary to in-
troduce PG coordinates, as this is the coordinate system that
gives rise to the river model interpretation of general relativ-
ity. Considering the scope of this paper, it specifically be-
comes necessary to elaborate on how PG coordinates describe

Schwarzschild spacetime and how the Schwarzschild metric
is transformed into its PG coordinate version while inherently
describing the same thing!. PG coordinates arise from a
coordinate transformation applied to the Schwarzschild met-
ric, originally developed independently by Paul Painlevé and
Allvar Gullstrand '©, and later utilized extensively in the river
model formulation by Andrew J. S. Hamilton and collabora-
tors. The core idea of the transformation is to redefine the
time coordinate such that it corresponds to the proper time
experienced by an observer free-falling radially towards the
black hole from rest at infinity !, as opposed to the standard
time coordinate associated with an observer at rest at infinity.
This change in coordinates removes the coordinate singular-
ity present in Schwarzschild time at the Schwarzschild radius,
while leaving physical spacetime unchanged. The removal of
this coordinate singularity was also the original motivation of
PG coordinates, though it is now extensively used in the river
model 3.

Under this transformation the Schwarzschild metric takes
the form described in Equation 4 below.

ds* = — (1 —~ 2:;”) Adt* +24/ ZGTMdtdr—&—dr2+r2dQZ
“)

The defining feature seen in this representation is the dt-dr
term, which encodes relative motions between the spatial co-
ordinate grid and the freely falling reference frame. This is es-
sentially what we refer to as coordinate velocity, or “the flow
of spacetime,” in the river model. Furthermore, hypersurfaces
of constant time in this coordinate system possess locally Eu-
clidean geometries. In other words, at any given time gravita-
tional effects can be seen as the manifestation of the dynamic
evolution of the coordinates as opposed to intrinsic curvature;
this property of PG coordinates is the reason for it being so
inherently significant to the river interpretation. It is also im-
portant to emphasise that this interpretation does not repre-
sent motion relative to any physically preferred background.
Rather, it is purely an artifact of the coordinates chosen to
describe spacetime. Locally all observers measure velocity
in accordance with special relativity, with none exceeding the
speed of light. The coordinate velocity, however, may exceed
the speed of light, and does exceed it beyond the event hori-
zon, but this does not violate special relativity, as the coordi-
nate velocity does not refer to any locally measurable velocity.
Overall, the fact that PG coordinates are related to
Schwarzschild coordinates by a coordinate transformation is
proof of the mathematical equivalence of the two interpreta-
tions '8, and therefore serves as the basis for the quantitative
comparison that is the aim of this paper. They are also sig-
nificant in the coordinates we use to represent river model pa-
rameters 2. The remainder of this paper presents two com-
plementary checks of the river / PG framing. The first is a
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strong-field, near-horizon visualization (Figure 1) that uses
the PG metric of Equation 4 to plot the inward space-flow
speed'? and the radial null-ray slopes in PG time around a
Schwarzschild black hole, illustrating the river interpretation
in the regime where it is most physically distinctive. The sec-
ond is a weak-field, test-particle quantitative check (Figure 2,
Tables 1aa—1ab, Supplementary Table S1) that implements the
standard GNSS relativistic clock-rate split and the river / PG
bookkeeping as two independent pipelines on the same IGS
SP3 ephemeris, and compares the per-epoch residual against
the closed-form coordinate-time correction derived in the Dis-
cussion. The two analyses live in different physical regimes —
strong-field Schwarzschild and weak-field Earth orbit, respec-
tively — so the GPS check does not validate the strong-field
claims illustrated by Figure 1; together, however, they demon-
strate the framework’s coordinate-consistent visualizations at
the horizon and the closed-form coordinate-time correction in
Earth orbit.

Methods

The analysis pipeline ingests an IGS precise-orbit SP3 file (fi-
nal, rapid, or ultra-rapid product) from the CDDIS archive,
parses per-epoch satellite positions, recovers per-epoch veloc-
ities by central differencing, filters for GPS PRNs with con-
tinuous coverage over the comparison window, and runs two
parallel pipelines on the same ephemeris: the standard GNSS
relativistic split, and a river / PG bookkeeping pipeline. Both
pipelines compute the per-epoch fractional clock-rate offset
of the satellite clock relative to a fixed ground reference, and
the residual (standard — river) is reported per epoch and sum-
marised per PRN.

Constants and Conventions

Both pipelines use the speed of light ¢ = 299-792-458-m/s,
the WGS-84 geocentric gravitational constant GMg =
3.986004418 x 104 m3 /sz, and a reference ground radius
R = 6,371,000 - m. The ground-station tangential velocity
in the inertial frame, Vgpunq, 1S set to zero in the present im-
plementation; the implication of this choice for Earth-rotation
(Sagnac) effects is discussed below in “Earth rotation, Sagnac,
and ground motion.” Sign convention: positive § indicates the
satellite clock runs fast relative to the ground clock, consistent
with the standard GPS convention.

Standard GNSS Pipeline

The standard pipeline computes the per-epoch fractional
clock-rate offset as the sum of three contributions. The
gravitational potential difference (gravitational redshift), with
the satellite-minus-ground sign convention, is Ogray(r) =

GA;I@ (Ri — 1), where r is the geocentric satellite radius.
C @ r
The kinematic special-relativistic time dilation is &in(v) =

V22 . . : ;
—%"““d, where v is the satellite speed. The optional peri-
odic eccentricity correction, in the standard GNSS operational
form (IS-GPS-200N), is implemented as the time-derivative

of the —2(r-v)/c? eccentricity time-correction, computed as a
numerical gradient over the time array: Oecc(¢) = % {—zs—zv]

The total per-epoch fractional rate is Oyq = Ograv + Okin +
Sone. 19:20-22,

River / PG Pipeline

The river / PG pipeline begins from the inward space-flow
speed at radius r, which in PG coordinates equals the New-

tonian escape velocity: viow (1) = ZGiW*. The local “swim

velocity” of the satellite is its velocity relative to the inward
flow, Usyy = Vsar — Vitow (7), 7, Where 7 is the unit radial vec-
tor from Earth’s centre to the satellite. The ground-station
swim speed iS ugnd = [Veround — Viow (Re:)|, Which reduces to
Viiow(Re) when vg,pung = 0. The per-epoch fractional rate

|“sat‘27

MZ
in the river / PG bookkeeping is Oyiyer = ng“d + Geces
with the same &, included for symmetry with the standard
pipeline.
To compare the two pipelines analytically in the weak-field,
test-particle limit, expand |usa|> = v — 2Vfiow () (Vsar - 7) +
vaow(r). Using v (r) = ZGfl@ and subtracting v3  (Rs),

the right-hand side of &yer —
GMg, ( 1 l) + Viiow () (Vsat-F)
2

2 \Re 7

Vsat—Vground +
22

, which reproduces Sgray + Skin

Oecc becomes —

plus an additional radial-velocity cross-term +W

Because the same .. is added to both pipelines, it can-
cels in their difference, leaving an analytical residual Oggq —
Oiver = —w — the leading-order post-Newtonian
term arising from the coordinate-time difference between
Painlevé—Gullstrand and Schwarzschild references (see Dis-
cussion). The two formulations are therefore analytically
equivalent under the appropriate coordinate-time transforma-
tion; the two pipelines as coded, however, each operate in their
own natural time coordinate and differ by exactly this closed-
form term.

Frames, Sampling, and Velocity Recovery

Satellite positions are read from the IGS final-product SP3 file
CODOMGXFIN_20251840000-01D_05M_ORB.SP3.gz at 5-
minute epoch spacing in the ITRF / 1GS 14 Earth-fixed (ECEF)
frame, converted from km to metres on read. SP3 V-records,
when present, were ignored because their unit conventions
vary across products. Per-component satellite velocities were
recovered by 2nd-order central difference (numpy.gradient
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with default stencil) on the ECEF position arrays. Be-
cause |vgy|? is invariant to first order in % between ECEF
and ECI for a constant-rotation-rate frame, and because the
same ECEF-derived velocity feeds both pipelines, the residual
(standard — river) is unaffected by the ECEF-vs-ECI choice at
the present level of precision. PRNs with NaN positions or
velocities at any epoch in the comparison window were ex-
cluded; the minimum-epoch threshold for inclusion was 10
epochs 10:2324,

Earth Rotation, Sagnac, and Ground Motion

The ground-station tangential velocity Vg ouna 1S set to zero in
the present implementation, omitting the ~465 m/s equatorial
rotation speed. The kinematic contribution from this omit-

2
LV _ ) ) )
ted velocity, %‘;d ~ 1.2 x 107'2, enters identically in both

pipelines via the Vgpung term in &, and the vow (Re) term
in ug,q, and therefore cancels in the residual at zeroth order;

2.Re
only the temporal variation of v,o,,q (at most ~ QCZR —

per sec-

ond, ~ 10’22) survives. The conventional Sagnac correction
(the path-integral term ~ W applies to signal propaga-
tion between satellite and ground, not to the satellite clock-rate
offset itself, which is the observable computed here; we there-
fore make no Sagnac correction by design®. A more rigorous
treatment with non-zero vg,ou,q in both pipelines reproduces
the same residual to within numerical precision and is left as
an obvious extension.

Results

These results provide two complementary checks: (i) PG vi-
sualizations that match the river interpretation at the event
horizon, and (ii) a GPS data equivalence check showing the
river/PG bookkeeping matches the standard relativistic split.
Figure 1 shows, in three panels, the PG inward space-flow
speed vaow(r) = +/2GM /r reaching ¢ at the event horizon
r = r;, the radial null-ray slopes (dr/dtpg)/c with the out-
going ray stalling at the horizon, and the local lightcone direc-
tions in PG coordinates around the horizon. With this strong-
field PG geometry in mind, the remainder of the Results sec-
tion presents the weak-field, test-particle GPS check.

Using the IGS precise-orbit SP3 file
“CODOMGXFIN_20251840000_.01D_05M_ORB.SP3.gz”,
we computed per-epoch clock-rate offsets using two pipelines:
the standard split (gravitational potential difference + kine-
matic time dilation, plus the small periodic ‘“eccentricity”
term) and the river/PG bookkeeping. We analyzed all 32
GPS PRNs with continuous coverage over a common 2-hour
window from 2025-07-03 00:00:00-02:00:00 UTC; six
representative PRNs are shown in Figure 2 and summarised

in Tables laa—lab, with per-PRN statistics for the full con-
stellation in Supplementary Table S1. Figure 2 shows that
the two series overlay closely for all PRNs, and the residuals
are small and structured at the ~107'? level, matching the
closed-form coordinate-time correction term derived in the
Discussion rather than reflecting numerical noise or a physical
discrepancy. This supports the paper’s claim that the river/PG
framing is an equivalent reformulation of the standard GPS
relativistic accounting, not a new gravity model'=. For
context, the absolute per-epoch clock-rate offset Ogq for
these GPS satellites is approximately 4.7 x 1070 across all
six PRNs over this window, dominated by the gravitational
potential difference; the ~107'? residuals reported above
therefore correspond to a relative agreement of approximately
0.2% between the two pipelines, providing the absolute scale
against which the residual magnitude can be interpreted.

For four of the six PRNs (G01, G03, G04, G06), the mean
residual is consistent with zero at the 95 % confidence level.
The other two PRNs (G02, GO5) show small biases of around
3 x 102 and 1 x 10-'2, which are statistically nonzero but
still much smaller than the typical clock-rate offset of 4.7 x
10719, and match the closed-form coordinate-time correction
term derived in the Discussion (correlation r = 1.000) rather
than reflecting numerical discretization.

Discussion

This study evaluated the river model as an alternative but
mathematically equivalent framing of Schwarzschild space-
time by combining (i) Painlevé—Gullstrand (PG) spacetime
visualizations and (ii) a GPS-based coordinate-time correc-
tion check using IGS precise-orbit SP3 ephemerides. Because
both clock-rate pipelines are deterministic computations from
the same SP3 file, the GPS analysis is a quantitative test of
whether the two formulations, when implemented in their nat-
ural time coordinates, differ by the expected post-Newtonian
correction; the observed residual at the ~10~!2 level corre-
sponds to a closed-form analytical term arising from the dif-
ference between Painlevé—Gullstrand and Schwarzschild time
coordinates, rather than to a coding asymmetry or numerical
discretization. The PG diagrams support the expected river
interpretation near the horizon: the inward “flow” reaches the
speed of light at the event horizon, and the outgoing radial
light direction stalls at the horizon in PG time, while ingo-
ing directions remain inward. This provides a coordinate-
consistent visualization of the one-way nature of the horizon
without relying on Schwarzschild-time pathologies. These
two components live in different physical regimes — a strong-
field, near-horizon Schwarzschild spacetime for the PG fig-
ures and the weak-field, test-particle Earth-orbit regime for the
GPS analysis — and the GPS analysis therefore does not, and
is not intended to, validate the strong-field claims illustrated
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(a) Inward space-flow speed

(b) Radial light slopes

(c) Local lightcone directions
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Figure. 1 GPS / GNSS data equivalence check

Table 1a Residual summary (standard — river) for six GPS satellites over the shared 2-hour window, with mean || reported as the absolute

scale of the clock-rate offset.

PRN Epochs  Start (UTC) End (UTC) Max |residual RMS Mean | Oyyq|
(residual) (10719)

GO1 25 2025-07- 2025-07- 5.458e-12 1.095e-12 4.673
03T00:00:00+00:00 03T02:00:00+00:00

G02 25 2025-07- 2025-07- 7.554e-12 3.242e-12 4.676
03T00:00:00+00:00 03T02:00:00+00:00

GO03 25 2025-07- 2025-07- 6.164e-12 1.410e-12 4.687
03T00:00:00+00:00 03T02:00:00+00:00

G04 25 2025-07- 2025-07- 6.779¢-12 1.383e-12 4.638
03T00:00:00+00:00 03T02:00:00+00:00

GO05 25 2025-07- 2025-07- 5.675e-12 1.506e-12 4.728
03T00:00:00+00:00 03T02:00:00+00:00

GO06 25 2025-07- 2025-07- 6.008e-12 1.410e-12 4.682
03T00:00:00+00:00 03T02:00:00+00:00

Table 1b Per-PRN residual statistics for the same six GPS satellites and 2-hour window. Mean, standard deviation and 95% confidence
interval are reported for the residual (standard — river); the p-value is from a one-sample 7-test against zero.

PRN N Mean (x10712) Std (x10712) 95% CI of mean (x107'2) p (vs0)

GO1 25 0.137 1.109 [—0.321, +0.594] 0.54

G02 25 3.026 1.187 [+2.537, +3.516] 3.5x 10712
GO03 25 —0.298 1.406 [—0.878, +0.282] 0.30

G04 25 0.437 1.339 [—0.116, +0.990] 0.12

GO5 25 1.159 0.981 [+0.754, +1.564] 4.3x1076
G06 25 —0.481 1.353 [—1.039, +0.077] 0.088

by the PG figures. tic clock-rate accounting and the river/PG bookkeeping pro-

duced time series that overlaid closely, with small residuals

The GPS analysis provides the coordinate-time correction
component of the comparison. For six GPS satellites over
a common two-hour window, the standard GNSS relativis-

at the ~10~!2 level. Because both pipelines were determin-
istic computations from the same SP3 ephemeris, this com-
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Figure. 2 Multi-satellite GPS comparison over a shared 2-hour window (2025-07-03 00:00-02:00 UTC). Left column: standard vs river/PG
clock-rate overlays for six PRNs. Right column: residuals (standard — river) for each PRN, showing agreement at the ~10~12 level
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parison does not constitute an empirical validation of the river
model as a physical interpretation of gravity; rather, it veri-
fies that, within the weak-field, test-particle, Schwarzschild-
approximate regime considered here, the two pipelines dif-
fer by exactly the post-Newtonian coordinate-time correction
term —vpow (r) - v,/c? predicted from the PG-Schwarzschild
transformation. The structured residuals observed at the
~10712 Jevel match this closed-form prediction to correlation
r=1.000 across all six PRNs, identifying them as the leading-
order coordinate-time correction rather than a numerical-
discretization artefact.

Expanding the river/PG bookkeeping in the weak-field,
test-particle limit (see Methods) and subtracting the standard
split, the analytical difference between the two pipelines is
Sstd — Oiver = —Viiow(r) - (v - #)/c?, where v -7 is the satel-
lite’s radial-velocity component. This closed-form expres-
sion matches the observed per-epoch residuals to correla-
tion r = 1.000 across all six PRNs, with peak magnitude
predictable from each satellite’s orbital eccentricity through
Ve R e - Vobit at perigee passage; for GPS-altitude orbits
(viiow =~ 5,475 m/s) at eccentricities of 0.005-0.02, this pre-
dicts peak residuals of 1.2-4.7 x 1072, consistent with the
values reported in Table laa. The term is identifiable with
the leading-order post-Newtonian coordinate-time correction
in the Painlevé-Gullstrand—Schwarzschild coordinate trans-
formation; it is therefore a physical-coordinate feature of the
two formulations as implemented in their natural time coordi-
nates, rather than a numerical-discretization error or a coding
asymmetry.

The empirical validation is limited to a weak-field, test-
particle regime (Earth-orbiting satellites). Discrete ephemeris
sampling and central-difference velocity recovery can in prin-
ciple introduce small residual structure even when two formu-
lations are analytically equivalent; in the present case, how-
ever, that discretization contribution is bounded at ~10~13
(an order of magnitude below the observed residuals), and
the observed ~10~!2 residuals are fully accounted for by the
closed-form coordinate-time correction term —veoy (r) - v,/c?
derived above. In addition, the river model framing used here
is tied to Schwarzschild-like spacetimes and does not auto-
matically generalize to all geometries without modification
(e.g., other slicings may be required in non-asymptotically
flat cases). The analysis also omits Earth’s J, oblateness and
Lense—Thirring frame-dragging contributions; per the order-
of-magnitude estimates given in the Theoretical Background
section, these affect the residual only at or below — and there-
fore cannot account for the structured residuals reported in Ta-
ble laa/lab.

A straightforward extension is to repeat the GNSS equiva-
lence test across additional days, additional PRNs, and (if de-
sired) other constellations using the same SP3 workflow. An-
other extension is to apply the same “standard vs river book-

keeping” comparison to a stronger-field analytic case (e.g.,
near-horizon behavior in Schwarzschild in PG form) to ex-
plicitly connect the conceptual PG plots to a formal equiva-
lence demonstration in the same coordinate system. Extend-
ing the analysis to multiple SP3 days, multiple GNSS constel-
lations (Galileo, GLONASS, BeiDou), and a broader sensitiv-
ity sweep across SP3 sampling cadence and central-difference
stencil order is a natural next step that is straightforward in the
present workflow; the closed-form prediction derived above
implies that residuals across other constellations should like-
wise match —vgow (7) - v,/c? to within numerical precision.
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