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In this paper, we explore minimal surfaces and graphs in differential geometry. We derive the equation for a catenoid, a rotation-
ally symmetric solution to the first variation of area functional for equidistant bounded discs. This analysis reveals two possible
configurations for the catenoid, with an inner-radius and outer-radius catenoid that arise when the distance between the coaxial
discs is below a critical threshold; we rigorously prove the stability of the outer-radius catenoid as the unique, area-minimizing
surface. Additionally, we establish the rigidity and uniqueness of minimal (planar) graphs; we prove that the Dirichlet problem
admits at most one minimal graph. Moreover, when the Dirichlet boundary curve lies in a plane, the corresponding minimal
planar graph must reside entirely in the same plane.

Introduction

Plateau’s problem, first proposed in the late 18th century1,
asks whether a surface of minimal area exists under specific
boundary constraints. Solutions to this problem, minimal sur-
faces, have since been studied extensively and have applica-
tions in fields such as physics, molecular biology, and ar-
chitecture; for instance, minimal surfaces are used to model
the apparent horizon of black holes2, describe the theoretical
model of biomolecules3, and even inspire modern architec-
ture4.

As such, Differential Geometry, the broader context of min-
imal surfaces, remains a relevant field in mathematics, as it
extends the familiar study of Euclidean geometry to higher-
dimensional space to measure area, curvature, torsion, etc.,
using the tools of calculus, linear algebra, and topology. This
paper focuses on two specific cases of minimal surfaces:
catenoids and minimal graphs. More specifically, we prove
two main results: (i) that the outer-radius catenoid is stable
and area-minimizing as the unique solution to Plateau’s prob-
lem, Theorem (4.2), and (ii) that the Minimal Graph Equation
permits one unique solution, Theorem (5.3), implying that pla-
nar Dirichlet boundary conditions yield only the trivial planar
minimal graph, in Corollary (5.1).

While there exist previous proofs4 for the stability of the
outer-radius catenoid, we provide a self-contained proof that
avoids reliance on advanced background in Sturm-Liouville
theory or Differential Geometry aside from that introduced
in sections two and three, and is thus more attainable for a
broader audience. Physically, regarding the stability of the
catenoid, several soap ring experiments5,6 demonstrate the ex-
istence of two potential catenoid configurations bounded by
coaxial rings, but that only the outer-radius catenoid is stable
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and persists under a critical separation distance d∗ between the
rings; using the first and second variation of area functionals,
we mathematically justify such observations.

In the Geometry of Surfaces section, we provide the neces-
sary background in Differential Geometry to understand and
prove the results of this paper. In section three, we investigate
the context of Plateau’s problem and minimal surfaces, deriv-
ing important theorems in minimal surface theory for our main
results. In section four, we present an overview of the catenoid
and prove our first main result in Theorem (4.2) regarding the
stability of the outer-radius catenoid. Finally, in section five,
we introduce the Maximum Principle for linear elliptic equa-
tions and prove our second main result in Theorem (5.3) re-
garding the uniqueness of minimal graphs, concluding with
Corollary (5.1).

Geometry of Surfaces

This section introduces the fundamental concepts in the geom-
etry of surfaces to properly analyze minimal surfaces. Specif-
ically, we need to answer the question of what defines the ge-
ometry of a surface? In its essence, a surface in R3 has three
major properties: length, area, and curvature; the latter two
will be critical for defining a minimal surface. However, to
start, we need to establish a formal definition of a regular sur-
face and its composition from a local parametrization.

Definition 2.1 (Local Parametrization). Let M represent a
subset in R2. A map Fu,v : U ⊆ R2 → O ⊆ R3 is called a local
parametrization of M if the following conditions are satisfied:

1. F : U → R3 is C∞; that is, F is infinitely differentiable
with respect to the codomain R3.

2. F : U → O is a homeomorphism; i.e., F : U → O is bijec-
tive, and both F and F−1 are continuous.
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3. ∀(u,v) ∈U , the cross product

∂F
∂u

× ∂F
∂v

̸= 0

Note that the third condition in Definition 2.1 is necessary
to establish the linear independence of the parametrization for
F : U → R3; i.e., the nonzero cross product implies that, at
any point on M ⊆ R3, the surface cannot locally collapse to
a single point or curve and must permit local tangent planes
everywhere. This property is vital for Definition 2.3.

Definition 2.2 (Regular Surface). A subset M ∈ R3 is
called a regular surface if, ∀p ∈ M, there exists an open subset
U ⊆R2 and a corresponding open subset O ⊆ M containing p
such that F : U → O is a local parametrization.

Importantly, we need to establish a local coordinate system
on the surface M to examine its behavior in space; specifically,
we need a basis to reference the curvature and geometry of M
around an arbitrary point p. Conveniently, the partial deriva-
tives of a local parametrization F : U → M are well-defined
(nonzero) everywhere on M and are thus of interest for defin-
ing a local (tangent) plane.

Definition 2.3 (Tangent Plane). Let M ∈ R2 be a regu-
lar surface and p ∈ M a point. If F(u,v) : U → M is a local
parametrization around p, then the tangent plane TpM at p is
defined as

TpM := span
{

∂F
∂u

(p),
∂F
∂v

(p)
}

Remark 2.1. ∀p ∈ M, dim{TpM} = 2, since ∂F
∂u ∦ ∂F

∂v by
Definition 2.1.

With the proper local coordinates, we can now proceed with
analyzing the behavior and geometry of M around a point p;
namely, we can examine the properties of curvature, area and
length associated with M. The latter two are defined with re-
spect to a local inner product; let x = x1e1 + x2e2 + x3e3,y =
y1e1 + y2e2 + y3e3 ∈ R3. Then

⟨x,y⟩=
[
x1 x2 x3

]⟨e1,e1⟩ ⟨e1,e2⟩ ⟨e1,e3⟩
⟨e2,e1⟩ ⟨e2,e2⟩ ⟨e2,e3⟩
⟨e3,e1⟩ ⟨e3,e2⟩ ⟨e3,e3⟩

y1
y2
y3


such that ⟨x,y⟩= xT Ey for basis matrix E.

First Fundamental Form. As alluded to earlier, we can
express area and length attributed to a regular surface M us-
ing a local inner product; to do so, we must define the first
fundamental form and its matrix definition.

Definition 2.4 (First Fundamental Form). If M is a regu-
lar surface, the first fundamental form of M is the inner prod-
uct on TpM×TpM for all p ∈ M, denoted as g : TpM×TpM →
R.

Remark 2.2 (Matrix Form). Let F(u1,u2) represent a lo-
cal parametrization for a regular surface M and p ∈ M have

tangent plane TpM. Then, for x,y ∈ TpM, by Definition 2.4,
the first fundamental form for M at p is defined in its matrix
form as

gp =

[
∂F
∂u1

(p) · ∂F
∂u1

(p) ∂F
∂u1

(p) · ∂F
∂u2

(p)
∂F
∂u2

(p) · ∂F
∂u1

(p) ∂F
∂u2

(p) · ∂F
∂u2

(p)

]

Thus, g(x,y) = ⟨x,y⟩= xT gpy.
Remark 2.3 (Length). Let M represent a regular surface

with local parametrization F(u1,u2). Consider a parametrized
curve γ = γ(t) : I → M from the interval I = [a,b]. In R3, the
length of γ is

L(γ) =
∫ b

a
||γ ′(t)||dt

Since γ ∈ M, we can express γ(t) in terms of the local
parametrization F(u1,u2).

γ(t) = F(u1(t),u2(t))

γ
′(t) =

∂F
∂u1

u′1(t)+
∂F
∂u2

u′2(t)

||γ ′(t)||=
√
⟨γ ′(t),γ ′(t)⟩=

√
g(γ ′(t),γ ′(t))

Thus, we can express the length of γ in a more convenient
form as

∴ L(γ) =
∫ b

a

√
g(γ ′(t),γ ′(t))dt

Remark 2.4 (Area). Let D ⊆ M represent a closed region
in the regular surface M with local parametrization F(u1,u2) :
U → D. Then, we know the surface area of D is

Area(D) =
∫∫

U

∥∥∥∥ ∂F
∂u1

× ∂F
∂u2

∥∥∥∥ du1du2

However, we can further express this inner cross product in
terms of the first fundamental form of M.∥∥∥∥ ∂F

∂u1
× ∂F

∂u2

∥∥∥∥2

=

∥∥∥∥ ∂F
∂u1

∥∥∥∥2∥∥∥∥ ∂F
∂u2

∥∥∥∥2

sin2(θ)

=

∥∥∥∥ ∂F
∂u1

∥∥∥∥2∥∥∥∥ ∂F
∂u2

∥∥∥∥2

−
∥∥∥∥ ∂F

∂u1

∥∥∥∥2∥∥∥∥ ∂F
∂u2

∥∥∥∥2

cos2(θ)

=

(
∂F
∂u1

· ∂F
∂u1

)(
∂F
∂u2

· ∂F
∂u2

)
−
(

∂F
∂u1

· ∂F
∂u2

)2

= det

[
∂F
∂u1

· ∂F
∂u1

∂F
∂u1

· ∂F
∂u2

∂F
∂u2

· ∂F
∂u1

∂F
∂u2

· ∂F
∂u2

]
= det(g)

Thus, we find the area of D as:

∴ Area(D) =
∫∫

U

√
det(g)du1du2
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Second Fundamental Form. Now that we have explored
the length and area of regular surfaces, we can investigate the
nature of curvature, defining the second fundamental form in
order to so. It is important to note that the typical, inherent
idea of curvature only exists in space curves in R3 as a mea-
sure of the rate at which a curve γ changes direction; clearly,
such a measure is well defined, as γ only has one tangent vec-
tor γ ′ at any point along its trace.

However, in a regular surface ⊆R3, there is no sole, unique
tangent vector—only planes (TpM). Thus, different curves
along M will often have varying curvatures, and so we must
define curvature in the context of each “direction” along M (in
a similar manner to a “directional derivative”).

To start, by Definition 2.3, we know that the (linearly inde-
pendent) partial derivatives of a local parametrization form the
tangent plane for the corresponding regular surface; this com-
position implies that the cross product between them defines a
form of normal vector.

More concretely, let M ⊆ R3 represent a regular surface
with local parametrization F(u1,u2) : U → M around a point
p ∈ M. Then, at p, we can express the “normal vectors” ν±(p)
as

ν±(p) =±
∂F
∂u1

(p)× ∂F
∂u2

(p)∥∥∥ ∂F
∂u1

(p)× ∂F
∂u2

(p)
∥∥∥ (2.1)

Importantly, there exist two normal vectors (ν+ and ν−), dif-
fering in signs; we note this distinction intuitively as ν point-
ing “outward” and “inward” with respect to a regular surface.
As such, we often desire finding a continuous normal vector
that allows us to distinguish between “in” and “out.” In this
case, such regular surfaces are orientable if there exists a con-
tinuous choice of normal vector across the entire surface; in-
stinctively, if there is a clear “inside” and “outside” for the
surface. In this paper, we explicitly assume that all explored
regular surfaces are orientable. In fact, most regular surfaces
in R3 are orientable, including those present in the later sec-
tions; see7 for a brief proof.

Definition 2.5 (Gauss Map). Let M be a regular, orientable
surface. Then, the Gauss map N : M → S2 is a smooth map
such that ∀p ∈ M, N(p) is the globally defined unit normal
vector of M at p. We typically have N = ν+. See equation
(2.1).

Definition 2.6 (Normal Curvature). Let M ∈ R3 be a reg-
ular surface with Gauss map N. For each p ∈ M and any unit
vector e ∈ TpM such that g(e,e) = 1, we denote Π

N,e
p to be the

plane in R3 that contains p and is spanned by N(p) and e. If γ

is the curve that is formed by the intersection of M and Π
N,e
p ,

then the normal curvature at p along e, denoted by kn(p,e), is
the signed curvature of γ at p with respect to N(p) such that

kn(p,e) = γ
′′(p) ·N(p)

Theorem 2.1. Let M ⊆ R3 be a regular surface with local
parametrization F(u1,u2) and Gauss map N. For a point p ∈
M and unit vector e ∈ TpM, express

e =
2

∑
i=1

xi
∂F
∂ui

Then, the normal curvature kn(p,e) is

kn(p,e) =
[
x1 x2

][⟨ ∂ 2F
∂u1∂u1

(p),N(p)⟩ ⟨ ∂ 2F
∂u1∂u2

(p),N(p)⟩
⟨ ∂ 2F

∂u2∂u1
(p),N(p)⟩ ⟨ ∂ 2F

∂u2∂u2
(p),N(p)⟩

]

×
[

x1
x2

]
Proof. Let γ(s) represent the arc-length parametrized curve

of the intersection of M and Π
(N,e)
p for s ∈ (−ε,ε), such that

γ(0) = p and γ ′(0) = e = ∑
2
i=1 xi

∂F
∂ui

. Since γ(s)⊆ M, we can
express

γ(s) = F(u1(s),u2(s))

γ
′(s) = u′1(s)

∂F
∂u1

+u′2(s)
∂F
∂u2

=
2

∑
i=1

u′i(s)
∂F
∂ui

⇒ γ
′(0) = e =

2

∑
i=1

u′i(0)
∂F
∂ui

∴ u′i(0) = xi

Thus, we find the second derivative of γ(s) as

γ
′′(s) =

d
ds

2

∑
i=1

u′i(s)
∂F
∂ui

(u1(s),u2(s))

=
2

∑
i=1

u′′i (s)
∂F
∂ui

+
2

∑
i=1

u′i(s)
2

∑
j=1

u′j(s)
∂ 2F

∂ui∂u j

=
2

∑
i=1

u′′i (s)
∂F
∂ui

+
2

∑
i, j=1

u′i(s)u
′
j(s)

∂ 2F
∂ui∂u j

⇒ kn(p,e) =
〈
γ
′′(0),N(p)

〉
=

2

∑
i=1

u′′i (0)
〈

∂F
∂ui

,N
〉

(which is 0)

+
2

∑
i, j=1

xix j

〈
∂ 2F

∂ui∂u j
,N
〉

=
2

∑
i, j=1

xix j

〈
∂ 2F

∂ui∂u j
,N
〉
=
[
x1 x2

]
〈 ∂ 2F

∂u1∂u1
(p),N(p)

〉 〈
∂ 2F

∂u1∂u2
(p),N(p)

〉〈
∂ 2F

∂u2∂u1
(p),N(p)

〉 〈
∂ 2F

∂u2∂u2
(p),N(p)

〉[x1
x2

]

© The National High School Journal of Science 2026 | 3



as desired.
From Theorem (2.1), we are inspired to define a map in

a similar fashion as Definition (2.4) to measure the normal
curvature on a regular surface. This directly leads us to define
the second fundamental form.

Definition 2.7 (Second Fundamental Form). Let M ⊆ R3

be a regular surface with Gauss map N and local parametriza-
tion F(u1,u2). Then, for x,y ∈ TpM, the second fundamental
form of M is a map h : TpM×TpM → R such that

h(x,y) =
2

∑
i, j=1

xiy j

〈
∂ 2F

∂ui∂u j
,N
〉

evaluated at a given p ∈ M.
Remark 2.5 (Matrix Form). Often, we express h in terms

of a matrix:

hp =

〈 ∂ 2F
∂u1∂u1

(p),N(p)
〉 〈

∂ 2F
∂u1∂u2

(p),N(p)
〉〈

∂ 2F
∂u2∂u1

(p),N(p)
〉 〈

∂ 2F
∂u2∂u2

(p),N(p)
〉

such that h(x,y) = xT hpy.
Remark 2.6 (Normal Curvature). For p ∈ M, the normal

curvature in the direction e ∈ TpM is given by

kn(p,e) = h(e,e)

However, while we can now find the normal curvature along
any vector in TpM relative to a point p, several questions still
arise: namely, which directions minimize/maximize the nor-
mal curvature and the respective implications. As such, we de-
sire to optimize h(e,e) given that g(e,e)= 1 for some e∈ TpM.

To do so, define

e =
2

∑
i=1

xi
∂F
∂ui

for a fixed point p ∈ M ⊆ R3 with local parametrization
F(u1,u2) and Gauss map N. Let h = [hi j] and g = [gi j]. Then,
define

H(x1,x2) = h(e,e) = h11x2
1 +2h12x1x2 +h22x2

2

G(x1,x2) = g(e,e) = g11x2
1 +2g12x1x2 +g22x2

2

Thus, we desire to optimize H(x1,x2) subject to the constraint
G(x1,x2) = 1; using a Lagrange multiplier, we must solve the
system

∇H(x1,x2) = λ∇G(x1,x2) (2.2)

G(x1,x2) = 1

Expanding equation (2.2), we are left with the system

2h11x1 +2h12x2 = λ (2g11x1 +2g12x2) (2.4)

2h12x1 +2h22x2 = λ (2g12x1 +2g22x2) (2.5)

Furthermore, noting the symmetry of g and h, we can rewrite
equations (2.4) and (2.5) as[

h11 h12
h21 h22

][
x1
x2

]
= λ

[
g11 g12
g21 g22

][
x1
x2

]
(2.6)

∴ h
[

x1
x2

]
= λg

[
x1
x2

]
To solve equation (2.6), we note that g is invertible since
det(g) = ∥ ∂F

∂u1
× ∂F

∂u2
∥2 > 0 by Definition (2.1). Thus, we may

solve for e given that

(g−1h)
[

x1
x2

]
= λ

[
x1
x2

]
(2.7)

We therefore conclude from equation (2.7) that the extrema

e =
[

x1
x2

]
is an eigenvector of g−1h with eigenvalue λ .

Definition 2.8 (Shape Operator). For a regular surface
M ⊆ R3, the shape operator of M is a map S : TpM → TpM
such that S = g−1h

Furthermore, we define the eigenvalues of S as the principal
curvatures, which are the critical values of h(e,e) given that
g(e,e) = 1. Note that this fact follows briefly as

h(e,e) = eT he = eT (λge)e = λeT ge = λ

Finally, since dim(TpM) = 2, there must exist two real prin-
cipal curvatures, denoted as λ1 and λ2. As such, we often
consider only the sum and products of the two.

Definition 2.9 (Mean Curvature & Gauss Curvature).
For a point p on a regular surface M ⊆R3 with first fundamen-
tal form g and second fundamental form h, the mean curvature
of p, denoted by H, is given by

H =
λ1 +λ2

2
=

1
2

tr(g−1h)

and the Gauss curvature, denoted by K, is given by

K = λ1λ2 = det(g−1h) =
det(h)
det(g)

where λ1 and λ2 are the principal curvatures.
Here, for both the mean and Gauss curvature, we calculate

them under the gauss map with the normal vector that (glob-
ally, under the orientability assumption) points outward from
the enclosed volume of the surface; as such, the sign for the
mean curvature is positive for all convex regions.
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Table 1 Notation in Geometry of Surfaces Section
Symbol Meaning
M Regular Surface
TpM Tangent Plane
F Local Parametrization
g First Fundamental Form
v± Normal Vectors
N Gauss Map
h Second Fundamental Form
S Shape Operator
H Mean Curvature
K Gauss Curvature

Minimal Surfaces

This section will introduce the notion of and context for mini-
mal surfaces, providing the necessary background for the main
results of this paper in regard to catenoids and minimal graphs.
However, we must first explore the motivating problem that
introduced minimal surfaces.

Plateau’s Problem. Given a closed curve γ ⊆ R3 of class
C2, find a regular surface M ⊆ R3 such that ∂M = γ and
Area(M) = infArea(S), where S is the set of all regular sur-
faces in R3 that span γ .

To solve Plateau’s Problem, we must employ the first vari-
ation of area functional; however, we require context. For a
fixed closed and smooth curve γ ⊆ R3, let M ⊆ R3 be a reg-
ular surface that spans γ with local parametrization

∼
F (u1,u2)

and Gauss map N. Consider a family of variational surfaces
M(s) that span γ for s ∈ (−ε,ε) with M(0) = M. Then, let the
local parametrization

∼
F (u1,u2,s) of M(s) be of the form

∼
F (u1,u2,s)=F(u1,u2)+sϕ(u1,u2)N(u1,u2) (3.1)

for smooth ϕ : M → R such that ϕ = 0 on ∂M.
We restrict our examination to fixed boundary conditions,

so ϕ|∂M = 0 is sufficient, and no additional-order boundary
conditions arise. Note that since F ∈ C∞ by Definition 2.1.
N ∈ C∞. In fact, for all orientable surfaces, N must be differ-
entiable; see7 for more detailed explanation. As such, F is
differentiable.

Let V (u1,u2) = ϕ(u1,u2)N(u1,u2) such that

∂
∼
F

∂ s
(u1,u2,s) =V (u1,u2) (3.2)

∂
∼
F

∂ui
(u1,u2,s) =

∂F
∂ui

(u1,u2)+ s
∂V
∂ui

(u1,u2) (3.3)

Now, if M = M(0) solves Plateau’s Problem, then

d
ds

Area(M(s))
∣∣∣
s=0

=
∫∫

M

∂

∂ s

√
det(g(s))

∣∣∣
s=0

du1du2 = 0

(∗)

by Remark (2.4).
Lemma 3.1. Let g(s) be a family of symmetric, invertible

n×n matrices. Then,

d
ds

ln(det(g(s))) = tr
(

g(s)−1 d
ds

g(s)
)

Proof. Let λ1(s),λ2(s), . . . ,λn(s) be eigenvalues for g(s).

d
ds

ln(det(g(s))) =
d
ds

ln(λ1(s)λ2(s) . . .λn(s))

=
d
ds

(ln(λ1(s))+ ln(λ2(s))+ · · ·+ ln(λn(s)))

=
λ ′

1(s)
λ1(s)

+
λ ′

2(s)
λ2(s)

+ · · ·+ λ ′
n(s)

λn(s)

= tr

λ
−1
1 (s) ... 0

...
. . .

...
0 ... λ−1

n (s)

λ ′
1(s) ... 0
...

. . .
...

0 ... λ ′
n(s)


= tr

(
g(s)−1 d

ds
g(s)

)
Applying Lemma (3.1), we have

∂

∂ s

√
det(g(s)) =

d
ds det(g)

2
√

det(g)

=

√
det(g)

2det(g)
d
ds

ln(det(g(s)))

=
1
2

√
det(g) tr

(
g(s)−1 d

ds
g(s)

)
(3.4)

Furthermore, since g(s)i j = ⟨ ∂
∼
F

∂ui
, ∂

∼
F

∂u j
⟩, we know

∂

∂ s
g(s)i j =

〈
∂ 2 ∼

F
∂ui∂ s

,
∂

∼
F

∂u j

〉
+

〈
∂

∼
F

∂ui
,

∂ 2 ∼
F

∂u j∂ s

〉

=

〈
∂V
∂ui

,
∂

∼
F

∂u j

〉
+

〈
∂

∼
F

∂ui
,

∂V
∂u j

〉
(3.5)

⇒ tr(g(s)−1g′(s)) =
2

∑
i, j=1

g(s)i j

(〈
∂V
∂ui

,
∂

∼
F

∂u j

〉
+

〈
∂

∼
F

∂ui
,

∂V
∂u j

〉)

= 2
2

∑
i, j=1

g(s)i j

〈
∂

∼
F

∂ui
,

∂V
∂u j

〉

= 2
2

∑
i, j=1

g(s)i j

(
∂

∂u j

〈
∂

∼
F

∂ui
,V

〉
−

〈
∂ 2 ∼

F
∂ui∂u j

,V

〉)
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∴ tr(g(s)−1g′(s))
∣∣∣
s=0

= 2
2

∑
i, j=1

g(s)i j

(
∂

∂u j
⟨ ∂F

∂ui
,ϕN⟩(0) −⟨ ∂ 2F

∂ui∂u j
,ϕN⟩

)
=−2ϕ

2

∑
i, j=1

g(s)i j⟨ ∂ 2F
∂ui∂u j

,N⟩(hi j)

=−2ϕ tr(g−1h)

=−4ϕH (3.6)

Now we substitute equation (3.6) into equation (3.4).

∴
∂

∂ s

√
det(g)

∣∣∣
s=0

=−2ϕH
√

det(g) (3.7)

Finally, we plug equation (3.7) into (∗) and conclude with the
Minimal Surface Equation:

Theorem 3.1 (Minimal Surface Equation). The First
Variation of Area of a regular surface M is given as

d
ds

Area(M(s))
∣∣∣
s=0

=−2
∫∫

M
ϕH
√

det(g)du1du2

If M = M(0) is a solution to Plateau’s Problem, then

d
ds

Area(M(s))
∣∣∣
s=0

= 0

for all choices of variation ϕ : M → R. However, this implies
that M must solve the Minimal Surface Equation:

H = 0

everywhere on M.
Definition 3.1 (Minimal Surface). A regular surface M ⊆

R3 is a minimal surface if it is a solution to the Minimal Sur-
face Equation; namely, if H = 0 everywhere on M.

Remark 3.1. While we call regular surfaces that have a
zero mean curvature everywhere “minimal surfaces,” they do
not necessarily solve Plateau’s Problem; often, when solving
for generalized minimal surfaces given boundaries, multiple
solutions satisfying the Minimal Surface Equation arise, while
some may not be truly “area-minimizing.” Put simply, satisfy-
ing the Minimal Surface Equation is not enough to warrant
a surface a solution to Plateau’s Problem; refer to Theorem
(4.1).

Catenoids

This section will introduce the catenoid and its properties as
a minimal surface, providing the background for and proving
the main result of the outer-radius catenoid’s stability. How-
ever, we must first define what a catenoid is; in order to do

Table 2 Notation in Minimal Surfaces Section
Symbol Meaning
s Surface Family Variable
V ϕN
λi Eigenvalues
M Minimal surface

so, we pose a question: what is the solution to Plateau’s Prob-
lem for two separated, equiradial rings? Or more succinctly,
what surface that connects two rings has the smallest possible
surface area?

Formally, we can answer this question using the Minimal
Surface Equation. Fix two unit circles Γ1 and Γ2 at z = d and
z =−d, respectively, as seen in Figure 1.

Fig. 1 Graph of M, a catenoid, with boundary curves, Γ1 and Γ2,
each unit circles separated by a total distance of 2d.

We want to find a minimal surface M such that ∂M =
Γ1 ∪Γ2. Let us also assume that M is rotationally symmetric.
A simple argument can be made that M must be rotationally
symmetric because the boundary conditions are symmetric; if
a solution for M were not rotationally symmetric, then there
must exist an infinite number of solutions identical to M (but
rotated slightly) that are also area-minimizing. However, this
violates uniqueness; see8,9 for more.

Thus, we may locally parametrize M as

F(θ ,z) = ( f (z)cos(θ), f (z)sin(θ),z) (4.1)

for some strictly positive f : R→ R with z ∈ [−d,d] and θ ∈
[0,2π]. Therefore, our objective is to solve for f (z).

6 | © The National High School Journal of Science 2026



First, we compute the first fundamental form g of M.

∂F
∂ z

= ( f ′(z)cos(θ), f ′(z)sin(θ),1)

∂F
∂θ

= (− f (z)sin(θ), f (z)cos(θ),0)

Thus, by Definition (2.4), the first fundamental form is given
as

g =

[
f 2(z) 0

0 1+( f ′(z))2

]
(4.2)

Further, we can also compute the Gauss map and second
fundamental form for M.

∂F
∂ z

× ∂F
∂θ

= (− f (z)cos(θ),− f (z)sin(θ), f (z) f ′(z))

∂ 2F
∂ z∂ z

= ( f ′′(z)cos(θ), f ′′(z)sin(θ),0)

∂ 2F
∂ z∂θ

= (− f ′(z)sin(θ), f ′(z)cos(θ),0)

∂ 2F
∂θ∂θ

= (− f (z)cos(θ),− f (z)sin(θ),0)

So, by Definition (2.5), we have

N =
∂F
∂ z ×

∂F
∂θ∥∥∥ ∂F

∂ z ×
∂F
∂θ

∥∥∥ =

(
cos(θ),sin(θ),− f ′(z)√

1+( f ′(z))2

)
(4.3)

where the global (due to assumed orientability) direction of N
is of the form ν+ in equation (2.1). Furthermore, by Definition
(2.7), we also find

h =
1√

1+( f ′(z))2

[
− f (z) 0

0 f ′′(z)

]
(4.4)

Thus, by Definition (2.8), we compute S as

S = g−1h =

[
1

f 2(z) 0
0 1

1+( f ′(z))2

]
1√

1+( f ′(z))2

[
− f (z) 0

0 f ′′(z)

]

=
1√

1+( f ′(z))2

[
− 1

f (z) 0

0 f ′′(z)
1+( f ′(z))2

]
(4.5)

As such, by Definition (2.9), the mean curvature of M is

H =
1
2

tr(S)=
1

2
√

1+( f ′(z))2

(
− 1

f (z)
+

f ′′(z)
1
2 +( f ′(z))2

)
(4.6)

Therefore, by Theorem (3.1), the Minimal Surface Equation
for M is given by

f ′′(z)
1+( f ′(z))2 =

1
f (z)

(∗∗∗)

where f (−d) = f (d) = 1. To find a solution f (z) for (∗ ∗ ∗),
let

q(z) =
f (z)√

1+( f ′(z))2

Then, we have

q′(z) =
f ′(z)√

1+( f ′(z))2
− f (z) f ′(z) f ′′(z)

(1+( f ′(z))2)3/2

=
f ′(z)√

1+( f ′(z))2

(
1− f (z) f ′′(z)

1+( f ′(z))2

)
= 0 (4.7)

by (∗∗∗). However, equation (4.7) implies that q(z) = C, for
some constant C. Thus, we can solve for f (z).

⇒ f (z)√
1+( f ′(z))2

=C

⇒ f 2(z)
C2 = 1+( f ′(z))2

⇒ d f
dz

=

√
f 2(z)
C2 −1

⇒
∫ d f√

f 2 −C2
=
∫ dz

C

∴ f (z) =C cosh
(

z− z0

C

)
(4.8)

for some integration constant z0. However, since M is sym-
metric about z = 0, we note that z0 = 0. This fact follows
directly from the boundary conditions, f (−d) = f (d) = 1, so
z− z0 = z+ z0 by the symmetry of the hyperbolic cosine func-
tion. Thus, we simplify equation (4.8) and conclude

f (z) =C cosh
( z

C

)
(4.9)

Finally, we must find the value of C in equation (4.9) given
that f (±d) = 1. Furthermore, according to equation (4.9), C
must be the minimum value of f (z), attained at z= 0. This fact
is because cosh(u)≥ 1 for all u. Accordingly, we are brought
to the definition of a catenoid.

Definition 4.1 (Catenoid). A catenoid is the unique, non-
planar minimal surface of revolution in R3 given by the local
parametrization

F(u,v) = (acosh(v/a)cos(u),acosh(v/a)sin(u),v)

for some real a > 0. This is equivalent to the initial conditions
of two equiradial disks in Plateau’s Problem at the start of this
section.

Note that in Definition (4.1), a=C, where 1=C cosh(d/C),
according to the boundary conditions. As such, define

ϕd(C) =C cosh
(

d
C

)
(4.10)
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Thus, a connected solution M only exists if ϕd(C) = 1 has
a positive root. Observe, however, that as C → 0+, we have
ϕd(C)→ ∞. Furthermore, as C → ∞, we also have ϕd(C)→
∞. Thus, we know ϕd(C) attains a global minimum when
ϕ ′

d(C) = 0. ϕd(C) cannot have any local extrema because the
hyperbolic cosine function is strictly concave everywhere; that
is, since ϕ ′′

d (C) > 0 everywhere, no local extrema (maxima)
can occur, and so the only extrema is the global minimum.

This fact leads us to suspect that for certain separation dis-
tances between Γ1 and Γ2, min(ϕd(C)) > 1, and there will
consequently be no solutions for M. To demonstrate this fact,
we must first find the minimum of ϕd(C).

ϕ
′
d(C) = cosh

(
d
C

)
− d

C
sinh

(
d
C

)
= 0 (4.11)

⇒ cosh
(

d
C

)
=

d
C

sinh
(

d
C

)
⇒ tanh

(
d
C

)
=

C
d

∴ tanh(s) =
1
s

where s = d
C . Implicitly solving equation (4.11) for s, we ar-

rive at one unique solution s∗ ≈ 1.19968. Thus, for a given d,
we have that ϕd(C) attains its minimum when s = s∗.

However, also observe that when ϕd(C) = 1, then C < 1.
This is once again because cosh(u)≥ 1. However, because d is
strictly positive, we have cosh(d/C)> 1, so C < 1. This fact,
of course, conforms with our intuition, as C is the minimal
radius from M to the z-axis, and as such must be strictly less
than the boundary disk radius.

Now that we have C = d
s∗ , we substitute into equation (4.10)

to find the minimum value of ϕd(C) as

min(ϕd(C)) =
d
s∗

cosh(s∗) (4.12)

Thus, for connected solutions for M to exist, we want
min(ϕd(C)) ≤ 1. Rearranging equation (4.12) to satisfy this
inequality, we are left with

d ≤ d∗ =
s∗

cosh(s∗)
(4.13)

Consequently, when d becomes too large (d > d∗), there are
no solutions for the equation ϕd(C) = 1 and thus no connected
solutions for M, as we expect. As alluded to in the introduc-
tion, this can be seen with real experiments; soap ring bubbles
form a catenoid until their separation distance exceeds a cer-
tain value, at which point the connecting bubble abruptly pops.
See5,6 for more.

When d = d∗, one unique solution C∗ exists. However, in
the case when d < d∗, it is clear that multiple solutions for

ϕd(C) exist; Figure 2 displays plots of ϕd(C) for different val-
ues of d. For d < d∗, there are two solutions: C1 and C2,
where C2 > C∗ > C1. Since C = min( f (z)), we call C1 and
C2 the inner and outer-radius catenoid, respectively. Figure 3
displays both catenoids, M1 and M2, corresponding to C1 and
C2, respectively.

Fig. 2 Plot of ϕd(C) for different values of d. The intersection of
ϕd(C) with y = 1 generates the values for the integration constant C,
with C2 >C∗ >C1.

Fig. 3 Graph of inner-radius catenoid M1 (green) and outer-radius
catenoid M2 (blue). Intuitively, the outer-radius catenoid has less
surface area than the inner one.

By inspection, we intuitively suspect that M2 has a smaller
surface area than M1; however, this result must be proven rig-
orously. As such, we will prove Theorem (4.2), one of the
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main results of this paper; namely, that when d < d∗ the outer-
radius catenoid M2 is the solution to Plateau’s Problem for the
Dirichlet boundary conditions depicted in Figure 1, while the
inner-radius catenoid M1 is not.

Second Variation of Area.
Lemma 4.1. It should be stated that this Lemma is known

as Weingarten’s Formula. For additional proof, see7. Let M ⊆
R3 be a regular surface with local parametrization F(u1,u2),
first fundamental form g= [gi j], second fundamental form h=
[hi j], shape operator S = [Si j], and Gauss map N. Then,

∂N
∂ui

=−
2

∑
j=1

Si j
∂F
∂u j

Proof. Since ⟨N,N⟩ = 1, it follows that ∂iN ∈ TpM. Thus,
we can write

∂N
∂ui

=
2

∑
k=1

aik
∂F
∂uk

(4.14)

for some coefficients aik. Furthermore, we differentiate
⟨N,∂ jF⟩= 0 with respect to ui to find

0=
∂

∂ui

〈
N,

∂F
∂u j

〉
=

〈
∂N
∂ui

,
∂F
∂u j

〉
+

〈
N,

∂ 2F
∂ui∂u j

〉
(4.15)

However, since hi j = ⟨N,∂i jF⟩ by Definition (2.7), we sim-
plify equation (4.15) and have〈

∂N
∂ui

,
∂F
∂u j

〉
=−hi j (4.16)

But using equation (4.14), we also have〈
∂N
∂ui

,
∂F
∂u j

〉
=

2

∑
k=1

aik

〈
∂F
∂uk

,
∂F
∂u j

〉
=

2

∑
k=1

aikg jk (4.17)

because g jk = ⟨∂ jF,∂kF⟩, by Definition (2.4). Thus, we com-
pare ⟨∂iN,∂ jF⟩ in equations (4.16) and (4.17) and conclude

2

∑
k=1

aikg jk =−hi j (4.18)

However, with respect to the coordinate basis {∂1F,∂2F},
equation (4.18) expands to the matrix equation

g
[

ai1
ai2

]
=−

[
hi1
hi2

]
(4.19)

∴

[
ai1
ai2

]
=−g−1

[
hi1
hi2

]
(4.20)

for j = 1,2. By definition, equation (4.20) implies

aik =−g−1hik =−Sik (4.21)

Thus, plugging equation (4.21) into equation (4.14), we get
our desired result.

Lemma 4.2. Let M(s) ⊆ R3 be a family of regular sur-
faces with local parametrizations in the form of equation (3.1),
first fundamental form g(s), and shape operator S, such that
M(0) = M. Then,

(a) tr(g(0)−1g′(0)) =−4ϕH = 0
(b) tr(g(0)−1g′′(0)) = 2∥∇Mϕ∥2 −2tr(S2)ϕ2

where ∥∇Mϕ∥2 = ∑
2
i, j=1 gi j ∂ϕ

∂ui

∂ϕ

∂u j
is the surface gradient of

ϕ for smooth ϕ : M → R.
Proof. Since g(0)−1g′(0) =−4ϕH from equation (3.6), the

result for (a) trivially follows. As for (b), first consider g′(s)i j.
By equation (3.5), we have

g′(s)i j =

〈
∂V
∂ui

,
∂

∼
F

∂u j

〉
+

〈
∂

∼
F

∂ui
,

∂V
∂u j

〉

for V (u1,u2) = ϕ(u1,u2)N(u1,u2). Therefore, we compute
g′′(s)i j as

g′′(s)i j =

〈
∂ 2V

∂ui∂ s
,

∂
∼
F

∂u j

〉
+

〈
∂V
∂ui

,
∂ 2 ∼

F
∂u j∂ s

〉

+

〈
∂ 2 ∼

F
∂ui∂ s

,
∂V
∂u j

〉
+

〈
∂

∼
F

∂ui
,

∂ 2V
∂u j∂ s

〉

= 2
〈

∂V
∂ui

,
∂V
∂u j

〉
= 2

〈
∂ϕ

∂ui
N +ϕ

∂N
∂ui

,
∂ϕ

∂u j
N +ϕ

∂N
∂u j

〉
= 2

(
∂ϕ

∂ui

∂ϕ

∂u j
+ϕ

2
〈

∂N
∂ui

,
∂N
∂u j

〉)
= 2

∂ϕ

∂ui

∂ϕ

∂u j
+2ϕ

2
2

∑
k,l=1

SikS jlgkl (2.1)

Thus, from equation (4.22), we conclude

tr(g(0)−1g′′(0)) = 2
2

∑
i, j=1

gi j ∂ϕ

∂ui

∂ϕ

∂u j
+2ϕ

2
2

∑
i, j,k,l=1

gi jSikS jlgkl

= 2∥∇Mϕ∥2 +2tr(S2)ϕ2 (4.23)

as desired. Note that sign conventions depending on metric
signature might flip S2 trace sign in some contexts, but follows
derivation above.

For a minimal surface M to be the solution to Plateau’s
Problem, we must confirm that M is indeed area-minimizing
while satisfying the Minimal Surface Equation; this implies
that the area of M would satisfy the “second derivative test.”
As such, we are brought to the definition of the Second Varia-
tion of Area.

© The National High School Journal of Science 2026 | 9



Theorem 4.1 (Second Variation of Area). Let M(s)⊆ R3

be a family of regular surfaces with local parametrizations in
the form of equation (3.1), first fundamental form g(s), and
shape operator S, such that M(0) = M, where M is a minimal
surface. Then, the Second Variation of Area of M is given as

d2

ds2 Area(M(s))
∣∣∣
s=0

=
∫∫

M

(
∥∇Mϕ∥2 − tr(S2)ϕ2)√det(g)du1du2

for all smooth ϕ : M → R such that ϕ = 0 on ∂M.
Remark 4.1. A minimal surface M ⊆ R3 is locally mini-

mizing if∫∫
M

(
∥∇Mϕ∥2 − tr(S2)ϕ2)√det(g)du1du2 > 0

for all ϕ : M → R with ϕ = 0 on ∂M. This is the second
derivative test for the area of M.

Proof. From (∗), we find

d2

ds2 Area(M(s))
∣∣∣
s=0

=
∫∫

M

∂ 2

∂ s2

√
det(g(s))

∣∣∣
s=0

du1du2 (4.24)

Thus, we must find ∂ 2
s
√

det(g). Recall from equation (3.4)
that we have

∂

∂ s

√
det(g(s)) =

1
2

√
det(g(s))tr(g(s)−1g′(s))

⇒ ∂ 2

∂ s2

√
det(g(s)) =

1
4

√
det(g(s)) tr2(g(s)−1g′(s))

+
1
2

√
det(g(s))

×
(
− tr(g(s)−1g′(s)g(s)−1g′(s))

+ tr(g(s)−1g′′(s))
)

(4.25)

This result comes simply from ∂s(g(s)−1) =
−g(s)−1g′(s)g(s)−1.

⇒ ∂ 2

∂ s2

√
det(g(s))

∣∣∣
s=0

=
1
2

√
det(g(0))tr(g(0)−1g′′(0))

because tr(g(0)−1g′(0)) = 0 since M(0) is a minimal surface.
Finally, we substitute Lemmas (4.2, a) and (4.2, b) into equa-
tion (4.25) and obtain our desired result.

Now, we will prove the main result of this section, Theorem
(4.2).

Outer-Radius Catenoid Stability
Theorem 4.2 (Outer-Radius Catenoid Stability). Con-

sider Plateau’s Problem for the boundary curves Γ1,2 consist-
ing of two coaxial unit discs in R3, as seen in Figure 1, such

that Γ1,2 = {(x,y,z)|x2 + y2 = 1,z = ±d} for d < d∗, where
d∗ is defined in equation (4.13). Consequently, there exist two
catenoids M1 ⊆ R3 and M2 ⊆ R3 such that ∂M1,2 = Γ1 ∪Γ2,
and minM2 =C2 >minM1 =C1. Then, M2 is stable, while M1
is unstable; i.e. M2 is the unique solution to Plateau’s Problem.

Proof. We present a self-contained proof of Theorem (4.2).
However, for a more concise proof using Sturm-Liouville
theory, see10. We will start by proving that Area(M2) <
Area(M1) and then prove that M2 is indeed the unique solu-
tion to Plateau’s Problem by using Theorem (4.1).

First, note that M1,2 is parametrized by equation (4.1),
where

f (z) =C1,2 cosh
(

z
C1,2

)
(4.26)

from equation (4.9). Further, by equation (4.2), the first fun-
damental form for M1,2 is given by

g1,2 =

C2
1,2 cosh2

(
z

C1,2

)
0

0 cosh2
(

z
C1,2

) (4.27)

and its inverse as

g−1
1,2 =

 1
C2

1,2 cosh2(z/C1,2)
0

0 1
cosh2(z/C1,2)

 (4.28)

Therefore, we also have√
det(g1,2) =C1,2 cosh2

(
z

C1,2

)
(4.29)

and

S =

[ 1
cosh(z/C1,2)

0

0 1
C1,2 cosh(z/C1,2)

]
(4.30)

by equation (4.5). Thus, we compute

tr(S2) =
2

C2
1,2 cosh4(z/C1,2)

(4.31)

Now, by Remark (2.4), we calculate Area(M1,2) as

Area(M1,2) =
∫∫

M

√
det(g1,2)dθdz

=
∫ d

−d

∫ 2π

0
C1,2 cosh2

(
z

C1,2

)
dθdz

= 2πC1,2

∫ d

−d

(
1
2
+

1
2

cosh
(

2z
C1,2

))
dz

= 2πC1,2d +πC2
1,2 sinh

(
2d

C1,2

)
(4.32)

10 | © The National High School Journal of Science 2026



Define s1,2 =
d

C1,2
and function ζ (x) : R→ R such that

ζ (x) = xd +
x2

2
sinh

(
2d
x

)
(4.33)

According to equation (4.10), we must have that

C1,2 = sech
(

d
C1,2

)
= sech(s1,2) (4.34)

and consequently

d = s1,2sech(s1,2) (4.35)

These two equalities are because ϕd(C1,2) = 1 in equation
(4.10). Therefore, we simplify ζ (C1,2) as

ζ (C1,2) = dC1,2 +C2
1,2 sinh

(
d

C1,2

)
cosh

(
d

C1,2

)
= dsech(s1,2)+ tanh

(
d

C1,2

)
=

s1,2

cosh2(s1,2)
+ tanh(s1,2) (4.36)

by equations (4.34) and (4.35). Define a function Φ(u(d)) :
R→ R such that

Φ(u(d)) =
u

cosh2(u)
+ tanh(u) (4.37)

where
usech(u) = d (4.38)

according to equation (4.35). Also note that equation (4.38)
implies that

∂u
∂d

=
1

sech(u)(1−u tanh(u))
(4.39)

Thus, we find Φ′(u(d)) as

∂Φ

∂d
=

∂Φ

∂u
∂u
∂d

=
2sech2(u)(1−u tanh(u))
sech(u)(1−u tanh(u))

= 2sech(u) (4.40)

Hence, from equations (4.36) and (4.40), we have that
∂dζ (C1,2) = 2sech(s1,2). This implies that

∂

∂d
(ζ (C1)−ζ (C2)) = 2(sech(s1)− sech(s2))< 0 (4.41)

since s1 ∝ C−1
1 > s2 ∝ C−1

2 , where C2 >C1. However, equation
(4.41) implies that the difference between ζ (C1) and ζ (C2),

denoted as Dζ (d), is strictly decreasing as d increases. As
such, we bound this difference by considering the endpoints in
the interval d ∈ (0,d∗). Note that in equation (4.38), the max-
imum value of usech(u) occurs when u = s∗ and thus when
d = d∗. Therefore, at d = d∗, we have that s1 = s2 and hence
Dζ (d∗) = 0. However, in our interval for d, we have d < d∗,
and so Dζ (d) > 0 by equation (4.41). As d increases, Dζ (d)
decreases, so by the converse, as d decreases, Dζ (d) increases.
Thus, we conclude that ζ (C1)> ζ (C2). However, by equation
(4.32), we also note

Area(M1)> Area(M2) (4.42)

By equation (4.42), it therefore suffices to show that if M2
is area-minimizing, it then must be the unique solution to
Plateau’s Problem.

Let R = C2 and M = M2. Now consider the Second Varia-
tion of Area for M(0) = M. Let ϕ = ϕ(z) : M → R be a vari-
ational function such that ϕ(±d) = 0 and ∂θ ϕ = 0. That is,
we only consider axisymmetric variations and not rotational
ones; this restriction is necessary, as rotational variations will
not distinguish stability between the catenoids. We define a
ϕ(z) instead of ϕ(θ ,z) since M is rotationally symmetrical
and surface perturbations will therefore be independent of θ .
Furthermore, non-axisymmetrical perturbations will result in
apparent stability for both catenoids, which is unfavorable for
our proof11.

By Theorem (4.1), we therefore have

d2

ds2 Area(M(s))
∣∣∣
s=0

=
∫∫

M

(
2

∑
i, j=1

gi j ∂ϕ

∂ui

∂ϕ

∂u j
− tr(S2)ϕ2

)√
det(g)du1du2

=
∫ d

−d

∫ 2π

0

(
1

cosh2(z/R)

(
∂ϕ

∂ z

)2

− 2ϕ2

R2 cosh4(z/R)

)
×Rcosh2(z/R)dθdz

= 2πR
∫ d

−d

((
∂ϕ

∂ z

)2

− 2ϕ2

R2 cosh2(z/R)

)
dz

= 2πR
∫ d

−d
ϕ

(
−d2ϕ

dz2 − 2
R2 cosh2(z/R)

ϕ

)
dz

= 2πR
∫ d

−d
ϕLϕ dz (4.43)

where Lϕ is defined as

Lϕ =−d2ϕ

dz2 − 2
R2 cosh2(z/R)

ϕ (4.44)

In a similar manner to earlier, define s∗ > s = d
R . Now, con-
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sider the function

h(z) = 1− z
R

tanh
( z

R

)
(4.45)

Then we find the derivatives of h(z) as

dh
dz

=− 1
R

tanh
( z

R

)
− z

R2 cosh2(z/R)
(4.46)

d2h
dz2 =− 2

R2 cosh2(z/R)
+

2z
R3 cosh2(z/R)

tanh
( z

R

)
=− 2

R2 cosh2(z/R)

(
1− z

R
tanh

( z
R

))
=− 2

R2 cosh2(z/R)
h(z) (4.47)

Observe now that equation (4.47) implies that Lh(z) = 0. Fur-
thermore, on the interval z ∈ [−d,d], the function h(z) is
strictly positive. This is because ∂zg(z) = z

R tanh(z/R)> 0 for
all z, and thus g(z) = 1 at the unique solution z = s∗. However,
since R > C∗, we have d

R < s∗, so g(z) < 1 for all z ∈ [−d,d]
(since h(−z) = h(z)). This implies that h(z) > 0. Thus, for
some continuous function f (z) such that f (±d) = 0, define

ϕ(z) = f (z)h(z) (4.48)

Then, by equation (4.44), consider

ϕ(z)Lϕ(z) = f (z)h(z)
(
−ϕ

′′(z)− 2
R2 cosh2(z/R)

ϕ(z)
)

= f (z)h(z)
(
− f ′′(z)h(z)−2 f ′(z)h′(z)

− f (z)h′′(z)− 2 f (z)h(z)
R2 cosh2(z/R)

)
=− f ′′(z) f (z)h2(z)−2 f (z)h(z) f ′(z)h′(z)

+ f (z)h(z)Lh(z)0

=− f ′′(z) f (z)h2(z)−2 f (z)h(z) f ′(z)h′(z) (4.49)

Now we substitute equation (4.49) into equation (4.43).∫ d

−d
ϕLϕ dz =

∫ d

−d
− f ′′(z) f (z)h2(z)dz

−
∫ d

−d
2 f (z)h(z) f ′(z)h′(z)dz

=
∫ d

−d
− f ′′(z) f (z)h2(z)dz

+
∫ d

−d
h2(z)

(
( f ′(z))2 + f (z) f ′′(z)

)
dz

=
∫ d

−d
h2(z)( f ′(z))2 dz

=
∫ d

−d
h2(z)

(
d
dz

(
ϕ(z)
h(z)

))2

dz (4.50)

Here we used integration by parts on d(h2(z)). Therefore, by
equation (4.50), we conclude that

d2

ds2 Area(M(s))
∣∣∣
s=0

> 0 (4.51)

and thus, by Remark (4.1), it follows that M is a solution to
Plateau’s Problem. Furthermore, as we have proven in equa-
tion (4.42), M1, while satisfying the Minimal Surface Equa-
tion, cannot be a solution. A similar argument made in equa-
tion (4.50) cannot be made for M1; since C1 > C∗, the func-
tion h(z) has a root and thus f (z) is not a continuous function.
Therefore, M = M2 is the unique solution; the outer-radius
catenoid is stable and area-minimizing while the inner-radius
catenoid is not.

Table 3 Notation in Catenoids Section
Symbol Meaning
d Separation Distance of Disks
C Integration constant
ϕd(C) Boundary Condition Function
s d/C
s∗ Critical Unique Catenoid Solution
d∗ Critical Distance for Unique Catenoid
C∗ Critical Radius of Unique Catenoid
Ci Radii of Catenoids
∇M Surface Gradient on M
Γ Coaxial Boundary Disks
ζ Area Function in Equation (4.33)
Φ Area Function in Equation (4.37)
L Operator
h(z) Function in Equation

Minimal Graphs

This section will introduce the necessary background into
minimal graphs, a specific class of minimal surfaces; further-
more, we will prove the main result of the uniqueness of min-
imal (planar) graphs. However, we must first introduce the
definition of minimal graphs.

Definition 5.1 (Minimal Graph). Let Ω ⊆ R2 be a
bounded domain. Then, a regular surface M is called a mini-
mal graph if

M = {(x,y, f (x,y)) ∈ R3 : (x,y) ∈ Ω}

is a minimal surface, where f : Ω → R.
In a similar manner to the Minimal Surface Equation, we

desire to find a generalized equation to determine if a regular
surface M is a minimal graph; to do so, we must solve the Min-
imal Surface Equation for M. Let M ⊆R3 be a regular surface
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in the form of Definition (5.1). Then, the local parametrization
of M is

F(x,y) = (x,y, f (x,y)) (5.1)

Thus, according to Definition (2.4), the first fundamental form
of M is given as

g =

[
1+ f 2

x fx fy
fx fy 1+ f 2

y

]
(5.2)

and we also have

det(g) = (1+ f 2
x )(1+ f 2

y )− ( fx fy)
2 = 1+∥∇ f∥2 (5.3)

Therefore, we compute the inverse of g as

g−1 =
1

1+∥∇ f∥2

[
1+ f 2

y − fx fy

− fx fy 1+ f 2
x

]
(5.4)

By Definition (2.5), find the Gauss map N as

N =

∂F
∂x × ∂F

∂y∥∥∥ ∂F
∂x × ∂F

∂y

∥∥∥ =
(− fx,− fy,1)√

1+∥∇ f∥2
(5.5)

and by Definition (2.7), the second fundamental form is then

h =
1√

1+∥∇ f∥2

[
fxx fxy
fyx fyy

]
(5.6)

Therefore, by Definition (2.8), we compute the shape operator
as

S =
1

(1+∥∇ f∥2)3/2

×
[
(1+ f 2

y ) fxx − fx fy fyx (1+ f 2
y ) fxy − fx fy fyy

− fx fy fxx +(1+ f 2
x ) fyx − fx fy fxy +(1+ f 2

x ) fyy

] (5.7)

Finally, by Definition (2.9), the mean curvature is then

H =
(1+ f 2

y ) fxx −2 fx fy fxy +(1+ f 2
x ) fyy

2(1+∥∇ f∥2)3/2

=
1
2

∂

∂x

(
fx√

1+∥∇ f∥2

)
+

1
2

∂

∂y

(
fy√

1+∥∇ f∥2

)

=
1
2

div

(
∇ f√

1+∥∇ f∥2

)
. (5.8)

Now, by Theorem (3.1), we are motivated to define the Mini-
mal Graph Equation.

Theorem 5.1. For a bounded domain Ω ⊆ R2, a regular
surface M in the form of

M = {(x,y, f (x,y)) ∈ R3 : (x,y) ∈ Ω}

is a minimal graph if

div

(
∇ f√

1+∥∇ f∥2

)
= 0

for a function f : Ω → R.
Now that we have the Minimal Graph Equation defined, we

will prove the main result of this section; specifically, we will
conclude the uniqueness of minimal graphs, in Theorem (5.3),
and the uniqueness of planar graphs for boundaries confined
in a plane in R3, in Corollary (5.1).

First, consider Plateau’s Problem for the following: Let Ω⊆
R2 be a bounded domain with smooth curve Γ ∈ R3 above
∂Ω such that Γ = {(x,y, f (x,y))| f : ∂Ω →R} Consider then a
regular surface M ⊆ R3 such that M = {(x,y,u(x,y))|u : Ω →
R} where ∂M = Γ. Then, we will prove in Theorem (5.3)
that M is unique. However, we will need to first explore the
Maximum Principle for linear elliptic equations.

Maximum Principle. Let Ω ⊆ R2 be a bounded domain.
Define the function u(x1,x2) : Ω → R and the linear operator
L such that

Lu =
2

∑
i, j=1

ai j(x1,x2)
∂ 2u

∂xi∂x j
+

2

∑
i=1

bi(x1,x2)
∂u
∂xi

(5.11)

where ai j(x1,x2),bi(x1,x2) : Ω → R are smooth functions.
Then, L is called elliptic if the symmetric matrix

A(x1,x2) =

[
a11(x1,x2) a12(x1,x2)
a21(x1,x2) a22(x1,x2)

]
> 0 (5.12)

for all (x1,x2) ∈ Ω. A(x1,x2) is positive definite; i.e., ⟨v,Av⟩>
0 ∀v∈R2. When we have Lu= 0, we have an elliptic equation,
and thus we can apply the Maximum Principle.

Theorem 5.2 (Maximum Principle). Note here that The-
orem (5.2) is actually the weak Maximum Principle; for a
proof of the strong version with a generalization to Rn, see12.
Let Ω ⊆ R2 be a bounded domain with the smooth function
u(x1,x2) : Ω →R and operator L as defined in equation (5.11).
Then, if Lu = 0, we have

max
Ω

u = max
∂Ω

u and min
Ω

u = min
∂Ω

u

Proof. The following proof is adapted from Colding and
Minicozzi13. We prove this by contradiction. Suppose a func-
tion ϕ(x1,x2) : Ω → R reaches a global maximum inside Ω;
i.e., there exists a x0 ∈ Ω\∂Ω such that ϕ(x0) attains a maxi-
mum. Then, by the first derivative test, we have ∇ϕ(x0) = 0.
Furthermore, by the second derivative text, we also have

D2
ϕ(x0)≤ 0 (5.13)

where D2 denotes the Hessian matrix. Therefore, we find
2

∑
i, j=1

ai j(x1,x2)
∂ 2ϕ

∂xi∂x j
(x0) = tr(A ·D2

ϕ(x0))≤ 0 (5.14)
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where A = [ai j(x1,x2)] is defined in equation (5.12). In gen-
eral, if we have an n× n symmetric positive definite matrix
A and negative semidefinite matrix B, we have that tr(AB) ≤
0. The proof for this comes simply when we define a ma-
trix C = A1/2BA1/2 and consider the definiteness of C, where
vTCv ≤ 0 for all v ∈ Rn. Thus, from equation (5.11), we have

Lϕ(x0) = tr(A ·D2
ϕ(x0))+

2

∑
i=1

bi
∂ϕ

∂xi
(x0)≤ 0 (5.15)

Now consider a function u(x1,x2) : Ω → R such that Lu = 0.
Define

uε(x1,x2) = u(x1,x2)+ εeγx1 (5.16)

where ε > 0 and γ > 0 are arbitrary real numbers. Then, sup-
pose that uε attains a maximum at x0 ∈ Ω \ ∂Ω. Then, by
equation (5.15), we find

Luε(x0)≤ 0 (5.17)

However, we want to show that Luε > 0 to arise at a contra-
diction; also consider

Luε = Lu0 + εLeγx1

= ε

2

∑
i, j=1

ai j
∂ 2eγx1

∂xi∂x j
+ ε

2

∑
i=1

bi
∂eγx1

∂xi

= εa11γ
2eγx1 + εb1γeγx1

= εγeγx1(a11γ +b1)

≥ εγeγx1(a11γ −max
Ω

|b1|) (5.18)

However, we also have

a11 =
[
1 0

]
A
[

1
0

]
≥ θ > 0 (5.19)

for some θ > 0, since A is positive definite. Therefore, we use
equation (5.19) and rewrite equation (5.18) as

Luε ≥ εγeγx1(θγ −max
Ω

|b1|) (5.20)

Now, choose γ such that

γ >
maxΩ |b1|

θ
> 0 (5.21)

so equation (5.20) becomes

Luε > 0 (5.22)

However, we compare equations (5.22) and (5.17) and arise
at a contradiction! As such, we conclude

max
Ω

uε = max
∂Ω

uε (5.23)

However, also note that as ε → 0 in equation (5.23), we arrive
at

max
Ω

u = max
∂Ω

u (5.24)

as desired. To prove the same argument for the minimum,
we instead choose uε = u − εeγx1 . Also, then, note that
D2uε(x0) ≥ 0, so we have Luε ≥ 0. However, we then have
Luε = −εLeγx1 , which must then be strictly negative accord-
ing to equation (5.22). Thus, we arrive at a contradiction and
the result follows. For a more detailed proof, see12,13.

Uniqueness of Minimal Graphs
Lemma 5.1. Let the functions u(x,y) and v(x,y) satisfy

the Minimal Graph Equation, with the function w(x,y) :=
u(x,y)− v(x,y). Then,

div(A∇w) = 0

for some symmetric matrix A in the form of equation (5.12).
Proof. Define a map F : R2 → R2 such that

F(x) =
x√

1+∥x∥2
(5.25)

Then, since u and v are both minimal surfaces, we therefore
have that div(F(∇u)) = div(F(∇v)) = 0. Now, consider

F(∇u)−F(∇v) =
∫ 1

0

d
dt

F(∇v+ t(∇u−∇v))dt

=
∫ 1

0
JF(∇v+ t(∇u−∇v)) · (∇u−∇v)dt

= A∇w (5.26)

where A is defined as the matrix

A =
∫ 1

0
JF(∇v+ t(∇u−∇v))dt (5.27)

Therefore, according to equations (5.26) and (5.27), we have

div(F(∇u)−F(∇v)) = 0 = div(A∇w) (5.28)

Now it suffices to show that A is positive definite. To do so, we
will prove that JF is positive definite. Let F =

[
f1(x) f2(x)

]T
where

fi(x) =
xi√

1+∥x∥2
x =

[
x1
x2

]
(5.29)

Then, we compute ∂ j fi as

∂ fi

∂x j
= (∂ jxi)(1+∥x∥2)−1/2 + xi∂ j(1+∥x∥2)−1/2

= δi j(1+∥x∥2)−1/2 −
xix j

(1+∥x∥2)3/2 (5.30)
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Therefore, by equation (5.30), we calculate JF as

JF =
1

(1+ x2
1 + x2

2)
3/2

[
1+ x2

2 −x1x2
−x1x2 1+ x2

1

]
(5.31)

However, from equation (5.31), we have

det(JF) =
(1+ x2

1)(1+ x2
2)− x2

1x2
2

(1+ x2
1 + x2

2)
3 > 0 (5.32)

and

tr(JF) =
2+ x2

1 + x2
2

(1+ x2
1 + x2

2)
3/2 > 0 (5.32)

By equations (5.32) and (5.33), it therefore follows that JF is
positive definite. However, by equation (5.27), it also implies
that A is positive definite. The integral in a strictly positive
region of a positive definite matrix is also a positive definite
matrix; for a brief proof, consider vT (

∫
A)v =

∫
(vT Av) > 0.

Thus, our desired result immediately follows from equation
(5.28).

With Lemma (5.1) proven, we can move on to the proof
for the uniqueness of minimal graphs, the main result of this
section.

Theorem 5.3 (Uniqueness of Minimal Graphs). Let Ω ⊆
R2 be a bounded domain and curve Γ ∈ R3 in the form of
equation (5.9). If M is a minimal graph in the form of equation
(5.10), then M is unique.

Proof. Let M1 and M2 be minimal graphs with correspond-
ing functions u(x,y) : Ω→R and v(x,y) : Ω→R, respectively.
Then, define a function w(x,y) = u(x,y)− v(x,y). By Lemma
(5.1), we have

div(A∇w) = 0 (5.34)

for some positive definite matrix A(x,y) = [ai j(x,y)]. Expand-
ing equation (5.34), we find

0 =
∂

∂x
(A∇w)x +

∂

∂y
(A∇w)y

=
∂

∂x

(
a11

∂w
∂x

+a12
∂w
∂y

)
+

∂

∂y

(
a21

∂w
∂x

+a22
∂w
∂y

)
=

2

∑
i, j=1

ai j
∂ 2w

∂xi∂x j
(5.35)

where x1 = x and x2 = y. However, observe now from equa-
tion (5.35) that Lw = 0, where L is in the form of equation
(5.11). Note here that the maximum principle invoked actu-
ally requires uniform ellipticity, a property which the minimal
graph equation satisfies. On the compact domain in consid-
eration, the gradient is bounded, ensuring uniform ellipticity.
See14 for more.

Thus, according to Theorem (5.2), we have

max
Ω

w = max
∂Ω

w and min
Ω

w = min
∂Ω

w (5.36)

But ∂u = ∂v = Γ, so w(x) = 0 for all x ∈ ∂Ω. Therefore,
according to equation (5.36), we find

max(w) = min(w) = 0 (5.37)

Hence, by equation (5.37), it follows that w = 0, so u = v, and
thus M1 = M2.

Note, however, that Theorem (5.3) only proves the unique-
ness of minimal graphs and not the existence. For proof
of existence in R3, see15. Nevertheless, for minimal planar
graphs, we have that uniqueness and existence hold, accord-
ing to Corollary (5.1).

Corollary 5.1 (Uniqueness of Minimal Planar Graphs).
If Γ is a planar curve bounding a convex domain, then the
associated minimal graph M lies in the same plane; i.e., only
the trivial, planar solution for M exists.

Proof. Suppose Γ lies entirely in plane P ⊆ R3, such that P
is of the form

P = {(x,y,z) ∈ Ω|ax+by+ cz = d}

for arbitrary coefficients a,b,c, and d. Then, we have that a
function u(x,y) = αx + βy+ γ lies entirely in P for certain
α,β , and γ . Let u(x,y) correspond to the minimal surface M
given in the form of equation (5.10). Then we test if u(x,y)
satisfies the Minimal Graph Equation:

div

(
∇u√

1+∥∇u∥2

)
= div

(
(α,β )√

1+α2 +β 2

)
= 0 (5.38)

Thus, by equation (5.38), M is a minimal graph. However, by
Theorem (5.3), it follows that M is unique. Therefore, the only
minimal planar graph is the trivial solution where M = projPΩ.

Table 4 Notation in Minimal Graphs Section
Symbol Meaning
Ω Bounded Domain in R2

Γ Smooth Boundary Curve
L Linear Elliptic Operator
A Matrix of Coefficient Functions
D2 Hessian Matrix Operator
u Minimal Graph
v Minimal Graph
w u− v
JF Jacobian Matrix Operator
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