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This study uses numerical simulations to investigate incompressible viscous fluid flow in a two-dimensional (2D) channel,
beginning with the ideal laminar case described by planar Poiseuille’s flow and extending to more complex geometries with
constrictions, wall roughness, and suspended particles. A 2D incompressible Navier—Stokes solver was implemented to explore
the effects of channel constrictions, wall roughness, and varying Reynolds numbers. The simulations reproduce the classical
parabolic velocity profile in smooth channels and reveal how constrictions generate jet-like acceleration, recirculation zones,
and vortex shedding. Quantitative analysis shows that flow resistance and energy dissipation rise with both Reynolds number
and constriction severity, while sharp step-like constrictions amplify vortex shedding compared to smooth Gaussian ones, with
hydraulic resistance governed by both local dissipation and downstream pressure recovery. A simplified Lagrangian particle
transport was also modeled, highlighting inertial focusing on low Reynolds numbers and increased wall deposition at higher
Reynolds numbers, especially near constrictions. These results illustrate how channel imperfections and flow instabilities
contribute to energy losses and particle accumulation. Extension to real-world applications, such as blood flow in vascular
vessels or fluid transport in pipelines, would require fully 3D modeling and substantially more sophisticated and computationally
intensive simulations.
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Introduction

Fluid dynamics governs how liquids and gases move, from
phenomena like water flow in channels, air around airplane
wings to ocean currents. The mathematical models to de-
scribe the motion of viscous fluid substances were developed
in the 19th century as the Navier-Stokes equations, by apply-
ing Newton’s second law to fluid, accounting for viscosity,
pressure, and external forces . They are a set of partial dif-
ferential equations (PDE), however, are notoriously difficult
to solve analytically due to their nonlinear and coupled nature.
The nonlinear convective term in the equation causes chaotic
behavior, i.e. the solution is highly sensitive to initial con-
ditions. The velocity and pressure fields are interdependent,
making the system a set of coupled PDEs. In 2000, the Clay
Mathematics Institute designated the Navier-Stokes existence
and smoothness problem as one of its seven Millennium Prize
Problems”. While the general analytical solutions to Navier-
Stokes equations are still elusive and probably non-existing in
3D, there are a few simple cases with existing analytical solu-
tions by some assumptions of steady-state, incompressibility,

and certain symmetry to simplify the equations™.
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Laminar flow is one of the simplest types of fluid motion.
It occurs when a fluid flows in parallel layers, with minimal
mixing and no turbulence. The velocity field in the steady
state is described by Poiseuille’s law>. Real-world pipes,
however, like blood vessels or industrial pipelines, have im-
perfections such as constrictions and rough surfaces®. Flows
may become unsteady or turbulent and result in large pres-
sure drops along the channels and energy losses. This study
investigated fluid flow in a channel by starting with planar
Poiseuille’s flow and progressively adding complexity to ap-
proach realistic scenarios. Using numerical simulations by a
full 2D Navier-Stokes solution without the laminar assump-
tion, we modeled: (1) laminar flow in an ideal smooth no-slip
channel that a parabolic velocity profile is developed in the
channel regardless of Re numbers (2) vortex shedding which
deviate from laminar flow with different shapes of constric-
tions and random roughness (3) particle transport and deposi-
tion in the flow to study clogging at constrictions under vary-
ing Re numbers. The research is to understand: How channel
imperfections and unsteady effects can alter flow compared to
the ideal Poiseuille case, and how these changes contribute to
energy losses, and reveal about the Navier-Stokes equations’
complexity. The combined analytical and numerical methods
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explore ideal and realistic flow scenarios in 2D. We emphasize
that understanding and accurately simulating real-world sys-
tems, such as blood flow in affected vessels or viscous fluid
transport in complex pipelines, would require fully 3D model-
ing and substantially more computationally intensive methods.

Navier-Stokes Equations

We start by introducing the Navier-Stokes equations for an in-
compressible fluid:
Momentum Equation:

Ju

1
E—i—qu:—EVp—i—szu—i—G 1)

Continuity Equation:
V.u=0 2)
Here:
* u = (uy,uy,u;): Velocity vector field of the fluid.
e ¢: Time.
* p: Density of fluid.
* p: Pressure field.
* v: Kinematic viscosity of fluid.
* G: External forces.
* V: Gradient operator.
* V2: Laplacian operator.
* u-Vu: Convective term.
The equations describe how the velocity, pressure and den-

sity of a fluid evolve over time and space. It is instructive

to understand each term in the momentum equation: ‘3—‘; is
the rate of change of the velocity field or acceleration of fluid
particles; u- Vu is the nonlinear convective term, represent-
ing how the fluid’s velocity transports itself, leading to com-

plex behaviors like turbulence; —%Vp is the pressure gradi-

ent force, driving fluid from high to low pressure; vV?u is the
viscous term, modeling the diffusion of momentum due to vis-
cosity; G is external forces, such as gravity or electromagnetic
forces. The continuity equation ensures mass conservation,
i.e. for an incompressible fluid, the volume of fluid entering a
region equals the volume leaving it

Poiseuille’s Law

Poiseuille’s Law is a specific solution to Navier-Stokes equa-
tions under simplified conditions for laminar flow in a planar
channel®. The lammar flow is in steady state and moving in
parallel layers, s0 2% — (0 and u-Vu=0. The velocity field in
a planar channel does not change along the channel’s length,
only varying radially, therefore, in a planar coordinate (r,z),
the velocity field w = (u,,u;) = (u(r),0), where r is the radial
distance from the channel center, z is the axial direction along
the channel. Pressure only varies along z with a constant pres-
sure gradient ‘3’) =
the channel.

The Navier-Stokes equation in the z-direction becomes:

AP 10 du
0= + rar((?) )

-5 and there are no external forces along

Rearrange the equation:

d [ du AP
7 (50 =it @

Integrate with respect to r:

du AP
rg——mr +C1 (5)

au AP C1

o= il T ©

To avoid singularity at r = 0, set the constant C; = 0:

du AP
v __ 2 7
ar 2‘u,Lr )
Integrate again:
AP
=——24C 8
u i Lr +G (8)
Apply the no-slip boundary condition u(R) = 0 at the chan-
nel wall: AP
0=——R+C ©)

4ulL

We obtain the parabolic velocity profile for laminar flow in

a channel:
AP

u(r) = L
The Poiseuille’s Law describes the relationship between
volume flow rate and pressure drop of laminar flow through

a long planar channel and is therefore obtained by integrating
the above equation over the channel’s cross-sectional area:

(R* 1) (10)

R AP APR*
0= / )-2nrdr = o Tl (R = %) - 2mrdr = n&uL
(11)
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Poiseuille’s law strictly applies only to steady, fully devel-
oped flow in constant-width channels. It is therefore not ap-
plied within constricted or varying-width regions of the chan-
nel.

Full 2D Navier-Stokes Simulation

Analytical solution to the Navier-Stokes equations is diffi-
cult, however, the numerical methods and approximations al-
low engineers and scientists to use the Navier-Stokes equa-
tions effectively to study fluid dynamics in complex geome-
tries as in aerodynamics and weather modeling. Without go-
ing to the full extent to simulate the fluid flow in 3D, which
might require commercial software and significant compu-
tational power, we solve the incompressible Navier-Stokes
equations in a 2D rectangular channel, which represents a cut-
away view of a pipeline, with different shapes of constrictions
and random wall roughness, to capture time-dependent and
turbulence-like effects.
The incompressible Navier-Stokes equations in 2D are:

Momentum equation:
d d d 10 J? 9?
Ux Uy Uy P+v< ux+ ux>+Gx

o TRy Ty T o TV e T
(12)
duy duy duy,  1dp %u,  9%uy
o T Ty T ey T e T )T
(13)
Continuity equation:
%Lz‘ + %L;y =0 (14)

The external body force G = (G,0) is applied in the x-
direction and serves as the driving force to induce and sus-
tain the fluid flow through the channel, which is equivalent
to a constant pressure gradient and central to Poiseuille’s
Law. This is a common numerical technique in computational
fluid dynamics (CFD) simulations of channel or Poiseuille-
like flows. If without non-zero G in simulation and the simu-
lation starts from rest, u, = u, = 0, the velocities will remain
zero indefinitely, as there’s nothing to initiate motion and the
flow would be stagnant with no time evolution.

In incompressible channel flow, a constant streamwise body
force f, is mathematically equivalent to a constant pressure
gradient. Specifically, imposing a uniform body force f; is
equivalent to imposing a constant pressure gradient satisfying

1dp
Ea——fx (15)

Therefore, although the numerical implementation uses a
body-force formulation rather than explicit pressure boundary

conditions, the flow is physically pressure-driven. This ap-
proach is standard in computational studies of Poiseuille and
channel flows and avoids complications associated with pres-
sure boundary specification while preserving the correct mo-
mentum balance.

In the early 20th century, the Stream Function—Vorticity for-
mulation emerged, e.g. in Horace Lamb’s Hydrodynamics
1879, as an alternative way to write the Navier—Stokes equa-
tions. It is particularly useful for 2D incompressible flows. It
simplifies the equations by eliminating the pressure term by
working with vorticity (@) and automatically satisfying conti-
nuity equation using a stream function (y)2.

The stream function is defined such that the continuity is
satisfied automatically:

oy dy
Ux:7y7 My:—g (16)
Vorticity is the curl of the velocity field to measure rotation:
duy,  duy
0=—=— 17
dx dy a7

We can therefore plug in uy,u, from stream function to get
the Poisson equation connecting ® and y:

) oy d [dy Py Dy 5
= — _— _—_— _ = — _— _— = —V
@ 9X< 3X> 8y<3y> (3x2+9y2> v
(18)
Take the curl of both sides of Navier-Stokes equation:

V x (3‘;+u~Vu) =Vx (—;Vp+vV2u+G> (19)

Apply curl properties and obtain the vorticity transport
equation:

oW

= +u-Vo=vVo (20)
In 2D:
87(1) + 87(0 aﬁ =V 827(0 + &27(9 (21)
o M ox Ty TV 02 T 92

In terms of physical meaning, vorticity represents the curl
of the velocity field and quantifies the local angular velocity of
fluid elements. It can reveal fine-scale structures that might be
invisible in velocity field plot for detection of turbulent tran-
sitions. Streamlines are tangent to the velocity vector of the
fluid and represent the paths a massless particle would flow.

Though streamfunction and vorticity have their clear and
intuitive physical meaning, the numerical solver employed in
this study is not a streamfunction—vorticity formulation. The
incompressible Navier—Stokes equations are advanced in time
using a projection method in primitive variables (uy,uy,p).
The streamfunction y and vorticity @ fields are computed
only in post-processing from the velocity field for visualiza-
tion purposes. As a result, no vorticity boundary conditions
are imposed or required in the numerical time stepping.
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Boundary Conditions

The simulations are performed in a two-dimensional channel
of length L, and height H. Periodic boundary conditions are
imposed in the stream x direction for both velocity and pres-
sure fields, consistent with a spatially repeating channel seg-
ment. In the wall-normal y direction, no-slip and impermeable
boundary conditions are enforced on the top and bottom walls,
such that

u=(0,0) ony=0andy=H (22)

Channel imperfections and obstacles are modeled as solid
walls. No-slip and no-penetration conditions are imposed on
all obstacle boundaries. The flow is driven by a uniform body-
force term in the stream direction, which is equivalent to a
constant mean pressure gradient in a periodic domain.

Reynolds Number

The Reynolds number (Re) is a dimensionless quantity in
fluid dynamics. It compares the relative importance of iner-
tial forces to viscous forces in the fluid. It is defined as:
_pUL_UL

= =

Re (23)

where p is the fluid density, U is a characteristic velocity (e.g.,
mean or maximum flow speed), L is a characteristic length
scale (e.g., channel height or pipe diameter), u is the dynamic
viscosity, and v is the kinematic viscosity.

In the case of channel flow, Re is often computed using
the centerline velocity and half-channel height as Re = %
(where G is the driving force of the flow and H is the full
channel height). Physically, Re is used to characterize the na-
ture of fluid flow: a) Laminar Flow: Typically occurs at low
Re, Re < 2,000 for channel flow. The flow is smooth, with
fluid moving in parallel layers where viscous forces domi-
nate. b) Transitional Flow: Occurs at intermediate Re, e.g.,
2,000 < Re < 4,000, where the flow can change between lam-
inar and turbulent. c) Unsteady separated flow: can occur at
high Re, e.g., Re > 5,000. This is the region where inertial
forces prevail, leading to irregular motion and eddies in the
flow?. It enables similarity analysis for results from models
on different scales but similar Re number. This is essential
in aerospace, automotive, and civil engineering for designing
efficient systems without full-scale prototyping. Therefore, in
our simulation Re is used as a control parameter to character-
ize different classes of flows from laminar to unsteady flow.

Nondimensionalization

To express the governing equations and simulation results in a
general, scale-independent form, all variables are nondimen-
sionalized using characteristic reference quantities. Length is

scaled by the full channel height H, velocity by a reference
velocity Uper, and pressure by pUrzef. The nondimensional
variables are defined as

X Y * u * p
K=o, Y=, = s P=—=m (24
BT Y T Uy pUZ,
Substituting these into the incompressible Navier—Stokes
equations yields the nondimensional form
du 1
—4u-Vu=-Vp+—V?u+F, V.u=0 (25)
ot Re
where the Reynolds number is defined as, Re = % The
reference velocity U, is chosen as the centerline velocity of
the planar Poiseuille solution in a smooth channel subject to
the same driving force

GH*
Uref = o
8v

where G is the imposed streamwise body force (equivalent to

a constant pressure gradient). With this choice, the theoreti-

cal planar Poiseuille velocity profile and flow rate provide a

direct nondimensional reference against which simulation re-

sults are compared. All velocities, times, pressures, and de-

rived quantities reported in the Results section are expressed
in these nondimensional units.

(26)

Flow with Channel Imperfections

We introduce channel imperfections to study how the laminar
flow is affected by deviating from the ideal case. We add a
constriction at the channel’s midpoint which reduces the half-
height by up to 70% of the channel half-height, mimicking the
patient case of stenosis in coronary arteries with > 70% nar-
rowing often needing intervention of stent or bypass. The con-
striction shape can be either step-like, triangular or Gaussian
with smooth narrowing. A random roughness of 1% of the
half-height is added to the channel wall. The combined effect
of the constriction and wall roughness is to introduce irreg-
ular boundary conditions, therefore, contribute to the vortex
or irregular flow. Poiseuille’s law is used only as a baseline
reference for fully developed flow in the upstream constant-
width sections of the channel. The energy loss due to channel
imperfections is calculated to be compared with ideal case.

Vortex shedding

In fluid dynamics, vortex shedding is created when a fluid flow
past an obstacle at certain velocities. Periodic vortices are
formed in the downstream, such as Von Karman vortex street
behind a cylinder. As a result, the periodic forces cause poten-
tial structural vibrations in engineering issues like bridge col-
lapses or chimney swaying. 101 Mathematically, vortex shed-
ding is characterized by the dimensionless Strouhal number
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(St), which relates the shedding frequency to flow parameters:

_ID

St
U

27)
where f is the shedding frequency, D is a characteristic length
(e.g., constriction width or cylinder diameter), and U is the
free-stream velocity (or mean channel velocity).

Methods

We numerically solved the above 2D Navier-Stokes equa-
tions with no-slip boundary conditions on the walls. A frac-
tional step scheme (Chorin projection) was employed for time
evolution'?3, The numerical simulation used finite differ-
ence method to discretize the equation on a 2D rectangu-

lar grid with spacing dx = %,dy = %,
number of grid points. On each grid point (x;,y;) where
x; =1i-dx,y; = j-dy, we stored the field u,v, ¥, ® where u,v
were velocity along x and y axis respectively. The channel
boundaries were defined with optional constrictions of differ-
ent shapes (Gaussian, step, or triangular) and random rough-
ness. The fluid flow simulation started from rest, i.e. u, and u,
were initialized to zero. The Reynolds number Re = Gi and
the theoretical Poiseuille velocity at the center of the channel

where ny,n, were

GL? . . . .
was Upyjseuille = 87\/} The simulation time was advanced using
time step Ar that was subject to two stability conditions!#1:

s L _ min(dx.dy) _ g
CFL condition: Afcpp = oL max(ieiy)’ where ccpr = 5 in the
. g 1 2
channel flow case Viscous stability: At,sc = nm’(c‘fi’f\’,dy), where

¢y = 4 in the channel flow case At = min(Atcpy,, Atyise ) is used
in the simulation

To handle the nonlinear convective term u - Vu stably, espe-
cially at high Reynolds numbers, a semi-Lagrangian scheme
was used. In fully explicit finite-difference schemes, stabil-
ity requires very small time steps to satisfy a strict CFL con-
dition, which can make long-time simulations prohibitively
expensive. In this work, advection is treated using a semi-
Lagrangian approach, in which velocity values are updated
by tracing characteristics backward in time and interpolating
the velocity field at the departure points. This scheme is un-
conditionally stable with respect to the advective CFL con-
straint and therefore allows the use of larger time steps in
high-Reynolds-number regimes. The primary trade-off of the
approach is the introduction of numerical diffusion due to in-
terpolation, and the method does not strictly conserve kinetic
energy. However, the present study prioritizes robustness and
qualitative accuracy of large-scale flow features (jet acceler-
ation, separation, recirculation, and unsteadiness) over exact
energy conservation.

For each grid point (x;,y;), the departure point was com-

puted as:
xb:xi—At-u;’i’j, ybzyj—At-u;’_’i_’j (28)

The velocity fields u,,u, at (x,,y,) were interpolated us-
ing bilinear interpolation. The advective velocities were
Uy.adv = interp(uﬁaxbayb) and Uyady = interp(u;fvxbﬁ)b) using
the python interpolator scipy.interpolate.interpn. The velocity
component was advanced explicitly after accounting for the
viscous term vV?u as follows:

2
Uxdiff.i,j = Ux,adv,i,j +Ar-vV Uy adv,i,js (29)
2
Uydiff,i,j = Uyadvi,j + AL VYV Uy gy j

where the subscript "diff” stood for “diffusion” and the Lapla-
cian operator was discretized as:

2, Sy = 2fijtficry o fije1 —2fij+ fij-1
Vifii= dx? + dy?

(30)

The predicted velocity was obtained by incorporating the driv-
ing force. uy,uy at the wall were set to zero for no-slip condi-
tions

Uyi = Uxdiffij+A-G, oy =uyairrij (31

The divergence of the predicted velocity was computed using
central differences:

Cdup duy Mgy U n Uy il — Uy i1
~ dxij dy ,-_’j_ 2dx 2dy

(32)
The Poisson equation was solved for the pressure correction
V2 = VT“ with homogeneous Neumann boundary condi-

*
V~ui_’j

tions, i.e. ’;—Z = 0 on the walls. It could be effectively solved
by SciPy’s banded solver. Finally the velocity was corrected
to satisfy incompressibility condition using:

9¢

n+1 % . ko
Ar dxij LT Uyij dy
) i,j

vt = Uxij

The energy dissipation rate measures the irreversible conver-
sion of kinetic energy into heat due to viscous effects. For in-
compressible Newtonian fluids, the local dissipation rate per
unit volume is given by:

b= ZVS,'jSij (34)

where S;; is the symmetric strain rate tensor S;; =
1 (ou; |, 9uj .- . . .

3 <3—x] + Txl-)’ and repeated indices imply summation (Ein-
stein notation). In 2D Cartesian coordinates i, j = x,y:

du, _ du, 1 (ﬁux 3uy>

T ¥ gy S =S =5 &y+ax

(35)
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Thus,
D =2v(S;, +5;,+25%)
[ )]
The total dissipation rate € over the domain is the volume in-

tegral: € = [ ®dV. The numerical simulation is implemented
in Python and is available at request.

Results

Ideal Case

Flid Flow Simulation at t = 100.00 (), Re = 1000
Velocity Magnitude werticity o srweamines

Velocity Magnitude

Fig. 1 Velocity Field, Vorticity and Streamline of Fluid Flow at
100s in the Ideal Case with Different Re

In Figure 1, it visualizes the simulation results at time 100s:

the velocity magnitude |u| =, /u? 43 and vorticity magni-
tude as color plots and streamline in the rectangular chan-
nel. The Re number is changing from 1,000 to 7,000. As
can be observed, regardless of the Re number, the flows de-
velop a similar profile with the highest velocity at the channel
center and smoothly reduce to zero at the wall to satisfy the
no-slip condition. The channel center velocity increases with
higher Re number, as higher Re is indicating higher fluid ve-
locity with all other factors remain constant. The vorticity and
streamline plots demonstrate there is nearly no curl of veloc-
ity field, and the fluid motion is characterized by smooth and
orderly movement of fluid particles in parallel layers, with no
mixing between those layers. The observations are consistent
with the Poiseuille’s Law in the ideal case. Poiseuille’s Law

describes the ideal steady-state where the fluid’s time evolu-
tion has reached its final state. In Figure 2, the simulated cen-
ter velocity is plotted as a function of time for different Re
number, and the dashed line is the theoretical Poiseuille’s Law
velocity as a comparison. It can be observed that the center
velocity is approaching to the final Poiseuille’s velocity in all
cases but with different approaching rate. It takes longer time
to reach the final steady state for fluid with higher Re num-
ber. This is because the time required for the initial velocity

to propagate from the walls to the center is governed by the
2

viscous diffusion timescale, which is approximately ¢ ~ -,
where L, is the channel height and v is the kinematic viscos-
ity. At higher Re ~ 5, the viscosity V is lower, this results in a

longer diffusion time for higher Re. Therefore, approximately
2 2

. 2 . .

it is expected to see t ~ - ~ £=. For example, simulations
show velocity reaches 63% of steady state at 100 seconds at
Re = 7,000 but it takes only 40 seconds to reach the same ve-
locity at Re = 1,000. Plug in the numbers from simulation, we
observe the simulation matches with expectation consistently.

tre=t000 40 L3/1,000

=— ~—5———=0.38 37
tRe=7000 100 L2/7,000 37)

Average Center Velocity vs Time, Re = 1000 Average Center Velocity vs Time, Re = 3000

Average Center Velocity

— Simulation Avg Center Velacity
o -~ Poiseuille Law 0

—— Simulation Avg Center Velocity
-~ Poiseuille Law

[ E) @ ) ) 100 [ B 0 ) ) 100
Time (s) Time (s)

Average Center Velocity vs Time, Re = 5000 Average Center Velocity vs Time, Re = 7000

—— Simulation Avg Center Velocity —— Simulation Avg Center Velocity
-~ Poiseuille Law -~ Poiseuille Law

[ B ) ) & 100 [ B 0 ) 8 100
Time (s) Time (s)

Fig. 2 Channel Center Velocity as a Function of Simulation Time,
Comparing with Poiseuille’s Law

Flow with perturbations

In the next study, we introduce perturbations, i.e. ran-
dom roughness on the channel wall and different constriction
shapes (Gaussian and step-like), to numerically investigate the
system with hydraulic resistance, vortex shedding, and vis-
cous energy dissipation in 2D channel flows, for ranging from
1,000 to 7,000. The wall roughness is kept as 1% of the chan-
nel half-height and the constriction height increases from 5%
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to 35% of the channel half-height to simulate different degree
of constriction strength. The simulation results at 100s are
shown in Figure 3 for Gaussian constriction at 5% strength.
It is observed from the streamline plot that the overall flow
remains laminar regardless of Re numbers, except that a vari-
ation of velocity at the center along the channel direction is
induced by the constriction. A higher velocity, ~8%, is ob-
served at the middle of constriction, compared to the leftmost
inlet center far away from the middle of constriction. This is
because of mass conservation (continuity equation), when the
constriction reduces the cross-section area of the channel, the
incompressible fluid passes through the narrower region with
higher velocity. The vorticity plot shows some small curl of
velocity field around the rough wall and constriction as ex-
pected.

Fluid Flow Simulation at t = 100.00 (). Re = 1000

Fig. 3 Fluid Flow at 100s with 5% Gaussian Constriction with
Different Re

Now we turn to a more interesting case where the constric-
tion strength is increased to 35% of the channel half-height.
As the simulation results become time dependent, two snap-
shots at 50s and 100s are shown in Figure 4. At 50s the flow
accelerates significantly in the constriction region, indicating
a jet-like flow through the narrowing. Alternating regions of
positive and negative vorticity suggest the formation of vor-
tices. Streamlines converge smoothly into constriction with
laminar entry condition. The upstream and downstream show
clear recirculation zones due to constriction. At 100s, besides
the pronounced high-speed jet flow through the constriction,
the velocity and streamline plots show more evident curvature
and instability, i.e. vortex shedding, but not fully turbulent
with irregular eddies and no periodicity.

If Re is raised to 7,000, significant inertial effect is intro-

Fig. 4 Fluid Flow with 35% Gaussian and Step Constriction at 50s
and 100s with Re=1,000

duced. As can be seen in Figure 5, periodic vortex shedding
and unsteady flow starts to develop as early as 25s and become
quasi-periodic at the simulation end time 100s. Compared to
Re=1,000 case, stronger jets, larger vortices, and more signif-
icant recirculation can be observed.

To quantify the observations for different simulation cases,
we calculate three quantities: 1) Resistance R, defined as the
pressure drop normalized by flow rate at the inlet R = ap
It measures the hydraulic resistance. Higher R indicates
greater difficulty for fluid to pass through, typically due to
narrower sections, sharper geometries, or flow instabilities. 2)
St, Strouhal number, as defined in ‘Nondimensionalization’,
St=fD/U, f is the shedding frequency measured via FFT on
the vorticity time series at a point downstream of the constric-
tion, D is the width of constriction and U is the theoretical
Poiseuille velocity at the center. 3) Diss, energy dissipation
rate, as defined in Section 2.6. It measures the rate at which
kinetic energy is converted to heat due to viscous friction.

The simulation results are summarized in Table 1 for con-
striction shape Gaussian and step-like, constriction strength is
varied from 5% to 35% and Re is varied from 1,000 to 7,000.
For both Gaussian and step shapes, R increases significantly
with strength due to heightened flow obstruction, and gen-
erally rises with Re, reflecting inertial losses dominating at
higher Re. Step shapes exhibit slightly higher R than Gaus-
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Fig. 5 Fluid Flow with 35% Gaussian and Step Constriction at 25s
and 100s with Re=7,000

sian, because sharper geometries amplify drag. St remains
low overall (0.0002—-0.0349) but shows spikes at high constric-
tion strength/Re for Gaussian and step. Diss roughly remains
flat at low constriction strength and Re for both shapes but
increases with higher Re when constriction strength is high.
This is reasonable because, at low constriction strength, the
flow remains steady and spatially smooth in the ideal constant-
width channel over the Reynolds numbers examined, whereas
at high constriction strength, the flow becomes unstable, de-
veloping more vortices and shedding, which increases energy
dissipation. To provide scale interpretation, we map one
of the nondimensional results (5% Gaussian contriction) to a
representative vessel diameter H = 3 mm using blood prop-
erties p = 1,060 kg/m3 and p = 3.5 mPa:-s, kinematic vis-
cosity v =~ 3.3 x 107% m%s. For Re = 1,000, the reference
velocity is Uyer = ReV/H, giving Uy.y ~ 1.1 m/s. The dom-
inant unsteadiness is characterized by St = fD./ Uer with
D.=H, then f = StU,s/H (e.g., St = 0.0091 = f ~ 3.3 Hz
at Re = 1000) and Diss = 1.15, which translates to physical
viscous dissipation power P ~ 4.9 W/m. This mapping is pro-
vided purely for order-of-magnitude interpretation; because
the model is 2D with rigid walls and steady forcing, it does
not constitute a predictive hemodynamic model, and higher
Reynolds numbers in Table 1 would correspond to either unre-
alistically high velocities for a 3 mm vessel or to larger vessel

diameters.

To assess the numerical robustness of the simulations un-
derlying these results, we evaluated several diagnostic and
verification metrics. First, incompressibility enforcement was
quantified by computing divergence residuals on the grid over
fluid cells: ||V ul, = +/((V-u)2) and |V - u||c = max |V -u],
which tell the typical incompressibility residual level and the
worst-case local violation, often near boundaries, respectively.
For a representative case (Re = 1,000, Gaussian constric-
tion, strength 5%), the final-step residuals were ||V -uljy =
5.5x 1072 and ||V - ul| = 3.2. This pattern with moderate
RMS residuals and larger pointwise maxima, is typical, be-
cause || || is often dominated by a small number of cells
near sharp boundaries or constriction corners. Mass conser-
vation was independently verified by evaluating the cross-
section flow rate Q(x) = [u(x,y)dy along the channel. For
the same case, the maximum relative deviation from the mean
was 1.08%, defined as

max — ~—— (38)

As can be seen for all the test cases, the incompressibility is
preserved, except some local violation around boundaries. For
mass conservation under mild constrictions, this deviation re-
mained < 0.1%, while for the strongest narrowing (35%) it
increased modestly, reaching ~ 1.1% for Gaussian and up to
~ 2.0% for step-shaped constrictions. A time-step refinement
study was performed using three time-step sizes (Az, Ar/2,
At /4) with all other parameters fixed for a representative case
(Re = 1,000, Gaussian constriction, strength 5%), and sum-
mary metrics were averaged over the last 10 saved time steps
att,,q ~ 100 (short-run diagnostics, see Table 2). The Strouhal
number exhibits excellent convergence, with a relative change
of 4 x 107 between At/2 and At/4. The dissipation rate
also converges well, with a relative change of approximately
1 x 10~* over the same refinement. In contrast, the resistance
R = Ap/Q remains more sensitive to time-step size. This is
expected and not a numerical failure, however, it reflects that
the long averaging time is required for pressure-drop statistics
in unsteady separated flows.

Finally, we validated the solver against a canonical bench-
mark using the 2D Taylor—Green vortex in a periodic box
[0,27) x [0,27) with initial condition™®

u(x,y) = Upsinxcosy, v(x,y) = —Upcosxsiny  (39)
which is analytically divergence-free. For this fundamental
mode, the spatially averaged kinetic energy

E(r) = %(uz +4?) (40)

decays as E(t) = Ege *"'. We evolve the flow under peri-
odic boundary conditions using the same numerical structure
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Table 1 Constriction and Re Impact on Fluid Flow

Constriction Shape Constriction Strength Re R St Diss |V-ul2 [IV-ul|e max %
Gaussian 5% 1,000 0.84 0.0005 0.10 0.055 3.234 0.04%
Gaussian 5% 4,000 2.93 0.0003 0.08 0.061 4.377 0.06%
Gaussian 5% 7,000 443 0.0002 0.07 0.062 4.745 0.07%
Gaussian 35% 1,000 5.32 0.0091 1.15 0.064 3.417 1.09%
Gaussian 35% 4,000 16.30 0.0106 1.91 0.068 4.014 1.08%
Gaussian 35% 7,000 30.53 0.0133 2.14 0.069 4.383 1.09%
Step 5% 1,000 0.95 0.0005 0.08 0.069 4.366 0.07%
Step 5% 4,000 3.69 0.0003 0.07 0.076 4.948 0.09%
Step 5% 7,000 6.52 0.0009 0.07 0.077 5.133 0.09%
Step 35% 1,000 5.76 0.0124 1.14 0.073 4.849 1.99%
Step 35% 4,000 5.55 0.0152 1.06 0.079 7.065 1.63%
Step 35% 7,000 5.96 0.0169 1.86 0.079 6.193 1.78%

Table 2 Table 2: Time-step Convergence of Fluid Flow Metrics

At Ravg Stavg Dissgyg

0.0005 0.84193 0.00052 0.10396
0.00025 1.67934 0.00052 0.10398
0.000125 3.31223 0.00052 0.10399

(semi-Lagrangian advection, viscous diffusion, and projection
step for incompressibility), and compare E,merica(t) to the
analytical decay law at multiple times, reporting relative er-
rors. Because semi-Lagrangian advection with bilinear inter-
polation introduces additional numerical diffusion, agreement
with the analytical energy decay is evaluated over short times
(t = 0.1s), where the numerical diffusion is negligible com-
pared with physical viscosity. Over long integration times,
the numerical diffusion causes faster-than-physical energy de-
cay, so long-time energy matching is not used as a quantitative
benchmark. The relative kinetic-energy error at t=0.1s was
0.04%, confirming correct viscous decay behavior.

We additionally validated the channel solver against planar
Poiseuille flow by comparing the simulated steady velocity
profile to the analytical solution (see Figure 6), showing close
agreement in the fully developed upstream region.

Table 3 Short-Time Validation of Viscous Decay Using the
Taylor—Green Vortex

t Enumerical ETG Error%
0 0.2500 0.2500 0.00%
0.025 0.2597 0.2499 3.92%
0.05 0.2547 0.2499 1.93%
0.075 0.2517 0.2498 0.77%
0.1 0.2496 0.2498 0.04%

Planar Poiseuille validation (mid-channel profile)

L0 — —— Analytical (planar Poiseuille)
TTe— Simulation
0.81 B
0.6
>
0.4
0.2 4 —
004 — —
0 1 2 3 4 5
u(y)

Fig. 6 Comparing the Simulated Fully Developed Profile to the
Analytical Solution

Particle Deposition in Channel Flow

The fluid flow simulations above reveal how constrictions and
Re affect velocity profiles, vorticity, and energy dissipation,
real-world applications such as blood flow in vessels or mass
transport in pipelines often involve suspended particles that
can deposit and cause blockages. To extend the analysis, we
now incorporate particles into the channel flow and model
their transport, sedimentation, and deposition under gravity,
particularly at constrictions. This allows me to investigate
clogging dynamics and how flow instabilities influence par-
ticle behavior. To simulate realistic scenarios, particles are
added to the channel flow where each particle’s motion is gov-
erned by Stokes drag from the fluid velocity, gravity-induced
sedimentation. The particle motion model assumes Stokes
drag, which is formally valid when the particle Reynolds num-
ber Re, = plu—u,|d,/u < 1. Using characteristic veloc-
ity differences from the simulations and representative parti-
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cle sizes, Re, is expected to remain small at low Reynolds
numbers but may approach or exceed unity locally at higher
Reynolds numbers (e.g., Re = 7000), particularly near con-
strictions where velocity gradients are large. In such cases,
Stokes drag provides only an approximate description, and
higher-order drag corrections would be required for quantita-
tive accuracy. Accordingly, particle-deposition results at high
Reynolds numbers should be interpreted qualitatively, as the
simplified drag model does not fully capture inertial drag cor-
rections outside the Stokes regime. When a particle intersects
a wall or constriction boundary, it is removed from the flow
and classified as deposited with a prescribed sticking probabil-
ity Py = 0.2. This probabilistic rule is intended as a simplified
surrogate for complex adhesion mechanisms and does not rep-
resent a calibrated physical sticking law™®. Particles are mod-
eled as passive Lagrangian point particles whose trajectories
are integrated in time using an explicit forward-Euler update.
At each time step, particle velocities are updated based on the
local fluid velocity interpolated from the Eulerian grid using
bilinear interpolation. Particle motion includes advection by
the flow and a constant gravitational settling term in the wall-
normal direction. Hydrodynamic interaction between parti-
cles and the fluid is represented using a simplified Stokes-drag
approximation, which is valid for small particles at low par-
ticle Reynolds number. Particle—particle interactions, finite-
size effects, lift forces, lubrication forces near walls, and feed-
back from particles to the fluid are neglected. As a result, the
particle model should be interpreted as a qualitative transport
model rather than a quantitative predictor of deposition rates.
The simulation sweeps over Re = 1,000 and 7,000, constric-
tion strengths = 5% and 35%, with 1,000 particles. We cal-
culate the clog fraction as No. of stuck particles/total No. of
particles. To simulate a continuous flow system, after the par-
ticles exits the channel at the right most outlet, they reenter the
channel from the left inlet at random positions particle injec-
tion locations and wall-collision outcomes are stochastic, the
clogging fraction exhibits run-to-run variability. To account
for this, reported clogging fractions are interpreted as statisti-
cal quantities rather than deterministic outcomes. In this study,
the clogging fraction is reported as the mean value over re-
peated simulations with different random seeds, and variabil-
ity is characterized using the standard deviation. Trends dis-
cussed below are robust relative to this stochastic variability

Figure 6 shows snapshots of particle positions and trajecto-
ries for Re = 1,000 and 5% strength. After 30s of simulation,
it illustrates a phenomenon called inertial focusing, where par-
ticles align into streamlines near the channel center?l, At
moderate Re, inertial forces become significant compared to
viscous forces. The nonlinear convective term in the Navier-
Stokes equations causes particles to move away from the walls
toward regions of lower shear, typically the channel center.
often forming single-file lines or focused bands2L. While at

Fig. 7 Particle Transport with Gaussian Constriction at 5% and Re
of 1,000 at time 8s, 16.5s, 30s and 100s

higher constriction strength of 35% in Figure 7, particles mi-
grate toward walls, depositing near the constriction due to re-
circulation zones and gravity. At the end of simulation time,
there is no internal focusing that can carry particles through
the flow, but significant number of particles deposited at the
constriction.

Fig. 8 Particle Transport for Gaussian Constriction at 13s, 25s and
100s at Re=7,000

Figure 8 shows the accumulated particles density map at the
end of simulation time. The clog fraction increases with Re
and strength, from 0.45 at Re=1000, 5% to 0.92 at Re=7000,
35%. The higher inertia amplifies sedimentation and trapping.
This aligns with studies on turbulent channel flows, where vor-
tex shedding enhances deposition. It effectively narrows
the channel, qualitatively illustrating how recirculation-driven
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deposition can reduce effective flow area in simplified chan-
nel flows. One limitation of the study is that it does not con-
sider particle size effect and the probability of particle reen-
tering into flow after deposition. These results still provide
insights into the sedimentation or clog formation and help po-
tential for optimizing designs to minimize deposition. The
particle-deposition results depend on several modeling param-
eters, most notably the sticking probability and particle prop-
erties such as effective size and density. Increasing the stick-
ing probability would trivially increase the measured clogging
fraction, while decreasing it would reduce deposition without
altering the underlying flow structures. Similarly, larger or
denser particles would experience stronger gravitational set-
tling and enhanced wall encounters, whereas smaller particles
would more closely follow fluid streamlines. Although a full
parametric sweep is beyond the scope of this study, these de-
pendencies are consistent with established particle-transport
theory and do not alter the qualitative conclusion that recircu-
lation zones near constrictions promote increased wall inter-
action in simplified channel flows.

Fig. 9 Density Map of Particle Deposition of Gaussian Constriction
for Different Strength and Re

Discussion

We used numerical simulations to study the dynamics of in-
compressible fluid flow in channels in a direct and visual man-
ner. At different Reynolds numbers, our solutions success-
fully reproduced the parabolic velocity profile described by
Poiseuille’s law, and the simulations agreed closely with the
theoretical analytical solution. To better mimic realistic sce-
narios, we introduced rough channel walls and localized con-
strictions. In these cases, we observed that the fluid acceler-
ated through the narrow regions, forming jet-like flows and
recirculation zones. This effect was particularly pronounced
at higher Reynolds numbers, where inertial forces dominate
over viscous dissipation. To quantify the impact of constric-
tion severity and Reynolds number, we calculated the flow re-
sistance, Strouhal number, and energy dissipation. The re-

sults showed that both resistance and energy dissipation in-
creased with stronger constrictions and higher Reynolds num-
bers. The Strouhal number remained nearly constant at mild
constrictions but rose with Reynolds number when the con-
strictions became severe. At high Reynolds numbers, the hy-
draulic resistance R = Ap/Q depends not only on local dissi-
pation but also on how pressure recovers downstream of the
constriction. For sharp step-shaped constrictions, the flow
separates abruptly but often reattaches over a relatively short
downstream distance, leading to faster pressure recovery. In
contrast, smoother Gaussian constrictions can sustain longer
shear layers and extended recirculation zones, delaying pres-
sure recovery>>2®. Due to computational limits, the resolu-
tion of our simulations was relatively modest, and the simula-
tion times were capped at 100 seconds. With greater com-
putational power in the future, we expect to obtain higher-
fidelity results and further insights. Because the simulations
are two-dimensional, they cannot capture 3D turbulent transi-
tion mechanisms; the observed unsteadiness reflects 2D vor-
tex shedding and separation rather than fully developed turbu-
lence. We also introduced particles into the flow to investi-
gate transport and deposition patterns under varying constric-
tion geometries and Reynolds numbers, with relevance to phe-
nomena such as arterial blockage or sediment deposition in
pipelines. At low Reynolds numbers, we observed inertial fo-
cusing, a phenomenon where particles migrate to stable equi-
librium positions within the cross-section rather than deposit-
ing on the walls. This effect has been observed experimentally
in microfluidic channels, blood flow in capillaries, and indus-
trial particle separation systems. At higher Reynolds numbers,
deposition increased and became more uniformly distributed
along the channel walls. Under strong constrictions, particles
accumulated primarily upstream of the narrowing due to the
recirculation zones. At even higher Reynolds numbers, ir-
regular flow enhanced particle deposition both upstream and
downstream of the constriction, producing a broader and more
uniform distribution. Because the particle model neglects
finite-size hydrodynamics, particle—particle interactions, wall
adhesion physics, and physiological flow conditions, the re-
sults should not be interpreted as quantitative predictions of
arterial plaque formation or industrial fouling rates, would re-
quire substantially more detailed physical modeling and fully
three-dimensional, experimentally validated simulations. All
of these studies were carried out in two dimensions. The
potential future work can extend the simulations to three di-
mensions to provide a more realistic picture and capture addi-
tional physical mechanisms. Overall, our work demonstrates
how the Navier—Stokes equations capture essential features of
fluid dynamics in simplified 2D settings and offers qualitative
insight into particle transport and deposition mechanisms in
confined flows.
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