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This study uses numerical simulations to investigate incompressible viscous fluid flow in a two-dimensional (2D) channel,
beginning with the ideal laminar case described by planar Poiseuille’s flow and extending to more complex geometries with
constrictions, wall roughness, and suspended particles. A 2D incompressible Navier–Stokes solver was implemented to explore
the effects of channel constrictions, wall roughness, and varying Reynolds numbers. The simulations reproduce the classical
parabolic velocity profile in smooth channels and reveal how constrictions generate jet-like acceleration, recirculation zones,
and vortex shedding. Quantitative analysis shows that flow resistance and energy dissipation rise with both Reynolds number
and constriction severity, while sharp step-like constrictions amplify vortex shedding compared to smooth Gaussian ones, with
hydraulic resistance governed by both local dissipation and downstream pressure recovery. A simplified Lagrangian particle
transport was also modeled, highlighting inertial focusing on low Reynolds numbers and increased wall deposition at higher
Reynolds numbers, especially near constrictions. These results illustrate how channel imperfections and flow instabilities
contribute to energy losses and particle accumulation. Extension to real-world applications, such as blood flow in vascular
vessels or fluid transport in pipelines, would require fully 3D modeling and substantially more sophisticated and computationally
intensive simulations.
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Introduction

Fluid dynamics governs how liquids and gases move, from
phenomena like water flow in channels, air around airplane
wings to ocean currents. The mathematical models to de-
scribe the motion of viscous fluid substances were developed
in the 19th century as the Navier-Stokes equations, by apply-
ing Newton’s second law to fluid, accounting for viscosity,
pressure, and external forces1,2. They are a set of partial dif-
ferential equations (PDE), however, are notoriously difficult
to solve analytically due to their nonlinear and coupled nature.
The nonlinear convective term in the equation causes chaotic
behavior, i.e. the solution is highly sensitive to initial con-
ditions. The velocity and pressure fields are interdependent,
making the system a set of coupled PDEs. In 2000, the Clay
Mathematics Institute designated the Navier-Stokes existence
and smoothness problem as one of its seven Millennium Prize
Problems3. While the general analytical solutions to Navier-
Stokes equations are still elusive and probably non-existing in
3D, there are a few simple cases with existing analytical solu-
tions by some assumptions of steady-state, incompressibility,
and certain symmetry to simplify the equations4.
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Laminar flow is one of the simplest types of fluid motion.
It occurs when a fluid flows in parallel layers, with minimal
mixing and no turbulence. The velocity field in the steady
state is described by Poiseuille’s law5. Real-world pipes,
however, like blood vessels or industrial pipelines, have im-
perfections such as constrictions and rough surfaces6. Flows
may become unsteady or turbulent and result in large pres-
sure drops along the channels and energy losses. This study
investigated fluid flow in a channel by starting with planar
Poiseuille’s flow and progressively adding complexity to ap-
proach realistic scenarios. Using numerical simulations by a
full 2D Navier-Stokes solution without the laminar assump-
tion, we modeled: (1) laminar flow in an ideal smooth no-slip
channel that a parabolic velocity profile is developed in the
channel regardless of Re numbers (2) vortex shedding which
deviate from laminar flow with different shapes of constric-
tions and random roughness (3) particle transport and deposi-
tion in the flow to study clogging at constrictions under vary-
ing Re numbers. The research is to understand: How channel
imperfections and unsteady effects can alter flow compared to
the ideal Poiseuille case, and how these changes contribute to
energy losses, and reveal about the Navier-Stokes equations’
complexity. The combined analytical and numerical methods
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explore ideal and realistic flow scenarios in 2D. We emphasize
that understanding and accurately simulating real-world sys-
tems, such as blood flow in affected vessels or viscous fluid
transport in complex pipelines, would require fully 3D model-
ing and substantially more computationally intensive methods.

Navier-Stokes Equations

We start by introducing the Navier-Stokes equations for an in-
compressible fluid:

Momentum Equation:

¶u
¶ t

+ u �Ñu =� 1
r

Ñp +nÑ
2u + G (1)

Continuity Equation:

Ñ �u = 0 (2)

Here:

• u = (ux;uy;uz): Velocity vector field of the fluid.

• t: Time.

• r: Density of fluid.

• p: Pressure field.

• n : Kinematic viscosity of fluid.

• G: External forces.

• Ñ: Gradient operator.

• Ñ2: Laplacian operator.

• u �Ñu: Convective term.

The equations describe how the velocity, pressure and den-
sity of a fluid evolve over time and space. It is instructive
to understand each term in the momentum equation: ¶u

¶ t is
the rate of change of the velocity field or acceleration of fluid
particles; u �Ñu is the nonlinear convective term, represent-
ing how the fluid’s velocity transports itself, leading to com-
plex behaviors like turbulence; � 1

r
Ñp is the pressure gradi-

ent force, driving fluid from high to low pressure; nÑ2u is the
viscous term, modeling the diffusion of momentum due to vis-
cosity; G is external forces, such as gravity or electromagnetic
forces. The continuity equation ensures mass conservation,
i.e. for an incompressible fluid, the volume of fluid entering a
region equals the volume leaving it4.

Poiseuille’s Law

Poiseuille’s Law is a specific solution to Navier-Stokes equa-
tions under simplified conditions for laminar flow in a planar
channel5. The laminar flow is in steady state and moving in
parallel layers, so ¶u

¶ t = 0 and u �Ñu = 0. The velocity field in
a planar channel does not change along the channel’s length,
only varying radially, therefore, in a planar coordinate (r;z),
the velocity field u = (ur;uz) = (u(r);0), where r is the radial
distance from the channel center, z is the axial direction along
the channel. Pressure only varies along z with a constant pres-
sure gradient ¶ p

¶ z =�DP
L and there are no external forces along

the channel.
The Navier-Stokes equation in the z-direction becomes:

0 =
DP
L

+ m
1
r

¶

¶ r

�
r
¶u
¶ r

�
(3)

Rearrange the equation:

¶

¶ r

�
r
¶u
¶ r

�
=�DP

mL
r (4)

Integrate with respect to r:

r
¶u
¶ r

=� DP
2mL

r2 +C1 (5)

¶u
¶ r

=� DP
2mL

r +
C1

r
(6)

To avoid singularity at r = 0, set the constant C1 = 0:

¶u
¶ r

=� DP
2mL

r (7)

Integrate again:

u =� DP
4mL

r2 +C2 (8)

Apply the no-slip boundary condition u(R) = 0 at the chan-
nel wall:

0 =� DP
4mL

R2 +C2 (9)

We obtain the parabolic velocity profile for laminar flow in
a channel:

u(r) =
DP

4mL
(R2� r2) (10)

The Poiseuille’s Law describes the relationship between
volume flow rate and pressure drop of laminar flow through
a long planar channel and is therefore obtained by integrating
the above equation over the channel’s cross-sectional area:

Q =
Z R

0
u(r) �2pr dr =

Z R

0

DP
4mL

(R2� r2) �2pr dr =
pDPR4

8mL
(11)
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Poiseuille’s law strictly applies only to steady, fully devel-
oped flow in constant-width channels. It is therefore not ap-
plied within constricted or varying-width regions of the chan-
nel.

Full 2D Navier-Stokes Simulation

Analytical solution to the Navier-Stokes equations is diffi-
cult, however, the numerical methods and approximations al-
low engineers and scientists to use the Navier-Stokes equa-
tions effectively to study fluid dynamics in complex geome-
tries as in aerodynamics and weather modeling. Without go-
ing to the full extent to simulate the fluid flow in 3D, which
might require commercial software and significant compu-
tational power, we solve the incompressible Navier-Stokes
equations in a 2D rectangular channel, which represents a cut-
away view of a pipeline, with different shapes of constrictions
and random wall roughness, to capture time-dependent and
turbulence-like effects.

The incompressible Navier-Stokes equations in 2D are:
Momentum equation:

¶ux

¶ t
+ ux

¶ux

¶x
+ uy

¶ux

¶y
=� 1

r

¶ p
¶x

+n

�
¶ 2ux

¶x2 +
¶ 2ux

¶y2

�
+ Gx

(12)

¶uy

¶ t
+ ux

¶uy

¶x
+ uy

¶uy

¶y
=� 1

r

¶ p
¶y

+n

�
¶ 2uy

¶x2 +
¶ 2uy

¶y2

�
+ Gy

(13)
Continuity equation:

¶ux

¶x
+

¶uy

¶y
= 0 (14)

The external body force G = (G;0) is applied in the x-
direction and serves as the driving force to induce and sus-
tain the fluid flow through the channel, which is equivalent
to a constant pressure gradient and central to Poiseuille’s
Law. This is a common numerical technique in computational
fluid dynamics (CFD) simulations of channel or Poiseuille-
like flows. If without non-zero G in simulation and the simu-
lation starts from rest, ux = uy = 0, the velocities will remain
zero indefinitely, as there’s nothing to initiate motion and the
flow would be stagnant with no time evolution.

In incompressible channel flow, a constant streamwise body
force fx is mathematically equivalent to a constant pressure
gradient. Specifically, imposing a uniform body force fx is
equivalent to imposing a constant pressure gradient satisfying

1
r

¶ p
¶x

=� fx (15)

Therefore, although the numerical implementation uses a
body-force formulation rather than explicit pressure boundary

conditions, the flow is physically pressure-driven. This ap-
proach is standard in computational studies of Poiseuille and
channel flows and avoids complications associated with pres-
sure boundary specification while preserving the correct mo-
mentum balance.

In the early 20th century, the Stream Function–Vorticity for-
mulation emerged, e.g. in Horace Lamb’s Hydrodynamics
1879, as an alternative way to write the Navier–Stokes equa-
tions. It is particularly useful for 2D incompressible flows. It
simplifies the equations by eliminating the pressure term by
working with vorticity (w) and automatically satisfying conti-
nuity equation using a stream function (y)7,8.

The stream function is defined such that the continuity is
satisfied automatically:

ux =
¶y

¶y
; uy =�¶y

¶x
(16)

Vorticity is the curl of the velocity field to measure rotation:

w =
¶uy

¶x
� ¶ux

¶y
(17)

We can therefore plug in ux;uy from stream function to get
the Poisson equation connecting w and y:

w =
¶

¶x

�
�¶y

¶x

�
� ¶

¶y

�
¶y

¶y

�
=�

�
¶ 2y

¶x2 +
¶ 2y

¶y2

�
=�Ñ

2
y

(18)
Take the curl of both sides of Navier-Stokes equation:

Ñ�
�

¶u
¶ t

+ u �Ñu
�

= Ñ�
�
� 1

r
Ñp +nÑ

2u + G
�

(19)

Apply curl properties and obtain the vorticity transport
equation:

¶w

¶ t
+ u �Ñw = nÑ

2
w (20)

In 2D:
¶w

¶ t
+ ux

¶w

¶x
+ uy

¶w

¶y
= n

�
¶ 2w

¶x2 +
¶ 2w

¶y2

�
(21)

In terms of physical meaning, vorticity represents the curl
of the velocity field and quantifies the local angular velocity of
fluid elements. It can reveal fine-scale structures that might be
invisible in velocity field plot for detection of turbulent tran-
sitions. Streamlines are tangent to the velocity vector of the
fluid and represent the paths a massless particle would flow.

Though streamfunction and vorticity have their clear and
intuitive physical meaning, the numerical solver employed in
this study is not a streamfunction–vorticity formulation. The
incompressible Navier–Stokes equations are advanced in time
using a projection method in primitive variables (ux;uy; p).
The streamfunction y and vorticity w fields are computed
only in post-processing from the velocity field for visualiza-
tion purposes. As a result, no vorticity boundary conditions
are imposed or required in the numerical time stepping.

© The National High School Journal of Science 2026 | 3



Boundary Conditions

The simulations are performed in a two-dimensional channel
of length Lx and height H. Periodic boundary conditions are
imposed in the stream x direction for both velocity and pres-
sure fields, consistent with a spatially repeating channel seg-
ment. In the wall-normal y direction, no-slip and impermeable
boundary conditions are enforced on the top and bottom walls,
such that

u = (0;0) on y = 0 and y = H (22)

Channel imperfections and obstacles are modeled as solid
walls. No-slip and no-penetration conditions are imposed on
all obstacle boundaries. The flow is driven by a uniform body-
force term in the stream direction, which is equivalent to a
constant mean pressure gradient in a periodic domain.

Reynolds Number

The Reynolds number (Re) is a dimensionless quantity in
fluid dynamics. It compares the relative importance of iner-
tial forces to viscous forces in the fluid. It is defined as:

Re =
rUL

m
=

UL
n

(23)

where r is the fluid density, U is a characteristic velocity (e.g.,
mean or maximum flow speed), L is a characteristic length
scale (e.g., channel height or pipe diameter), m is the dynamic
viscosity, and n is the kinematic viscosity.

In the case of channel flow, Re is often computed using
the centerline velocity and half-channel height as Re = GH3

16n2

(where G is the driving force of the flow and H is the full
channel height). Physically, Re is used to characterize the na-
ture of fluid flow: a) Laminar Flow: Typically occurs at low
Re, Re < 2;000 for channel flow. The flow is smooth, with
fluid moving in parallel layers where viscous forces domi-
nate. b) Transitional Flow: Occurs at intermediate Re, e.g.,
2;000 < Re < 4;000, where the flow can change between lam-
inar and turbulent. c) Unsteady separated flow: can occur at
high Re, e.g., Re > 5;000. This is the region where inertial
forces prevail, leading to irregular motion and eddies in the
flow9. It enables similarity analysis for results from models
on different scales but similar Re number. This is essential
in aerospace, automotive, and civil engineering for designing
efficient systems without full-scale prototyping. Therefore, in
our simulation Re is used as a control parameter to character-
ize different classes of flows from laminar to unsteady flow.

Nondimensionalization

To express the governing equations and simulation results in a
general, scale-independent form, all variables are nondimen-
sionalized using characteristic reference quantities. Length is

scaled by the full channel height H, velocity by a reference
velocity Ure f , and pressure by rU2

re f . The nondimensional
variables are defined as

x� =
x
H

; y� =
y
H

; u� =
u

Ure f
; p� =

p
rU2

re f
(24)

Substituting these into the incompressible Navier–Stokes
equations yields the nondimensional form

¶u
¶ t

+ u �Ñu =�Ñp +
1

Re
Ñ

2u + F; Ñ �u = 0 (25)

where the Reynolds number is defined as, Re =
Ure f H

n
. The

reference velocity Ure f is chosen as the centerline velocity of
the planar Poiseuille solution in a smooth channel subject to
the same driving force

Ure f =
GH2

8n
(26)

where G is the imposed streamwise body force (equivalent to
a constant pressure gradient). With this choice, the theoreti-
cal planar Poiseuille velocity profile and flow rate provide a
direct nondimensional reference against which simulation re-
sults are compared. All velocities, times, pressures, and de-
rived quantities reported in the Results section are expressed
in these nondimensional units.

Flow with Channel Imperfections

We introduce channel imperfections to study how the laminar
flow is affected by deviating from the ideal case. We add a
constriction at the channel’s midpoint which reduces the half-
height by up to 70% of the channel half-height, mimicking the
patient case of stenosis in coronary arteries with � 70% nar-
rowing often needing intervention of stent or bypass. The con-
striction shape can be either step-like, triangular or Gaussian
with smooth narrowing. A random roughness of 1% of the
half-height is added to the channel wall. The combined effect
of the constriction and wall roughness is to introduce irreg-
ular boundary conditions, therefore, contribute to the vortex
or irregular flow. Poiseuille’s law is used only as a baseline
reference for fully developed flow in the upstream constant-
width sections of the channel. The energy loss due to channel
imperfections is calculated to be compared with ideal case.

Vortex shedding

In fluid dynamics, vortex shedding is created when a fluid flow
past an obstacle at certain velocities. Periodic vortices are
formed in the downstream, such as Von Kármán vortex street
behind a cylinder. As a result, the periodic forces cause poten-
tial structural vibrations in engineering issues like bridge col-
lapses or chimney swaying.10,11 Mathematically, vortex shed-
ding is characterized by the dimensionless Strouhal number
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(St), which relates the shedding frequency to flow parameters:

St =
f D
U

(27)

where f is the shedding frequency, D is a characteristic length
(e.g., constriction width or cylinder diameter), and U is the
free-stream velocity (or mean channel velocity).

Methods

We numerically solved the above 2D Navier-Stokes equa-
tions with no-slip boundary conditions on the walls. A frac-
tional step scheme (Chorin projection) was employed for time
evolution12,13. The numerical simulation used finite differ-
ence method to discretize the equation on a 2D rectangu-
lar grid with spacing dx = Lx

nx
;dy =

Ly
ny

, where nx;ny were
number of grid points. On each grid point (xi;y j) where
xi = i � dx;y j = j � dy, we stored the field u;v;y;w where u;v
were velocity along x and y axis respectively. The channel
boundaries were defined with optional constrictions of differ-
ent shapes (Gaussian, step, or triangular) and random rough-
ness. The fluid flow simulation started from rest, i.e. ux and uy

were initialized to zero. The Reynolds number Re =
GL3

y
16n2 and

the theoretical Poiseuille velocity at the center of the channel

was UPoiseuille =
GL2

y
8n

The simulation time was advanced using
time step Dt that was subject to two stability conditions14,15:
CFL condition: DtCFL = min(dx;dy)

cCFL�max(ux;uy) , where cCFL = 5 in the

channel flow case Viscous stability: Dtvisc = min(dx;dy)2

cv�n , where
cv = 4 in the channel flow case Dt = min(DtCFL;Dtvisc) is used
in the simulation

To handle the nonlinear convective term u �Ñu stably, espe-
cially at high Reynolds numbers, a semi-Lagrangian scheme
was used. In fully explicit finite-difference schemes, stabil-
ity requires very small time steps to satisfy a strict CFL con-
dition, which can make long-time simulations prohibitively
expensive. In this work, advection is treated using a semi-
Lagrangian approach, in which velocity values are updated
by tracing characteristics backward in time and interpolating
the velocity field at the departure points. This scheme is un-
conditionally stable with respect to the advective CFL con-
straint and therefore allows the use of larger time steps in
high-Reynolds-number regimes. The primary trade-off of the
approach is the introduction of numerical diffusion due to in-
terpolation, and the method does not strictly conserve kinetic
energy. However, the present study prioritizes robustness and
qualitative accuracy of large-scale flow features (jet acceler-
ation, separation, recirculation, and unsteadiness) over exact
energy conservation.

For each grid point (xi;y j), the departure point was com-

puted as:

xb = xi�Dt �un
x;i; j; yb = y j�Dt �un

y;i; j (28)

The velocity fields ux;uy at (xb;yb) were interpolated us-
ing bilinear interpolation. The advective velocities were
ux;adv = interp(un

x ;xb;yb) and uy;adv = interp(un
y ;xb;yb) using

the python interpolator scipy.interpolate.interpn. The velocity
component was advanced explicitly after accounting for the
viscous term nÑ2u as follows:

ux;di f f ;i; j = ux;adv;i; j +Dt �nÑ
2ux;adv;i; j;

uy;di f f ;i; j = uy;adv;i; j +Dt �nÑ
2uy;adv;i; j

(29)

where the subscript ”diff” stood for ”diffusion” and the Lapla-
cian operator was discretized as:

Ñ
2 fi; j =

fi+1; j�2 fi; j + fi�1; j

dx2 +
fi; j+1�2 fi; j + fi; j�1

dy2 (30)

The predicted velocity was obtained by incorporating the driv-
ing force. u�x ;u�y at the wall were set to zero for no-slip condi-
tions

u�x;i; j = ux;di f f ;i; j +Dt �G; u�y;i; j = uy;di f f ;i; j (31)

The divergence of the predicted velocity was computed using
central differences:

Ñ�u�i; j =
¶u�x
¶x i; j

+
¶u�y
¶y i; j

=
u�x;i+1; j�u�x;i�1; j

2dx
+

u�y;i; j+1�u�y;i; j�1

2dy
(32)

The Poisson equation was solved for the pressure correction
Ñ2f = Ñ�u�

Dt with homogeneous Neumann boundary condi-
tions, i.e. ¶f

¶n = 0 on the walls. It could be effectively solved
by SciPy’s banded solver. Finally the velocity was corrected
to satisfy incompressibility condition using:

un+1
x;i+1; j = u�x;i; j�Dt � ¶f

¶x i; j
; un+1

y;i+1; j = u�y;i; j�Dt � ¶f

¶y i; j
(33)

The energy dissipation rate measures the irreversible conver-
sion of kinetic energy into heat due to viscous effects. For in-
compressible Newtonian fluids, the local dissipation rate per
unit volume is given by:

F = 2nSi jSi j (34)

where Si j is the symmetric strain rate tensor Si j =
1
2

�
¶ui
¶x j

+
¶u j
¶xi

�
, and repeated indices imply summation (Ein-

stein notation). In 2D Cartesian coordinates i; j = x;y:

Sxx =
¶ux

¶x
; Syy =

¶uy

¶y
; Sxy = Syx =

1
2

�
¶ux

¶y
+

¶uy

¶x

�
(35)
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Thus,

F = 2n(S2
xx + S2

yy + 2S2
xy)

= 2n

"�
¶ux

¶x

�2

+

�
¶uy

¶y

�2

+
1
2

�
¶ux

¶y
+

¶uy

¶x

�2
#

(36)

The total dissipation rate e over the domain is the volume in-
tegral: e =

R
FdV . The numerical simulation is implemented

in Python and is available at request.

Results

Ideal Case

Fig. 1 Velocity Field, Vorticity and Streamline of Fluid Flow at
100s in the Ideal Case with Different Re

In Figure 1, it visualizes the simulation results at time 100s:
the velocity magnitude juj =

q
u2

x + u2
y and vorticity magni-

tude as color plots and streamline in the rectangular chan-
nel. The Re number is changing from 1,000 to 7,000. As
can be observed, regardless of the Re number, the flows de-
velop a similar profile with the highest velocity at the channel
center and smoothly reduce to zero at the wall to satisfy the
no-slip condition. The channel center velocity increases with
higher Re number, as higher Re is indicating higher fluid ve-
locity with all other factors remain constant. The vorticity and
streamline plots demonstrate there is nearly no curl of veloc-
ity field, and the fluid motion is characterized by smooth and
orderly movement of fluid particles in parallel layers, with no
mixing between those layers. The observations are consistent
with the Poiseuille’s Law in the ideal case. Poiseuille’s Law

describes the ideal steady-state where the fluid’s time evolu-
tion has reached its final state. In Figure 2, the simulated cen-
ter velocity is plotted as a function of time for different Re
number, and the dashed line is the theoretical Poiseuille’s Law
velocity as a comparison. It can be observed that the center
velocity is approaching to the final Poiseuille’s velocity in all
cases but with different approaching rate. It takes longer time
to reach the final steady state for fluid with higher Re num-
ber. This is because the time required for the initial velocity
to propagate from the walls to the center is governed by the

viscous diffusion timescale, which is approximately t � L2
y

n
,

where Ly is the channel height and n is the kinematic viscos-
ity. At higher Re� 1

n2 , the viscosity n is lower, this results in a
longer diffusion time for higher Re. Therefore, approximately

it is expected to see t � L2
y

n
� L2

y
Re . For example, simulations

show velocity reaches 63% of steady state at 100 seconds at
Re = 7;000 but it takes only 40 seconds to reach the same ve-
locity at Re = 1;000. Plug in the numbers from simulation, we
observe the simulation matches with expectation consistently.

tRe=1;000

tRe=7;000
=

40
100
�

L2
y=1;000

L2
y=7;000

� 0:38 (37)

Fig. 2 Channel Center Velocity as a Function of Simulation Time,
Comparing with Poiseuille’s Law

Flow with perturbations

In the next study, we introduce perturbations, i.e. ran-
dom roughness on the channel wall and different constriction
shapes (Gaussian and step-like), to numerically investigate the
system with hydraulic resistance, vortex shedding, and vis-
cous energy dissipation in 2D channel flows, for ranging from
1,000 to 7,000. The wall roughness is kept as 1% of the chan-
nel half-height and the constriction height increases from 5%
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