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Existing treatments of the brachistochrone problem often appeal to concepts such as Fermat’s principle and energy conservation,
which – though physically correct – can seem arbitrary from a purely mathematical perspective. As such, this paper provides
a ‘ground-up’ investigation, arriving at those methods organically from only elementary mechanics (considering forces) in a
manner approachable by high school students. The motion of a falling object is first examined along a single straight segment
– analysis which is extended to multiple connected segments to establish a least-time condition. Generalising this condition to
an arbitrary number of segments implies a continuous formulation and a corresponding differential form. Solving this equation
produces the brachistochrone, which is shown to be a cycloid. Comparison to a purely geometric method is then used to verify
consistency with the analytical result, offering an alternative perspective on the problem. Though both approaches ultimately
lack the completeness offered by a variational method, they still produce the known shape of the brachistochrone – the cycloid.

Introduction

Context

The brachistochrone problem asks:
What is the curve that allows an object to fall between two

points, separated by some fixed horizontal and vertical dis-
tance, in the shortest time?

The Swiss mathematician Johann Bernoulli posed and
solved this problem in 1696. Using an argument based on
Fermat’s principle (that light always takes a time-minimising
path) and subsequently an optical analogy, he showed that the
brachistochrone was, in fact, cycloidal1.

As with the original (classical) brachistochrone problem
considered by Bernoulli, some assumptions will be made for
the sake of simplification. These are that the ball:

• Is a point mass with radius zero, ‘falling’ or ‘sliding’
along the curve.

• Falls through a uniform gravitational field in the absence
of dissipative forces.

• Begins at rest, or has initial velocity equal to zero.

Fig. 1 The brachistochrone is the time-minimising curve between
two points

Variational Formulation

While more elementary treatments exist2–7, a variational for-
mulation is a particularly concise way to formalise the classi-
cal brachistochrone problem – which likely explains its preva-
lence in the modern literature8–14. For the purposes of this
paper, assume without loss of generality that the ball begins
its motion at the point (0,0), falling along the curve y(x) to
the reach the point (a,b), where y(a) = b.

Thus, the brachistochrone curve is the curve y(x) which
minimises the total falling time (T ). An expression for T can
be found by first considering the total distance (L) the ball
travels along the curve:

L =
∫ a

0

√
1+
(

dy
dx

)2

dx

Since

ds
dx

=

√
1+
(

dy
dx

)2

Where s is the distance travelled by the ball along the curve
at the point (x,y(x)), or the distance travelled thus far by the
ball. By the definition of velocity (v):

v(t) =
ds
dt

⇒ dt
ds

=
1

v(s)

Where t is time since the ball starts falling. Hence, for the
total falling time T :

T =
∫ T

0
dt =

∫ L

0

1
v(s)

ds
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Conservation of mechanical energy states (note the negative
sign on y(x), since the falling occurs in the fourth quadrant):

1
2

mv(x)2 =−mgy(x)⇒ v(x) =
√
−2gy(x)

Where m is the mass of the ball. This allows T to be rewrit-
ten entirely in terms of y and x:

T =
∫ L

0

1
v(s)

ds =
∫ a

0

1√
−2gy(x)

√
1+
(

dy
dx

)2

dx

Or, assuming an invertible y(x):

T =
∫ a

0

1√
−2gy(x)

√
1+
(

dy
dx

)2

dx

=
∫ b

0

1√
−2gy

√
1+
(

dx
dy

)2

dy (1.2.1)

Hence, the brachistochrone problem can be reduced to find-
ing the curve y(x) which minimises the functional T (y) while
fulfilling the boundary conditions y(0) = 0 and y(a) = b. This
can be done through the machinery of variational calculus,
though that is likely inaccessible to high school students and
therefore beyond the scope of this paper.

Further, both the variational approach and Bernoulli’s orig-
inal solution (and subsequent solutions inspired by it) ex-
ploit physics principles such as conservation of mechanical
energy2,4,5,9 and Snell’s law1,3. While physically true, these
assumptions can appear arbitrary from a purely mathematical
perspective. As such, this paper seeks a more “ground-up”
derivation, in which these results emerge naturally – using
methods approachable from high school students – from only
the most basic mechanics of the problem.

Initial Investigation

One Segment / Basic Mechanics

This paper aims to find the brachistochrone curve from only
the basic mechanics of falling. The simplest path that the ball
can take between two points is a straight line. Hence, consider
the points A and B connected by the line AB (see Fig 2a).

Finding the ball’s time of descent is straightforward. To
begin, the ball is acted upon by the weight force F⃗g, the mag-
nitude of which is proportional to the mass m of the ball:

F⃗g =

(
0

−mg

)
⇒ Fg = mg

Where Fg is the magnitude of the weight force and g is the
acceleration due to gravity. Note that magnitudes of vector

Fig. 2a A ball descending down a single line segment

Fig. 2b The weight vector F⃗g and its tangential component F⃗T

quantities will be represented in this paper by its symbol (e.g.
F⃗g) without the vector arrow (e.g. Fg). We then find (as per
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Fig. 2b):
Fτ = mgcos(θ)

Since the normal component of F⃗g is cancelled out by re-
action forces provided by the ramp (or equivalently, since the
reaction forces do no work along the tangent direction for fric-
tionless sliding), F⃗τ is the net force acting on the ball. Hence,
by the second law of motion, the magnitude of acceleration
(a) is given by:

a =
Fτ

m
= gcos(θ) (2.1.1)

The direction of acceleration does not change, so only its
magnitude is relevant. Hence, integrating twice with respect
to elapsed time (t):

v = at = gcos(θ)t

s =
1
2

at2 =
1
2

gcos(θ)t2

Both integration constants come to zero, as the magnitudes
of velocity (v) and displacement (s) are zero before the ball
starts moving. Hence, the total time of descent (T ) is given
by:

T =

√
2s

gcos(θ)
=

√
2AB

gcos(θ)
(2.1.2)

For example, if the ball falls from A(0,0) to B(1,−1), then
we have:

T =

√
2
√

2
9.81× cos45◦

≈ 0.639 seconds

Two Segments

A natural next step is to investigate a slightly more complex
path, like one formed by two connected segments. To that end,
add a third point C below and to the right of B, forming two
segments AB and BC.

From now on, when considering multiple connected seg-
ments, θn represents the angle formed against the vertical by
the nth such segment. Similarly, sn refers to the length of the
nth segment, tn the time of descent along it. t1 has been found
in the previous section, as per (2.1.2):

t1 =

√
2s1

gcos(θ1)

The ball arrives at the second segment with a non-zero ve-
locity (call this v1). Hence, if we ignore the first segment and
define t = 0 as the time at which the ball arrives at the second

Fig. 3 The ball falling down two segments

segment, then the equations of motion are:

a = gcos(θ2)

v = gcos(θ2)t + v1

s =
1
2

gcos(θ2)t2 + v1t

Where:

v1 = gcos(θ1)t1 =
√

2gcos(θ1)s1 (2.2.1)

Next, once the ball arrives at the second segment:

s(t2) = s2 =
1
2

gcos(θ2)t2
2 + v1t2

Which implies a quadratic in t2:

1
2

gcos(θ2)t2
2 + v1t2 − s2 = 0

⇒ t2 =
−v1 ±

√
v2

1 +2gcos(θ2)s2

gcos(θ2)

=
−
√

2gcos(θ1)s1 ±
√

2gcos(θ1)s1 +2gcos(θ2)s2

gcos(θ2)

Since
√

2gcos(θ1)s1 +2gcos(θ2)s2 >
√

2gcos(θ1)s1,
there is one negative and one positive solution for t2.
Rejecting the negative solution, we find that:

T = t1 + t2 =

√
2s1

gcos(θ1)
−
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√
2gcos(θ1)s1 +

√
2gcos(θ1)s1 +2gcos(θ2)s2

gcos(θ2)
(2.2.2)

Consider a similar numerical example as before. Let A
be at (0,0), C be at (1,−1), and B be at (0.3,−0.3). As
such, θ1 = tan−1(0.3/0.7)≈ 23.2◦, θ2 ≈ 66.8◦ and s1 = s2 =√

0.32 +0.72 ≈ 0.762. In this case, we have T ≈ 0.598s,
which is a slightly shorter descent time than the single line
segment connecting (0,1) and (1,0).

Speed Across Multiple Segments

As can be seen, finding time of descent becomes considerably
more complex with the addition of even one more segment,
since the ball arrives at the second segment with non-zero
speed. Observe, however, that (by 2.2.1):

cos(θ1)=
h1

s1
⇒ s1 =

h1

cos(θ1)
v1 =

√
2gcos(θ1)s1 =

√
2gh1

Where h1 is the vertical height of the first segment (see Fig.
4). Hence, v1 depends only on h1, which the reader may al-
ready recognise to be equivalent to mechanical energy conser-
vation (assuming no friction or rolling). Proving this result for
any number of segments would remove the need for individu-
ally calculating the initial velocity at each junction point.

Hence, consider a ball falling along a series of connected
line segments, currently falling along the nth segment. Let
the height through which it has fallen be h1 +h2 +h3 . . .+hn,
where hn is the vertical height of the nth segment.

Fig. 4 A scenario where the ball is at the end of the fifth
segment. In this case, n = 5.

It can be shown that the speed vn of the ball at the end of the
nth segment is dependent only on the height through which it
has already fallen. More precisely:

vn =
√

2g(h1 +h2 +h3 . . .+hn) (2.3.1)

Proof:

The statement (2.3.1) can be proven inductively, already
demonstrated for the base case n = 1:

v1 =
√

2gh1

Next, assume for induction that the case n = k is true. For
compactness, write h1 + h2 + h3 . . .+ hk = Σk and thus vk =√

2gΣk. We now wish to prove the validity of the next case
(n = k+1). Again, the acceleration a is given by:

a = gcos(θk+1) (2.3.2)

As in the previous section, to find speed and distance trav-
elled, it is most convenient to define t = 0 as being the time
when the ball arrives at the segment being considered (in this
case the k + 1th segment). Integrating acceleration with re-
spect to t:

vk+1 = gcos(θk+1)t +
√

2gΣk

s =
1
2

gcos(θk+1)t2 +
√

2gΣk t

Note that, by the n = k case, the ball has an initial velocity
vk =

√
2gΣk, i.e. v(0) =

√
2gΣk, while s(0) = 0. The length

sk+1 of the k+1th segment is:

s(tk+1) =
hk+1

cos(θk+1)
=

1
2

gcos(θk+1)t2
k+1 +

√
2gΣk tk+1

⇒ 1
2

gcos(θk+1)t2
k+1 +

√
2gΣk tk+1 −

hk+1

cos(θk+1)
= 0

Which – similar to before – is a quadratic in tk+1. Solving
for tk+1:

tk+1 =
−
√

2gΣk +
√

2gΣk +2ghk+1

gcos(θk+1)

The negative root has been rejected. Substituting this back
into (2.3.2) yields:

vk+1 =
√

2g(Σk +hk+1) =
√

2g(h1 +h2 . . .+hk +hk+1)

Recalling that Σk = h1 + h2 . . .+ hk, we find that the state-
ment is also true for n = k+1. Hence, the statement is true for
n = k+ 1 so long as it is true for n = k. Because (2.3.1) was
valid for the base case n = 1, by the principle of induction, it
is true for all positive integers n.

Since hn has not been given a value, it could, for the sake
of argument, be equal to any positive real number. Hence,
the statement is true continuously across every segment, not
just at the endpoints. To reflect this, vn can be replaced by v
(representing instantaneous velocity):

v =
√

2g(h1 +h2 . . .+hn) (2.3.3)
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Average Speed

Let the average speed of the ball falling along the nth segment
be v̄n = sn/tn. By corollary to (2.3.3), v̄n is dependent only on
the heights fallen: Σn and Σn−1 (with Σn−1 = h1 +h2 . . .hn−1).

Proof:
Again, let t = 0 be the time at which the ball reaches the

segment in question. The acceleration across that segment is
still a = gcos(θn), so integrating twice with respect to t yields
v and s:

v = gcos(θn)t + vn−1

s =
g
2

cos(θn)t2 + vn−1t

Note that v(0) = vn−1 and s(0) = 0. Next, since tn is the
time taken to traverse sn:

vn = v(tn) = gcos(θn)tn + vn−1

sn is given by:

sn = s(tn) =
g
2

cos(θn)t2
n + vn−1tn

And hence, by definition:

v̄n =
distance

time
=

sn

tn
=

g
2

cos(θn)tn + vn−1 ⇒ v̄n

=
gcos(θn)tn +2vn−1

2
=

vn−1 + vn

2
By (2.3.3):

v̄n =
vn−1 + vn

2
=

√
2g(Σn −hn)+

√
2gΣn

2
(2.4.1)

This result will be used in the next section.

Deriving A Least-Time Property

Minimising Descent Time

Revisiting the numerical example with A(0,0), B(0.3,−0.3)
and C(1,−1), (2.3.3) and (2.4.1) make finding descent time
significantly simpler. This is since v̄n = distance/time =
sn/tn produces the same answer without needing to solve a
quadratic:

T = t1 + t2 =
s1
v̄1
+ s2

v̄2
= 2×0.762√

2g(0.7)
+ 2×0.762√

2g(0.7)+
√

2g
≈ 0.598s

This observation allows us to minimise travel time by op-
timising the placement of B. Let the vertical and horizontal
distances between A and C be H and W respectively. If the
positions of A and C are fixed – and by extension, if H and W

Fig. 5 The two-segment path with relevant widths and
heights

are constant – what are the values of h1 and w1 (see Fig. 5)
which minimise the descent time?

By Pythagoras, the lengths of the segments AB and BC are:

AB =
√

w2
1 +h2

1 BC =
√

(W −w1)2 +(H −h1)2

The total travel time is simply the sum of the travel times
across AB and BC:

T = t1 + t2 =

√
w2

1 +h2
1

v̄1
+

√
(W −w1)2 +(H −h1)2

v̄2

Since H is fixed, we know by (2.4.1) that the average speeds
depend only on h1. Therefore, if h1 is held constant, then T
depends on w1 alone. As such, we can examine how the travel
time is minimised by changing w1 alone. Differentiating T
with respect to w1:

dT
dw1

=
w1

v̄1

√
w2

1 +h2
1

− W −w1

v̄2
√
(W −w1)2 +(H −h1)2

= 0

Hence, since dT
dw1

= 0 at minima and maxima, the following
condition must upheld:

w1

v̄1

√
w2

1 +h2
1

=
W −w1

v̄2
√
(W −w1)2 +(H −h1)2

(3.1.2)

It can be shown that T is indeed minimised by analysing the
second derivative. Factoring out the constant 1/v̄1 and 1/v̄2
terms and then differentiating once more with respect to w1:
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d2T
dw2

1
=

1
v̄1

× d
dw1

 w1√
w2

1 +h2
1



− 1
v̄2

× d
dw1

(
W −w1√

(W −w1)2 +(H −h1)2

)

Applying the quotient rule yields:

d2T
dw2

1
=

h2
1

v̄1(w2
1 +h2

1)
3/2 +

(H −h1)
2

v̄1[(W −w1)2 +(H −h1)2]3/2

Each term in d2T
dw2

1
is a ratio of positive constants and squared

distances, hence d2T
dw2

1
is strictly positive for all values of w1.

Therefore, T (w1) is concave upwards for all values of w1,
meaning that its only stationary point is a minimum which
occurs when:

w1

v̄1

√
w2

1 +h2
1

=
W −w1

v̄2
√
(W −w1)2 +(H −h1)2

Snell’s Law

We have found that descent time is minimised when
w1

v̄1
√

w2
1+h2

1
= W−w1

v̄2
√

(W−w1)2+(H−h1)2
, which is an unwieldy result.

Since sin = opposite/hypotenuse, this can be rewritten as:

w1
v̄1
√

w2
1+h2

1
= sin(θ1)

v̄1
= W−w1

v̄2
√

(W−w1)2+(H−h1)2
= sin(θ2)

v̄2

Next, it has been shown that there is only one value of w1
which minimises T (w1). As a result, for constant h1, point B
is ‘fixed’. In that case, therefore, the angles θ1 and θ2 are con-
stant (as are sin(θ1)

v̄1
and sin(θ2)

v̄2
by extension). Let k represent a

constant term (k in fact scales the radius of the cycloid – which
will be shown later), meaning the time-minimising condition
can be rewritten as:

sin(θ1)

v̄1
=

sin(θ2)

v̄2
= k (3.2.1)

This result is well-known in physics as Snell’s law, which
describes the path that light will take as it moves through dif-
ferent media. Light travels through different materials at dif-
ferent (but constant) velocities and will always take the least-
time path, so the motion of light rays (as first noticed by
Bernoulli in his optical-mechanical analogy15,16 and subse-
quently re-applied by others17) is directly applicable to this
optimisation problem.

Generalising To n Segments

The time-minimising property has been proven directly before
for two segments (AB and BC), but can be generalised to two
points connected by n segments. In other words, for an object
falling down n connected segments which each have a fixed
vertical height, the condition which minimises the total travel
time T = t1 + t2 . . .+ tn is:

sin(θ1)

v̄1
=

sin(θ2)

v̄2
= · · ·= sin(θn)

v̄n
= k (3.3.1)

Proof:
By (2.3.3), the vertical heights h1,h2 . . .hn being fixed

means that the initial speeds v1,v2 . . .vn are also fixed, as are
the average speeds v̄1, v̄1 . . . v̄n. Therefore, varying the width
wn of the nth segment will only affect the travel time across
that particular segment. This is key.

As such, assume that the segments form the time-
minimising path:

• If w1 and w2 are such that sin(θ1)
v̄1

̸= sin(θ2)
v̄2

, then t1+t2 can
be decreased while all other descent times stay the same,
which would decrease the total travel time T . Contradic-
tion. Hence, sin(θ1)

v̄1
= sin(θ2)

v̄2
.

• If w2 and w3 are such that sin(θ2)
v̄2

̸= sin(θ3)
v̄3

, then t2 + t3
can be decreased, which would decrease the value of T .
Contradiction. Hence, sin(θ2)

v̄2
= sin(θ3)

v̄3
.

. . .

• If wn−1 and wn are such that sin(θn−1)
n−1 ̸= sin(θn)

v̄n
, then tn−1+

tn can be decreased, which would decrease the value of
T . Contradiction. Hence, sin(θn−1)

v̄n−1
= sin(θn)

v̄n
.

Hence, by transitivity, we arrive at the generalisation:

sin(θ1)

v̄1
=

sin(θ2)

v̄2
. . .=

sin(θn)

v̄n
= k

Finding The Brachistochrone

‘Smooth’ Curve

So far, the time-minimising condition has been found for a
mass travelling down n connected line segments. Such a path
is not smooth, as the mass experiences an abrupt change in
direction at the boundary between each segment.

However, since speed depends only on height fallen, it can
be argued that the brachistochrone is a smooth curve, or at
least approximates one. Considering two points (A and B),
observe that:
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Fig. 6a The ‘curve’ implied by examples thus far

Fig. 6b A ‘smooth’ curve

Fig. 7a Increasing the number of points decreases total travel
time

• The descent time between A and B (call this tAB) can be
decreased by adding an intermediate point (C) between
A and B, so long as the placement of C fulfils (3.3.1).
This can be done without affecting any other descent time
because the relative heights of the other points are un-
changed (and thus the average speed along them too).

• Similarly, tAC can be decreased by adding another point
(D) between A and C, such that the placement of AD and
DC fulfils (3.3.1).

• Then, tAD can be decreased by adding another point be-
tween A and D, and so on.

More intermediate points can added until the length of each
connecting segment approaches zero. This path (approach-
ing ‘infinitely’ many points) would intuitively be the brachis-

tochrone, since no more points can be added to decrease travel
time further.

Strictly speaking, this argument is only heuristic, and
should not be construed as a rigorous proof of the brachis-
tochrone’s smoothness (since ‘smoothness’ has a specific def-
inition within real analysis). As noted in the introduction, a
fully rigorous solution to the brachistochrone problem would
require variational calculus, which is beyond the scope of this
paper.

However, this argument demonstrates the need for the
length of each segment to approach zero – implying that the
curve eventually becomes infinitely differentiable. In addition,
it acts as a useful intuition for how the time-minimising curve
may be found via integration.

Fig. 7b The ball falling down two segments

The Brachistochrone Integral

Consider an infinitesimally short segment ds on this ‘smooth’
time-minimising curve, which forms an angle θ against the
y-axis. As per Fig. 8, a mass falling along ds would travel
vertically and horizontally by the distances −dy and dx re-
spectively (note the negative sign on −dy because the ball is
falling downwards).

Fig. 8 An infinitesimally short segment (ds) along a smooth
curve

ds being infinitesimally short means that the ball’s aver-
age speed is essentially equal to its instantaneous speed, the
change in height tends towards zero. By (2.4.1):

v̄n = lim
hn→0

√
2g(Σn −hn)+

√
2gΣn

2
=
√

2gΣn = v

© The National High School Journal of Science 2026 | 7



Note that v̄n = v exactly, since acceleration becomes con-
stant in the limit ds → 0. Hence, since (3.3.1) is fulfilled in-
stantaneously across the brachistochrone, rewrite it as:

sin(θ)
v

= k ⇔ sin(θ) = kv (4.2.1)

By Pythagoras, sin(θ) can be rewritten:

dx√
dx2 +(−dy)2

= kv

Rearranging algebraically, this can be interpreted as a dif-
ferential equation:

dx2

dx2 +(−dy)2 = k2v2

⇒ dx2 =
k2v2

1− k2v2 (−dy)2

⇒ dx
dy

=−

√
k2v2

1− k2v2 (4.2.2)

Recalling (2.3.3), the velocity v of the ball depends only on
the height through which it has already fallen. Again, since
the ball begins at the point (0,0), the vertical distance fallen is
simply the negative y-coordinate, or −y. By (2.3.3):

v =
√

2g(h1 +h2 . . .+hn +hn+1) =
√

2g(−y)

v =
√
−2gy (4.2.3)

Which is equivalent to conservation of mechanical energy
(assuming no friction or rolling). This can be substituted back
into (4.2.2):

dx
dy

=−

√
k2v2

1− k2v2 =−

√
−2k2gy

1+2k2gy
=−

√
−Cy

1+Cy
(4.2.4)

The constant C = 2k2g has been introduced for conve-
nience. This derivative form, however, does not provide very
much insight into the curve it describes. As such, we integrate
with respect to y to find the Cartesian form.

x =
∫

−

√
−Cy

1+Cy
dy =−

∫ √ −Cy
1+Cy

dy

Evaluating this integral is tedious. First, the integrand may
be manipulated with the substitution:

u =

√
−Cy

Cy+1
⇒ y =− u2

C(u2 +1)
⇒ dy =− 2u

C(u2 +1)2 du

Hence, by the chain rule:

x =−
∫

udy =−
∫

u
dy
du

du =
2
C

∫ u2

(u2 +1)2 du

⇒ x =
2
C

(∫ 1
u2 +1

du−
∫ 1

(u2 +1)2 du
)

=
2
C

(
arctan(u)−

∫ 1
(u2 +1)2 du

)
The remaining integral

∫ 1
(u2+1)2 du is best evaluated using

a trigonometric substitution:

z = arctan(u)⇒ du = sec2(z)dz

Which yields:

∫ 1
(u2 +1)2 du =

∫ sec2(z)
(tan2(z)+1)2 dz =

∫
cos2(z)dz

=
1
2

sin(z)cos(z)+
z
2

The z substitution can be undone by noting that:

sin(arctan(u))=
u√

u2 +1
and sin(arctan(u))=

1√
u2 +1

Fig. 9 A right triangle with side lengths u,1 and
√

u2 +1.

These relations can be proven efficiently by constructing a
right triangle with side lengths u, 1 and

√
u2 +1. From Fig. 9,

observe that:

sin(arctan(u)) = sin(ϕ) =
u√

u2 +1

and cos(arctan(u)) = cos(ϕ) =
1√

u2 +1
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As such, undoing the z substitution yields:

1
2

sin(z)cos(z)+
z
2
=

u
2(u2 +1)

+
1
2

arctan(u)

Finally, putting everything together and undoing the u sub-
stitution:

x =
2
C

(
arctan(u)−

∫ 1
(u2 +1)2 du

)
=

1
C

arctan(u)− 1
C
× u

(u2 +1)

⇒ x =
1
C

arctan

(√
−Cy

Cy+1

)
− 1

C
×

(√
−Cy

Cy+1

)
(

1− Cy
Cy+1

)

=
1
C

arctan

(√
−Cy

Cy+1

)
− 1

C
×

(√
−Cy

Cy+1

)
(

1
Cy+1

) (1)

The curve begins at (0,0). Hence, x(0) = 0 and the constant
of integration comes to zero:

x =
1
C

arctan

(√
−Cy

1+Cy

)
− 1

C
(Cy+1)

√
−Cy

1+Cy
(4.2.5)

This is the explicit solution to (4.2.2). Since it obeys the
‘instantaneous’ least-time condition (4.2.1), it must represent
the least-time curve, i.e. the brachistochrone.

Parametric Representation

The arctangent term in (4.2.5) makes algebraic manipulation
impractically complex. As such, representation using para-

metric equations is more elegant. Let tan(β ) =
√

−Cy
1+Cy , which

would eliminate the nested square root via substitution (β is
a parameterising variable whose geometric meaning will be
demonstrated later). Making y the subject:

tan2(β ) =
−Cy

1+Cy
⇒− tan2(β ) =Cy(tan2(β )+1)

⇒ y =− 1
C
× tan2(β )

tan2(β )+1

Noting that tan(β )≡ sin(β )
cos(β ) :

y =− 1
C × tan2(β )

tan2(β )+1 =− 1
C ×

(
sin2(β )
cos2(β )

)
(

sin2(ϕ)+cos2(β )
cos2(β )

) =− 1
C sin2(β )

y =− 1
2C

+
1

2C
cos(2β ) (4.3.1)

Similarly, rearranging to make x the subject:

x =− 1
C

β +
1

2C
sin(2β ) (4.3.2)

Finally, introducing the constant R = 1
2C = 1

4gk2 and chang-
ing the parameterising variable to α = 2β yields a simpler set
of equations than (4.3.1) and (4.3.2):{

x = Rα −Rsin(α)

y =−R+Rcos(α)
(4.3.3)

These are the standard parametric equations for the inverted
cycloid traced by a circle of radius R whose centre rolls along
the line y =−R.

As shown below in Fig. 10, observe how the brachis-
tochrone starts steep, before flattening out. This can be under-
stood intuitively as arising from a tradeoff between accelera-
tion (requiring a steep gradient), and then covering horizontal
distance (requiring a shallow / flat gradient).

Fig. 10 (4.3.3) graphed on Desmos, R = 1 and 0 ≤ α ≤ 2π

The Cycloid

(4.3.3) Is the set of parametric equations which describe the
brachistochrone, found using integration. These equations in
fact describe a cycloid – the locus of a point on the circum-
ference of a circle which rolls without slipping at a constant
speed.

Proof:
Consider a generating circle with radius R, rolling with a

constant speed in the positive x-direction (rightwards). Let P
be the point on its circumference which begins at the origin
(0,0), such that the path traced out by P is a cycloid. Suppose
then that the circle rolls for an arbitrary amount of time, with
the centre of the circle travelling through through the length
CC1 and α being the (counterclockwise) angle through which
P has turned from rest.

Let A and B be points on the x-axis and AC1 respectively,
such that AC1 ⊥ OA and PB ⊥ AC1. Since PC1 = AC1 = R, the
y-position of P is given by:

y =−AC1 +BC1 =−R+Rcos(α)
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Fig. 11 The motion of a point on the circumference of a
rolling circle, which sweeps out an inverted cycloid.

Fig. 12 The point P on the circumference of a generating
circle

The length CC1 (and by extension P’s x-position) are not
readily apparent. However, rolling without slipping means
that the circle’s centre must travel a distance equal to the ar-
clength swept out by P. In other words, CC1 = Rα . Hence:

x =CC1 −PB = Rα −Rsin(α)

Fig. 12 depicts an acute α . For the sake of completeness,
however, the same result may be obtained for any α ≥ π/2,
with the process being repeated almost verbatim.

If 0 ≤ α ≤ π

2 , then x = Rα −Rsin(α)

and y =−R+Rcos(α) (as before)

If π

2 ≤ α ≤ π, x = Rα −Rcos
(
α − π

2

)
= Rα −Rsin(α) and y =−R−Rsin

(
α − π

2

)
=−R+Rcos(α)

If π ≤ α ≤ 3π

2 , x = Rα +Rsin(α −π)

= Rα −Rsin(α) and y =−R−Rcos(α −π)

=−R+Rcos(α)

If 3π

2 ≤ α ≤ 2π, x = Rα+

Fig. 13 Cases where the angle (α) swept through by P is
greater than π/2

Rcos
(
α − 3π

2

)
= Rα −Rsin(α) and y =−R+Rsin

(
α − 3π

2

)
=−R+Rcos(α)

Thus, for a generating circle with radius R, the position of

P is given by

{
x = Rα −Rsin(α)

y =−R+Rcos(α)
, which exactly matches

the parametric equations derived in (4.3.3). The shape of the
brachistochrone, therefore, is that of an inverted cycloid.

Boundary Conditions / Completeness

Though important for completeness, fully accounting for the
boundary conditions (that is, finding how the generating circle
radius R depends on the start and endpoints) is beyond the
scope of this paper. For example, forcing the cycloid to pass
through the earlier points (0,0) and (1,−1) yields:{

0 = Rα −Rsin(α) =−R+Rcos(α)

1 = Rα −Rsin(α) = R−Rcos(α)
⇒

{
α = 0
α − sin(α) = 1− cos(α)

α−sin(α)= 1−cos(α) is transcendental, while α = 0 sim-
ply means the brachistochrone starts from the ‘cusp’ of the cy-
cloid. Hence, in the case where only start and end points are
known (as Bernoulli’s original problem statement suggests), R
cannot be found purely algebraically18 (except when the end
point is at the same height as the starting point). Rigorously
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confirming that this time-minimising value of R is unique (and
actually time-minimising) is similarly beyond the scope of this
paper, requiring complex variational methods19–21.

Nonetheless, suitable values of R can still be found numer-
ically, demonstrating the brachistochrone property of the cy-
cloid. For example, considering curves which begin at (0,0)
and end at (1,−1):

Curve Descent Time T * (Seconds, 3sf)
y =−x 0.639
y =− ln(x+1)

ln2 0.609
y = sin(πx/2) 0.603
y = x2 −2x 0.595{

x = Rα −Rsin(α)

y =−R+Rcos(α)
, R = 0.572 0.593

*T can be calculated from (1.2.1)

A Geometric Approach (Comparison)

Setup and Motivation

In the previous section, a cycloidal path was shown to instan-
taneously fulfil the least-time condition sin(θ)

v = k identified
in (4.2.1). However, the approach taken – forming and then
solving a differential equation – was highly mechanical. It
can in fact be confirmed more elegantly that the cycloid obeys
sin(θ)

v = k at every point through a purely geometric method7.

Fig. 14a The ball falling down two segments

As before, consider some point P on the cycloid, which lies
on the circumference of its generating circle, currently centred
on C1 (the cycloid is not shown in Fig. 14a to prevent clutter).
Construct a line AB such that it forms the vertical diameter
of the generating circle, with AB ⊥ OA. By Thales’ theorem,
△APB is a right triangle, with AP̂B = 90◦.

Next, extend PB until it reaches OA at T and let XP be the
vertical height fallen by P. XQ ∥ AB, so by corresponding

Fig. 14b The trajectory of the ball

angles, XP̂T =AB̂T , while XQ̂T =AB̂T by alternating angles.
Noting further that angle at centre = 2× at circumference:

AĈ1P = α = 2XP̂T = 2AB̂T = 2β

As per the substitution α = 2β . The key to this approach,
then, is that if T B is the tangent to the cycloid at P, then
β = θ , which in turn allows for confirmation of the condition
sin(θ)v = k by analysing the geometry of the triangle △TAP.

Tangency Of T B

The author of7 notes that the tangent to the cycloid always
passes through the bottom of the generating circle, or that (as
per Fig. 14a) T B is the tangent to the cycloid at P.

Proof:
Recalling (4.3.3), the position of P is given by:{

x = Rα −Rsin(α)

y =−R+Rcos(α)

Hence, by the chain rule, the gradient of the cycloid at P is:

dy
dx

=
dy
dα

× dα

dx
=

−Rsin(α)

R−Rcos(α)
=

−sin(2θ)

1− cos(2θ)
= RHS1

Observe that if T B is the tangent to the cycloid, then:

dy
dx

=
Rise
Run

=−AB
TA

=− tan(AT̂ B) =− tan(90◦−θ) = RHS2

Simplifying the RHS1 and RHS2 further:

RHS1 =
−2sin(θ)cos(θ)

1− (1−2sin2(θ))
=−cos(θ)

sin(θ)
=−cot(θ)

RHS2 =− sin(90◦−θ)

cos(90◦−θ)
=−cos(θ)

sin(θ)
=−cot(θ)
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RHS1 = RHS2 ⇒
dy
dx

=− tan(AT̂ B)

Therefore, T B is the tangent to the cycloid at P, meaning β

is in fact the same angle as θ .

Fulfilling The Least-Time Condition

Since β = θ , showing the cycloid’s fulfilment of the condi-
tion sin(θ)

v = k can be done through basic angle-chasing and
geometry.

Fig. 15 The triangle ∆TAP

Because △T XP and △AXP are both right triangles, we
have:

XÂP = 180◦− (AT̂ P+90◦) = 180◦− (90◦−θ +90◦) = θ

Hence, since XP = −y is the vertical height fallen by the
ball:

sin(XÂP) = sin(θ) =
XP
AP

⇒ AP =
XP

sin(θ)
=

−y
sin(θ)

Similarly, for AB̂T :

sin(AB̂T ) = sin(θ) =
AP
AB

=
−y

2Rsin(θ)
⇒ sin2(θ)

−y
=

1
2R

Recalling (4.2.3) and undoing the substitutions made in the
previous section:

This yields:

sin2(θ)

−y
=

2gsin2(θ)

v2 =
1

2R
⇒ sin2(θ)

v2 =
1

4gR

sin(θ)
v

=
1

2
√

gR
= k

By the geometry of the tangent and generating circle, there-
fore, the least-time condition identified in (4.2.1) is satisfied
at every point along the inverted cycloid – which has been
demonstrated without resorting to tedious integration.

Conclusion

Initial investigation of motion along one and two line seg-
ments provided the insights necessary to minimise descent
time along n connected lines. In the continuous limit, this
condition implied a differential equation, the solution of which
describes an inverted cycloid. Geometric analysis7 confirmed
this property of the cycloid, and had the advantage of requir-
ing less tedious algebra and the assumption of ‘smoothness’
– though, without the machinery of variational calculus, nei-
ther approach can incorporate the initial and final boundary
conditions.

Therefore, for a point mass, the curve which minimises the
time of descent between two points is an inverted cycloid,
which can be represented parametrically by the equations{

x = Rα −Rsin(α)

y =−R+Rcos(α)

which have derived in an entirely ‘ground-up’ manner, start-
ing with basic mechanics and proceeding using methods –
employing an inductive proof, contradiction, simple integra-
tion methods, and angle-chasing in the geometric approach –
which should be entirely familiar to high school students.
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